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Abstract. Public option surfaces can fix every admitted public payoff price while leaving
latent market-stress claims unpriced. The missing object is the component of the priced Perron
loading outside the public projection, beyond any additional surface coordinate. The paper
studies this residual pricing fiber under a latent Perron stress sigma-field K, a public sigma-field
H ⊆ K, and a tradeable public subspace S ⊆ L2(Q, H). For a square-integrable claim X, the
priced latent loading is LQ

X = CQ
K(X). Public calibration fixes CQ

H(LQ
X). Visible hedging is a

separate projection of X onto S.
Public-equivalent pricing kernels preserve all public option prices and still move latent-stress

claims along the public-annihilator fiber. This yields scalar and finite-dimensional residual price
intervals, stress-charge selections, and the optimal visible-hedge decomposition. The hedge
residual splits into the claim component outside the Perron stress field, the latent component
not measurable with respect to public information, and the public component not spanned by
tradeable instruments. Equivalent physical measures transfer the same residual into P&L-bias
bounds and capital lower bounds. Strongly convex stress claims add a quadratic compression loss.
A synchronized-stress component separates index-level variance exposure from the single-name
carrier span: carrier enrichment can shrink residual price intervals, while tradeable carrier
absorption remains a stronger condition than statistical spanning.

The observable layer contains estimands, not sample estimates. The finite objects are public
projection shares, carrier-enrichment increments, residual hedge-risk floors, and the implied-
versus-realized synchronization wedge. They specify what a data or listed-option implementation
can measure. Contract-level execution remains outside the pricing geometry.

1. Introduction

An option surface is a calibration object before it is a spanning object. It fixes admitted
public risk-neutral coordinates. It need not span the latent market-stress loading that enters a
claim. A maturity slice, a local skew coefficient, or an index variance summary can be public and
still leave a Perron market-variance component outside the tradeable public span. Synchronized
stress is the sharp case: liquid index variance does not imply completeness of the single-name
carrier span needed to absorb the synchronized component. The paper prices the residual left
by this public compression.

The risk-neutral compression geometry of [1] supplies the baseline. For a square-integrable
claim X, the priced latent loading is

LQ
X = CQ

K(X),
where K is the latent Perron stress information field. Public option information H ⊆ K fixes

CQ
H(LQ

X),

not necessarily LQ
X . Visible hedging is governed by another map, the projection of X, or of LQ

X ,
onto a closed span S of tradeable public instruments. The three objects remain separate:

LQ
X , CQ

H(LQ
X), CQ

S (X).
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The first is latent loading. The second is public calibration. The third is visible hedging.
Public compression therefore creates a pricing fiber. Public option surfaces define equivalent

pricing kernels that agree on public claims. Latent-stress claims can move inside that class
when their residual loading is not spanned by public information. The corresponding object
is a compression-consistent price interval. A point quote requires a separate selector: a stress
premium, a state-price-density convention, or a capital charge. For synchronized-stress claims
the same geometry separates the index public surface from the single-name carrier surfaces
entering the index-versus-name variance decomposition. Carrier enrichment can reduce the
residual interval. It becomes a stable hedge only after an additional tradeable-admissibility
condition.

The hedge problem changes the space. If S is the closed L2(Q)-span of tradeable public
instruments, the optimal visible hedge is the Hilbert projection CQ

S X. Its residual decomposes
into a claim component outside the latent stress field, a latent Perron residual not visible in
public information, and a public component not spanned by tradeable instruments. If the Perron
component retains variance outside S, no visible hedge removes it. Under an equivalent physical
measure P, bounded density ratios transfer the Q-residual floor into physical hedge-risk bounds
and compression-adjusted capital formulas.

The observable layer follows this projection order. A finite public shadow is obtained by
projecting a fixed stress coordinate onto public option features. An index-only public span is
compared with a carrier-enriched span. Residual hedge-risk floors are measured in the visible
span. An implied-versus-realized synchronization wedge is formed from index and single-name
total-variance coordinates. These are estimands of the theory, not latent-state recovery claims.

The latent-contagion, dynamic-observability, projected-score, market-scale, and risk-neutral
compression constructions [2, 3, 4, 5, 1] isolate and verify the latent stress geometry. This
paper uses that geometry to build price intervals, visible hedge decompositions, and finite
observable estimands for the stress risk left outside calibrated option surfaces. A listed-option
implementation starts at a different level. It treats the residual synchronized-stress wedge as a
tradeable object and adds execution, liquidity, carrier absorption, and adaptedness constraints.
The Hilbert geometry remains a pricing and hedging theory.

Relation to existing literature. Option-spanning theory gives the reference boundary. Classi-
cal option-pricing results show how derivative prices can complete or enlarge market contingencies
[6, 7, 8, 9]. The present paper starts from the opposite case. The traded and observed option
system leaves the latent stress claim outside its span. The pricing object is therefore the residual
family of pricing kernels that preserve public option prices while changing latent-stress payoffs,
rather than a fully specified parametric surface.

Empirical option-pricing work already separates surface fit from hedging and option-return
performance. Deterministic implied-volatility functions can fit cross-sectional prices while
performing poorly in hedging tests [10]; stochastic-volatility and jump models improve some
pricing dimensions while leaving hedgeability as a separate property [11, 12]. Spanning tests
based on option panels find priced smile factors beyond deterministic volatility functions [13].
The Hilbert formulation used here is the projection version of that boundary. Calibration fixes
the public projection. Hedge error is governed by the component outside the visible span.

Option P&L and variance-risk-premium evidence supply the pricing pressure. Negative
delta-hedged option gains, expected option-return patterns, and variance-risk premia show that
volatility and tail risks are priced in ways not captured by static surface fit [14, 15, 16, 17, 18].
Andersen, Fusari, and Todorov [19] document a persistent wedge between market risks and
their compensation in index options. Under public compression, that wedge is the separation
between the visible part of stress and the residual that appears in upper-tail hedge losses and
variance-pricing errors.

Implied-volatility surface dynamics and multifactor smirk models provide the finite public
coordinates [20, 21]. These coordinates are used as public benchmarks, not as full latent states.
The object priced below is the component of a latent Perron stress state spanned by such public
coordinates, together with the residual risk that remains.
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Unspanned stochastic volatility in fixed-income and commodity markets [22, 23] and incomplete-
market pricing bounds such as good-deal restrictions [24] supply the incomplete-market language.
The unspanned coordinate here is a Perron stress variable generated by rough Volterra contagion.
The rough-volatility literature gives the temporal scale for such latent volatility states [25, 26].
The latent-contagion and compression papers derive the detectability thresholds, observable
screening, projected-score construction, aggregate market Perron state, and risk-neutral com-
pression map [2, 3, 4, 5, 1]. This paper takes that Perron object as given and studies its pricing,
hedging, and capital consequences under finite public option information.

The no-arbitrage background is the martingale-measure tradition [27, 28, 29, 30]. The hedge
projections used below belong to the Hilbert-space family of quadratic hedging and local-risk
minimization [31, 32, 33, 34].

Main statements. Section 2 fixes the Hilbert-space setting. The public option system is a
sigma-field H, latent Perron stress information is a sigma-field K, and visible trading instruments
form a closed subspace S ⊆ L2(Q, H). Conditional expectation under a measure µ is denoted by
Cµ

A.
Section 3 identifies the compression-consistent pricing kernels. A measure Q′ ∼ Q is public-

equivalent to Q exactly when its density Z = dQ′/ dQ satisfies
EQ[Z | H] = 1.

Then all H-measurable public payoffs have the same price under Q′ and Q. Theorem 3.3
constructs nontrivial local kernels by bounded latent residual tilts, while Theorem 3.7 gives
the positive conditional exponential construction used for unbounded Gaussian residual factors.
Theorem 2.7 gives the exact annihilator statement for public identification, and Theorem 3.10
applies it to compression-consistent pricing kernels.

Section 4 characterizes the Perron stress pricing model. The price interval generated by
the public-equivalent kernel family is explicit for bounded residual tilts (Theorem 4.2), and
Theorem 4.8 writes each tilted price as a public price plus a latent residual term. When the
residual direction is a Perron stress coordinate, Theorem 4.11 gives the interval width in terms of
the canonical Perron exposure coefficient and the unspanned public residual variance. Theorem
4.19 separates calibration-only surface intervals from dynamic-safe public-terminal intervals.
Theorem 4.18 gives the model-wide support-function interval over bounded latent residual budgets,
and Theorem 4.6 gives the corresponding finite-dimensional ellipsoidal interval. A selected
compression price is obtained by adding a stress charge to the public price (Proposition 4.21),
and Theorem 4.25 identifies the envelope case in which that charge is a linear public-equivalent
endpoint.

Section 5 specializes the residual-pricing geometry to synchronized-stress claims. It defines
index-versus-single-name synchronization loadings, separates index public spans from carrier-
enriched public spans, and proves that carrier enrichment weakly shrinks the residual price
interval. Tradeable carrier absorption remains a separate hedgeability condition.

Section 6 proves the visible-hedging results. The optimal visible hedge is CQ
S X. If LQ

X = CQ
KX,

then ∥∥∥X − CQ
S X

∥∥∥2

2,Q
=
∥∥∥X − LQ

X

∥∥∥2

2,Q
+
∥∥∥LQ

X − CQ
HLQ

X

∥∥∥2

2,Q
+
∥∥∥CQ

HLQ
X − CQ

S LQ
X

∥∥∥2

2,Q
.

The identity is Theorem 6.4. Theorem 6.3 characterizes the minimax visible hedge under
residual-kernel uncertainty, and Theorem 6.6 gives a Perron coordinate lower bound whenever a
latent stress factor has a nonzero residual outside the tradeable public span.

Section 7 transfers hedge residuals to the physical measure and defines compression-adjusted
risk capital. It also bounds the physical drift of a Q-orthogonal hedge residual and gives explicit
capital lower bounds. Section 8 gives a convexity inequality showing that public compression
understates strongly convex stress losses by at least a quadratic residual term. Section 9
records the finite public-projection, carrier-enrichment, residual-risk, and synchronization-wedge
estimands generated by the theory.
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2. Setup

2.1. Information fields and projections. Let (Ω, F ,Q) be a probability space. All random
variables are identified up to Q-null sets unless a second measure is explicitly named. Let

H ⊆ G ⊆ K ⊆ F
be sub-sigma-fields. The fields carry the following roles.

• H is the public option and visible-market information used for calibration;
• G is the larger public terminal market information, when needed;
• K is the latent Perron stress information field;
• F is the full terminal information field of the claim.
In the market-scale construction of [5, 1], K is specialized to the one-factor Perron stress field

K ≡ Hϖ := GT ∨ σ(ϖ(t) : 0 ≤ t ≤ T ), ϖ(t) = u⊤x(t),
where u is the Perron direction of the screened contagion operator and x is the latent Volterra
envelope. This is the scalar Perron specialization of a broader latent stress field. The field is
fixed throughout the analysis. Pricing, hedging, and capital are studied after public option
information has been compressed to H.

For a sub-sigma-field A ⊆ F , let
CQ

A(X) := EQ[X | A], X ∈ L2(Q).
The operator is the orthogonal projection from L2(Q, F) onto L2(Q, A). If S is a closed linear
subspace of L2(Q), CQ

S denotes the orthogonal projection onto S.

Definition 2.1 (Latent loading, public shadow, and visible hedge). For X ∈ L2(Q), define

LQ
X := CQ

K(X), XQ
H := CQ

H(LQ
X), XQ

S := CQ
S (X).

The random variable LQ
X is the priced latent loading, XQ

H is its public calibration shadow, and
XQ

S is the best visible L2(Q)-hedge in the closed tradeable span S.

Assumption 2.2 (Visible tradeable span). The visible tradeable span S is a closed linear
subspace of L2(Q, H) containing the constants. Its elements are terminal gains from admissible
public instruments after discounting and static normalization.

Remark 2.3. The closed subspace is the Hilbert-space abstraction underlying mean-variance
hedging and local-risk-minimization arguments [31, 32, 33]. A finite implementation may take S
to be the span of index returns, synthetic variance swaps, maturity-sliced option portfolios, or
option-surface factor portfolios.

2.2. Public option systems. The construction is static at a fixed date and may be applied date
by date in a panel. At a fixed date, public option information is summarized by H-measurable
quantities

Y1, . . . , Ym ∈ L∞(Q, H), pi = EQ[Yi].
The Yi are payoff or feature coordinates, while pi are their observed discounted public prices at
the calibration date. In a date-indexed panel, the observed price or feature coordinate is written
q

(f)
d,τ , such as implied-volatility level, total-variance level, or downside total-variance skew.

Definition 2.4 (Public calibration agreement). Two probability measures Q′ ∼ Q agree on the
public calibration system PH ⊂ L1(Q, H) if

EQ′ [Y ] = EQ[Y ], Y ∈ PH.

They agree on all public payoffs if this holds for every bounded H-measurable Y .

Agreement on all bounded public payoffs is the mathematical primitive. A finite observed
option system is its finite-dimensional restriction.

Conditional density normalization is the kernel condition for public calibration agreement.
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Proposition 2.5 (Exact public-equivalence condition). Let Z ≥ 0 satisfy EQ[Z] = 1, and define
dQZ = Z dQ. The following are equivalent:

EQZ [Y ] = EQ[Y ] for every bounded H-measurable Y,

and
EQ[Z | H] = 1.

If Z > 0 Q-a.s., then QZ ∼ Q, giving the class of public-equivalent pricing kernels relative to H.

Proof. If EQ[Z | H] = 1, then for every bounded H-measurable Y ,
EQZ [Y ] = EQ[ZY ] = EQ[EQ[Z | H]Y ] = EQ[Y ].

Conversely, if the equality of expectations holds for every bounded H-measurable Y , then
EQ[(Z − 1)Y ] = 0 for every bounded H-measurable Y.

That identity is the defining property of EQ[Z − 1 | H] = 0, and therefore EQ[Z | H] = 1. □

The calibration condition above is a reduced Hilbert-feature formulation. It applies after the
public option surface has been represented by H-measurable quoted coordinates. For terminal
admitted option payoffs Xa, date-t price preservation is stronger. A density tilt Z must satisfy

EQ[ZXa | Ht] = EQ[Xa | Ht]
for every admitted payoff. The distinction separates feature-level public calibration from payoff-
module preservation.

Definition 2.6 (Public residual directions). The L2 and bounded public residual directions are
R2

H := {R ∈ L2(Q) : EQ[R | H] = 0}, R∞
H := R2

H ∩ L∞(Q).
To keep the annihilator notation uniform, write

N ∞
H := R∞

H .

If Pm ⊂ L2(Q) is a finite-dimensional public payoff space containing constants, its residual
directions are

R2
m := {R ∈ L2(Q) : EQ[RY ] = 0 for every Y ∈ Pm}, R∞

m := R2
m ∩ L∞(Q),

and
N ∞

m := R∞
m .

The public residual is the annihilator of the public payoff quotient.

Theorem 2.7 (Exact public residual duality). For X ∈ L2(Q), set

∆HX := X − CQ
HX.

Then
∥∆HX∥2,Q = sup

{
EQ[XR] : R ∈ R2

H, ∥R∥2,Q ≤ 1
}

.

The same value is obtained if the supremum is restricted to bounded residual directions
R ∈ R∞

H , ∥R∥2,Q ≤ 1.

Consequently, the following are equivalent:
X = CQ

HX in L2(Q),
and

EQ[XR] = 0 for every R ∈ R∞
H .

More generally,
EQ[XR] = EQ[(∆HX)R], R ∈ R2

H.
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Proof. For R ∈ R2
H,

EQ[(CQ
HX)R] = EQ[(CQ

HX)EQ[R | H]] = 0.

Thus EQ[XR] = EQ[(∆HX)R]. By Cauchy–Schwarz,
EQ[XR] ≤ |EQ[(∆HX)R]| ≤ ∥∆HX∥2,Q ∥R∥2,Q ,

so the supremum over L2-residual directions is at most ∥∆HX∥2,Q. If ∆HX ̸= 0, the choice

R⋆ = ∆HX

∥∆HX∥2,Q

belongs to R2
H, has unit L2-norm, and attains the upper bound. If ∆HX = 0, both sides are

zero.
Bounded residual directions must give the same support value. Let ∆ = ∆HX, and suppose

∆ ̸= 0. For n ≥ 1, let
Tn := (−n) ∨ (∆ ∧ n), Rn := Tn − EQ[Tn | H].

Then Rn ∈ L∞(Q) and EQ[Rn | H] = 0, so Rn ∈ R∞
H . Since Tn → ∆ in L2(Q) and conditional

expectation is an L2-contraction,
EQ[Tn | H] → EQ[∆ | H] = 0 in L2(Q).

Thus Rn → ∆ in L2(Q), and ∥Rn∥2,Q → ∥∆∥2,Q. For all large n, Rn ̸= 0. With R̃n =
Rn/ ∥Rn∥2,Q,

EQ[XR̃n] = EQ[∆Rn]
∥Rn∥2,Q

−→ ∥∆∥2,Q .

This proves equality for bounded residual directions. The annihilator equivalence follows by
applying the norm identity. □

Finite calibration replaces the sigma-field quotient by a payoff-span quotient.

Corollary 2.8 (Finite-coordinate residual duality). Let Pm ⊂ L2(Q) be finite dimensional and
contain constants, and let CQ

m be the L2(Q)-projection onto Pm. For every X ∈ L2(Q),∥∥∥X − CQ
mX

∥∥∥
2,Q

= sup
{
EQ[XR] : R ∈ R2

m, ∥R∥2,Q ≤ 1
}

.

If Pm is spanned by bounded payoffs, the same value is obtained with R ∈ R∞
m .

Proof. For R ∈ R2
m, the projection CQ

mX belongs to Pm, and therefore
EQ[(CQ

mX)R] = 0.

Thus
EQ[XR] = EQ[(X − CQ

mX)R].
Cauchy–Schwarz gives the upper bound by

∥∥∥X − CQ
mX

∥∥∥
2,Q

. If X − CQ
mX ̸= 0, the normalized

residual
R⋆ = X − CQ

mX∥∥∥X − CQ
mX

∥∥∥
2,Q

belongs to R2
m and attains that bound. If X = CQ

mX, both sides are zero.
Assume now that Pm is spanned by bounded payoffs. Put ∆ = X − CQ

mX. If ∆ ̸= 0, define
Tn = (−n) ∨ (∆ ∧ n), Rn = Tn − CQ

mTn.

The finite-dimensional projection CQ
mTn is a finite linear combination of bounded basis payoffs,

hence Rn ∈ L∞(Q). Also Rn ⊥ Pm, so Rn ∈ R∞
m . Since Tn → ∆ in L2(Q) and CQ

m∆ = 0, one
has Rn → ∆ in L2(Q). Normalizing the nonzero Rn and passing to the limit gives the same
supremum over R∞

m . □

Nested fields separate the surface residual from the terminal-public residual.
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Theorem 2.9 (Nested surface and public-terminal residuals). Let H ⊆ G ⊆ K, let X ∈ L2(Q),
and set

L := CQ
KX.

Then
L − CQ

HL =
(
L − CQ

G L
)

+
(
CQ

G L − CQ
HL
)
,

with orthogonal summands. Consequently,∥∥∥L − CQ
HL
∥∥∥2

2,Q
=
∥∥∥L − CQ

G L
∥∥∥2

2,Q
+
∥∥∥CQ

G L − CQ
HL
∥∥∥2

2,Q
.

In addition,∥∥∥L − CQ
G L
∥∥∥

2,Q
= sup

{
EQ[XR] : R ∈ L2(Q, K), EQ[R | G] = 0, ∥R∥2,Q ≤ 1

}
.

Proof. The decomposition is the Pythagorean identity for the nested closed subspaces
L2(Q, H) ⊆ L2(Q, G) ⊆ L2(Q, K).

The first summand is orthogonal to L2(Q, G); the second belongs to L2(Q, G) and is orthogonal
to L2(Q, H). This proves the squared-norm identity.

The dual formula is Theorem 2.7 applied on (Ω, K,Q) with the sub-sigma-field G. Since R is
K-measurable,

EQ[XR] = EQ[LR].
□

The corresponding kernel restrictions separate surface-safe price freedom from dynamic-safe
terminal-public price freedom.

Corollary 2.10 (Surface-safe and dynamic-safe price freedom). Let X ∈ L2(Q) and set L =
CQ

KX. A density satisfying EQ[Z | H] = 1 preserves the calibrated surface field and can move
the price contribution from the full surface residual L − CQ

HL. A density satisfying the stronger
condition EQ[Z | G] = 1 preserves every bounded terminal public payoff and can move only the
price contribution from the public-terminal residual L − CQ

G L. The component

CQ
G L − CQ

HL

is therefore invisible to the calibrated surface field H, but visible once the larger terminal public
field G is admitted.

Proof. The tower property gives EQ[Z | H] = EQ[EQ[Z | G] | H] = 1 whenever EQ[Z | G] = 1.
Hence G-safe densities preserve the calibrated surface and, by Proposition 2.5 applied to G,
preserve every bounded G-measurable terminal public payoff.

Let R ∈ L2(Q, K) be a residual direction. If EQ[R | G] = 0, then

EQ[XR] = EQ[(L − CQ
G L)R],

so any G-safe local tilt charges only the public-terminal residual. If only EQ[R | H] = 0 is
imposed, the corresponding identity is

EQ[XR] = EQ[(L − CQ
HL)R],

and the full surface residual is available. The orthogonal decomposition in Theorem 2.9 identifies
CQ

G L−CQ
HL as the part that is H-invisible but already G-measurable. Bounded residual directions

approximate the corresponding nonzero components by Theorem 2.7 on the chosen conditioning
field. □
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3. Compression-consistent pricing kernels

Definition 3.1 (Public-equivalent pricing kernel). Let Q′ ∼ Q and set Z = dQ′/ dQ. The
measure Q′ is public-equivalent to Q relative to H if

Z > 0, EQ[Z] = 1, EQ[Z | H] = 1.

The family of such measures is denoted by QH(Q). The corresponding density class is
ZH := {Z > 0 : EQ[Z] = 1, EQ[Z | H] = 1}.

The dynamic-safe public-terminal density class is
ZG := {Z > 0 : EQ[Z] = 1, EQ[Z | G] = 1}.

When H ⊆ G, the tower property gives
ZG ⊆ ZH.

Every dynamic-safe public-terminal kernel therefore preserves the calibrated surface, but a
surface-equivalent kernel need not preserve all terminal public payoffs. If Pm is a finite public
payoff space containing constants, its finite-calibration density class is

Zm := {Z > 0 : EQ[Z] = 1, EQ[ZY ] = EQ[Y ] for every Y ∈ Pm}.

Then ZH ⊆ Zm whenever Pm ⊂ L1(Q, H), and the inclusion is generally strict for finite m.

Conditional normalization is the invariance condition for public prices.

Lemma 3.2 (Public prices are preserved). If Q′ ∈ QH(Q), then
EQ′ [Y ] = EQ[Y ]

for every bounded H-measurable Y . If X ∈ L1(Q′) and Y is bounded and H-measurable, then
EQ′ [XY ] = EQ[EQ[ZX | H] Y ] .

Proof. For bounded H-measurable Y ,
EQ′ [Y ] = EQ[ZY ] = EQ[EQ[Z | H]Y ] = EQ[Y ].

For the mixed identity, ZX ∈ L1(Q) by the assumption X ∈ L1(Q′). Since Y is bounded and
H-measurable,

EQ′ [XY ] = EQ[ZXY ] = EQ[EQ[ZX | H]Y ] ,

which is the displayed formula. □

Bounded residual directions generate local fibers of public-equivalent kernels.

Theorem 3.3 (Bounded local residual tilts). Let R ∈ L∞(Q) satisfy
EQ[R | H] = 0.

For any η ∈ R with |η| ∥R∥∞ < 1, define

Zη := 1 + ηR,
dQη

dQ
:= Zη.

Then Qη ∈ QH(Q). In addition, for every X ∈ L1(Q),
EQη [X] = EQ[X] + η EQ[XR].

Proof. The bound on η gives Zη > 0. Since EQ[R] = EQ[EQ[R | H]] = 0, one has EQ[Zη] = 1.
Also

EQ[Zη | H] = 1 + η EQ[R | H] = 1.

Thus Qη ∈ QH(Q). Finally,
EQη [X] = EQ[ZηX] = EQ[X] + η EQ[XR].

□
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Remark 3.4. The bounded linear tilt is a local residual-kernel device. It gives explicit intervals
and the tangent calculus in Theorem 3.6. Unbounded Gaussian Perron factors use the positive
conditional exponential kernels of Theorem 3.7.

Definition 3.5 (Public-equivalent tangent spaces). The public-equivalent tangent space at Q is
TH := {R ∈ L2(Q) : EQ[R | H] = 0}.

If H ⊆ K, the latent public-equivalent tangent space is
TH,K := {R ∈ L2(Q, K) : EQ[R | H] = 0}.

The tangent space of the public-equivalent kernel fiber is the public residual space.

Theorem 3.6 (Tangent characterization of public-equivalent kernels). Let (Zε)ε>0 be public-
equivalent densities, so that

Zε > 0, EQ[Zε | H] = 1.

Assume
Zε − 1

ε
−→ R in L2(Q).

Then R ∈ TH. Conversely, if R ∈ L∞(Q) ∩ TH, then

Zε := exp(εR)
EQ[exp(εR) | H]

is public-equivalent and
Zε − 1

ε
−→ R in L2(Q).

If, in addition, R ∈ TH,K and X ∈ L2(Q), then
d

dε

∣∣∣∣
ε=0

EQ[ZεX] = EQ
[(

CQ
KX − CQ

HCQ
KX

)
R
]

.

Proof. Because EQ[Zε | H] = 1,

EQ

[
Zε − 1

ε

∣∣∣∣H] = 0.

Conditional expectation is an L2-contraction, so passing to the L2-limit gives EQ[R | H] = 0.
For the converse, boundedness gives a uniform expansion

exp(εR) = 1 + εR + ε2Aε, sup
|ε|≤ε0

∥Aε∥∞ < ∞

for every fixed small ε0. Since EQ[R | H] = 0,
Dε := EQ[exp(εR) | H] = 1 + ε2EQ[Aε | H].

For small |ε|, Dε is bounded away from zero and D−1
ε = 1 + O(ε2) in L∞. Hence

Zε = 1 + εR + O(ε2)
1 + O(ε2) = 1 + εR + O(ε2) in L2(Q),

so (Zε − 1)/ε → R in L2(Q). The conditional normalization gives EQ[Zε | H] = 1.
Finally,

EQ[ZεX] − EQ[X]
ε

→ EQ[XR].
If R is K-measurable and conditionally mean zero relative to H, then

EQ[XR] = EQ[(CQ
KX)R] = EQ

[(
CQ

KX − CQ
HCQ

KX
)
R
]

.

□

Conditional exponential normalization gives positive kernels for unbounded residual factors.
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Theorem 3.7 (Conditional exponential public-equivalent kernel). Let R ∈ L0(Q, K;Rd), let θ
be a bounded H-measurable Rd-valued parameter, and assume

0 < EQ[exp(θ⊤R) | H] < ∞ Q-a.s.
Define

Zθ := exp(θ⊤R)
EQ[exp(θ⊤R) | H] .

Then Zθ > 0, EQ[Zθ | H] = 1, and every bounded public payoff price is preserved. If X ∈ L1(Q)
and XZθ ∈ L1(Q), then

EQ[ZθX] = EQ[ZθCQ
KX].

If differentiation under the expectation is valid on an interval of parameters, then, with Y = CQ
KX,

d

dt
EQ[Zθ+thX]

∣∣∣∣
t=0

= EQ
[
ZθY h⊤{R − EQ[ZθR | H]}

]
for every bounded H-measurable direction h. In particular, at θ = 0,

d

dt

∣∣∣∣
t=0

EQ[ZthX] = EQ
[
h⊤ CovQ(Y, R | H)

]
.

A sufficient condition for the displayed derivative in a fixed bounded direction h is the existence
of δ > 0 and an integrable random variable G such that, for |t| ≤ δ,

|Y | exp((θ + th)⊤R)(1 + |h⊤R|) ≤ G Q-a.s.,
with the corresponding conditional normalizing denominators finite and strictly positive.

Proof. The conditional normalization gives EQ[Zθ | H] = 1, and positivity is built into the
exponential form. Proposition 2.5 then gives public payoff preservation. Since Zθ is K-measurable,

EQ[ZθX] = EQ[ZθEQ[X | K]] = EQ[ZθCQ
KX].

For the derivative, work under the stated differentiability hypothesis; the displayed domination
condition is one sufficient way to obtain it. Set

D(t) := EQ[exp((θ + th)⊤R) | H].
Then

D′(0) = EQ[h⊤R exp(θ⊤R) | H],
and the conditional denominator remains finite and strictly positive. The logarithmic derivative
is therefore

d

dt
log Zθ+th

∣∣∣∣
t=0

= h⊤R − D′(0)
D(0) = h⊤{R − EQ[ZθR | H]}.

Dominated convergence justifies applying this derivative inside EQ[Zθ+thY ]. Multiplication by
ZθY gives the displayed derivative formula. At θ = 0, Z0 = 1, and the derivative is

EQ[h⊤Y (R − CQ
HR)].

Because h is H-measurable, subtracting CQ
HY does not change this moment. Thus

EQ[h⊤Y (R − CQ
HR)] = EQ[h⊤(Y − CQ

HY )(R − CQ
HR)],

which is the displayed conditional covariance expression. □

Conditional Gaussianity turns the residual selector into a covariance charge.

Corollary 3.8 (Exact conditional-Gaussian Perron pricing formula). Let Y = CQ
KX and let

R ∈ L2(Q, K;Rd). Suppose that, conditionally on H, the vector (Y, R) is jointly Gaussian and
has conditional covariance vector

cH(X; R) := CovQ(Y, R | H) ∈ L1(Q, H;Rd).
For every bounded H-measurable θ ∈ Rd, the exponential residual kernel Zθ satisfies

EQ[ZθX | H] = CQ
HY + θ⊤cH(X; R),
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and therefore
EQ[ZθX] = EQ[X] + EQ[θ⊤cH(X; R)].

If A is symmetric positive definite and the selector is constrained pointwise by θ⊤Aθ ≤ ρ2, then
the conditional-Gaussian residual interval is

EQ[X] ± ρEQ
[(

cH(X; R)⊤A−1cH(X; R)
)1/2]

.

If θ is deterministic rather than H-measurable, the corresponding interval is
EQ[X] ± ρ (c̄⊤A−1c̄)1/2, c̄ := EQ[cH(X; R)].

Proof. Conditionally on H, the Gaussian moment-generating identity gives
EQ[Y exp(θ⊤R) | H]
EQ[exp(θ⊤R) | H] = CQ

HY + θ⊤ CovQ(Y, R | H).

The conditional normalizer in Zθ is exactly the denominator in this identity. Hence
EQ[ZθY | H] = CQ

HY + θ⊤cH(X; R).
Since Zθ is K-measurable, X may be replaced by Y . Taking expectations gives the price formula.
The support function of the ellipsoid is

sup
θ⊤Aθ≤ρ2

θ⊤c = ρ(c⊤A−1c)1/2.

Applying this identity pointwise to the H-measurable vector cH(X; R) gives the stated interval.
A measurable maximizer is obtained by taking

θ = ρ
A−1cH(X; R)(

cH(X; R)⊤A−1cH(X; R)
)1/2

on the set where the denominator is positive and θ = 0 otherwise; the opposite sign gives the
lower endpoint. If θ is deterministic, the selector cannot vary across the public fiber, and the
same support function is applied only to c̄ = EQ[cH(X; R)]. □

Public-terminal normalization imposes the same residual selection after conditioning on G.

Corollary 3.9 (Public-terminal exponential kernels). Let H ⊆ G ⊆ K, let R ∈ L0(Q, K;Rd),
and let ϑ be a bounded G-measurable Rd-valued parameter. Assume

0 < EQ[exp(ϑ⊤R) | G] < ∞ Q-a.s.
Define

ZG
ϑ := exp(ϑ⊤R)

EQ[exp(ϑ⊤R) | G] .

Then
EQ[ZG

ϑ | G] = 1, ZG
ϑ ∈ ZG ⊆ ZH.

Hence ZG
ϑ preserves every bounded terminal public payoff and, in particular, every bounded

calibrated surface payoff. If (CQ
KX, R) is conditionally Gaussian given G, the conditional-Gaussian

pricing formula of Corollary 3.8 holds with H replaced by G.

Proof. The conditional normalization gives EQ[ZG
ϑ | G] = 1, so ZG

ϑ ∈ ZG . The inclusion ZG ⊆ ZH
follows from the tower property. Payoff preservation follows from Proposition 2.5, first relative
to G and then relative to H. The Gaussian formula is exactly Corollary 3.8 applied with the
conditioning field G. □

Public identification stops at the L2(Q, H) quotient.
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Theorem 3.10 (Public identification and latent non-identification). Let X ∈ L2(Q). If all
bounded H-measurable payoff tests against X are known, then they identify CQ

HX and identify no
component of X − CQ

HX. Equivalently, the public residual component is exactly the component
that can be moved by conditionally mean-zero bounded tilts.

For the kernel statement, let R ∈ N ∞
H and let Qη be the tilt of Theorem 3.3. Then every

bounded public payoff has the same price under all Qη, while

EQη [X] = EQ[X] + η EQ[(X − CQ
HX)R].

If X ≠ CQ
HX, there exist bounded public-equivalent tilts for which the price of X changes. In

particular, public option information identifies compressed loadings such as CQ
H(LQ

X), not the
full latent loading LQ

X , unless an additional selection rule is imposed.

Proof. The Riesz representation theorem gives uniqueness of CQ
HX from the pairings

Y 7→ EQ[XY ], Y ∈ L2(Q, H),
because

EQ[XY ] = EQ[(CQ
HX)Y ] for Y ∈ L2(Q, H).

Bounded public tests are dense enough for the same identification. If Y ∈ L2(Q, H), the
truncations Yn = (−n) ∨ (Y ∧ n) are bounded and H-measurable, and Yn → Y in L2(Q). The
pairings converge by Cauchy–Schwarz.

For the tilt statement, Lemma 3.2 preserves every bounded public payoff. The affine pricing
identity of Theorem 3.3 and Theorem 2.7 give

EQη [X] = EQ[X] + η EQ[XR] = EQ[X] + η EQ[(X − CQ
HX)R].

If X − CQ
HX ̸= 0, Theorem 2.7 supplies Rn ∈ N ∞

H with EQ[XRn] ̸= 0 for some n. For sufficiently
small nonzero η, 1 + ηRn > 0, and the resulting public-equivalent tilt changes the price of X. □

Remark 3.11. The theorem is static. It does not assert that every tilt is generated by a
particular continuous-time trading model. Its role is the pricing-kernel statement for public
non-identification. If the market constrains only public H-measurable payoffs, latent residual
directions remain free unless an additional selector is imposed.

Finite public calibration replaces the sigma-field quotient by the observed payoff span.

Theorem 3.12 (Finite public calibration and residual freedom). Let Pm = span{1, Y1, . . . , Ym}
be a finite-dimensional subspace of L∞(Q, H), and let CQ

m be the L2(Q)-projection onto Pm. For
X ∈ L2(Q),

X = CQ
mX ⇐⇒ EQ[XR] = 0 for every R ∈ N ∞

m .

If X − CQ
mX ̸= 0, then there is R ∈ N ∞

m and η0 > 0 such that, for |η| < η0,
Zη = 1 + ηR

defines an equivalent measure that preserves the prices of every payoff in Pm but changes the
price of X.

Proof. For R ∈ N ∞
m ,

EQ[(CQ
mX)R] = 0,

because CQ
mX ∈ Pm. Hence

EQ[XR] = EQ[(X − CQ
mX)R].

If X = CQ
mX, all pairings vanish.

Conversely, set ∆ := X − CQ
mX. If ∆ ̸= 0, define

Tn := (−n) ∨ (∆ ∧ n), Rn := Tn − CQ
mTn.
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Since Pm is spanned by bounded functions, CQ
mTn is a finite linear combination of bounded

functions; hence Rn ∈ L∞(Q). It is orthogonal to every Y ∈ Pm, so Rn ∈ N ∞
m . The projections

CQ
mTn → CQ

m∆ = 0 in L2(Q), while Tn → ∆ in L2(Q). Therefore Rn → ∆ in L2(Q), and
EQ[XRn] = EQ[∆Rn] → ∥∆∥2

2,Q > 0.

Choose n such that EQ[XRn] ̸= 0, put R = Rn, and take η0 = ∥R∥−1
∞ if R ≠ 0. Then Zη > 0 for

|η| < η0, EQ[Zη] = 1 because constants lie in Pm, and
EQ[ZηY ] = EQ[Y ] for every Y ∈ Pm.

The price of X changes linearly by ηEQ[XR]. □

4. The Perron stress pricing model

4.1. Price intervals. Let R ∈ L∞(Q) be a public-invisible residual, meaning
EQ[R | H] = 0.

For 0 < η̄ with η̄ ∥R∥∞ < 1, define
QH(Q; R, η̄) := {Qη : |η| ≤ η̄}.

A bounded residual direction generates a one-dimensional pricing fiber.

Definition 4.1 (Compression-consistent price interval). For X ∈ L1(Q), define
Π−

R,η̄(X) := inf
Q′∈QH(Q;R,η̄)

EQ′ [X], Π+
R,η̄(X) := sup

Q′∈QH(Q;R,η̄)
EQ′ [X].

The scalar residual fiber has an exact support interval.

Theorem 4.2 (Explicit residual price interval). For X ∈ L1(Q),
Π−

R,η̄(X) = EQ[X] − η̄ |EQ[XR]|, Π+
R,η̄(X) = EQ[X] + η̄ |EQ[XR]|.

The interval is nontrivial if and only if EQ[XR] ̸= 0.

Proof. By Theorem 3.3,
EQη [X] = EQ[X] + η EQ[XR], |η| ≤ η̄.

The infimum and supremum over a compact interval of a linear function are attained at the
endpoints. If EQ[XR] ≥ 0, the infimum is attained at η = −η̄ and the supremum at η = η̄. If
EQ[XR] < 0, the endpoint roles are reversed. These two cases give the displayed formulas. □

Remark 4.3. A finite-dimensional public option calibration system gives the same construction
after replacing EQ[R | H] = 0 by finitely many moment restrictions EQ[RYi] = 0, as in
Theorem 3.12. The sigma-field version is stronger: it preserves every bounded public payoff and
keeps the latent residual directions separate from the calibrated surface coordinates.

4.2. Finite-dimensional residual budgets. The scalar interval treats one residual direction.
Several latent residual directions are kept by pricing over a bounded set of residual state-price
perturbations.

Finite residual blocks require a positivity boundary for linear density tilts.

Lemma 4.4 (Ellipsoidal positivity bound). Let R = (R1, . . . , Rd)⊤ with Ri ∈ L∞(Q), and let
A be symmetric positive definite. Define

BA :=
∥∥∥(R⊤A−1R)1/2

∥∥∥
∞

.

Then
sup

ϑ⊤Aϑ≤ρ2

∥∥∥ϑ⊤R
∥∥∥

∞
≤ ρBA.

In particular, if ρBA < 1, then 1 + ϑ⊤R > 0 for every ϑ⊤Aϑ ≤ ρ2.
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Proof. For each ω,
|ϑ⊤R(ω)| = |(A1/2ϑ)⊤(A−1/2R(ω))| ≤ (ϑ⊤Aϑ)1/2(R(ω)⊤A−1R(ω))1/2.

Taking the supremum over ω and then over the ellipsoid gives the bound. If ρBA < 1, every
admissible ϑ satisfies

∥∥∥ϑ⊤R
∥∥∥

∞
< 1, so 1 + ϑ⊤R is strictly positive Q-a.s. □

Definition 4.5 (Ellipsoidal residual kernel set). Let R1, . . . , Rd ∈ L∞(Q) satisfy
EQ[Ri | H] = 0, i = 1, . . . , d.

Write R = (R1, . . . , Rd)⊤. Let A be a symmetric positive definite d × d matrix and let ρ > 0.
Assume

sup
ϑ⊤Aϑ≤ρ2

∥∥∥ϑ⊤R
∥∥∥

∞
< 1.

The ellipsoidal public-equivalent residual kernel set is

QA,ρ
H (Q; R) :=

{
Qϑ : dQϑ

dQ
= 1 + ϑ⊤R, ϑ⊤Aϑ ≤ ρ2

}
.

The ellipsoidal residual block prices through its support function.

Theorem 4.6 (Ellipsoidal residual price interval). Under Definition 4.5, let X ∈ L1(Q) and
define

bX :=
(
EQ[XR1], . . . ,EQ[XRd]

)⊤
.

Then every measure in QA,ρ
H (Q; R) preserves bounded public payoff prices, and

inf
Q′∈QA,ρ

H (Q;R)
EQ′ [X] = EQ[X] − ρ (b⊤

XA−1bX)1/2,

sup
Q′∈QA,ρ

H (Q;R)
EQ′ [X] = EQ[X] + ρ (b⊤

XA−1bX)1/2.

The interval collapses exactly when bX = 0.

Proof. For each admissible ϑ, the density 1 + ϑ⊤R is strictly positive by the assumption in
Definition 4.5. Since constants are public and EQ[Ri | H] = 0,

EQ[1 + ϑ⊤R] = 1, EQ[1 + ϑ⊤R | H] = 1.

Thus Qϑ ∈ QH(Q), and Lemma 3.2 gives preservation of bounded public payoff prices. For
X ∈ L1(Q),

EQϑ
[X] = EQ[X] + ϑ⊤bX .

It remains to optimize a linear functional over the ellipsoid {ϑ : ϑ⊤Aϑ ≤ ρ2}. Write
ϑ⊤bX = (A1/2ϑ)⊤(A−1/2bX).

By Cauchy–Schwarz,
|ϑ⊤bX | ≤ (ϑ⊤Aϑ)1/2(b⊤

XA−1bX)1/2 ≤ ρ(b⊤
XA−1bX)1/2.

If bX ̸= 0, equality is attained by

ϑ± = ±ρ
A−1bX

(b⊤
XA−1bX)1/2 .

If bX = 0, the linear term is zero for every admissible ϑ. The displayed infimum and supremum
follow. □
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4.3. Pricing decomposition. The pricing identity separates public shadow, baseline scalar
price, and residual contribution.

Definition 4.7 (Public shadow, baseline price, and residual price). For X ∈ L2(Q), define its
public shadow and baseline scalar price by

Spub,Q
X := CQ

H(LQ
X), Π0(X) := EQ[X] = EQ[Spub,Q

X ].
If R ∈ L∞(Q, K) satisfies EQ[R | H] = 0, define the residual price contribution under the tilt
parameter η by

Πres
R (X; η) := η

〈
LQ

X − CQ
HLQ

X , R
〉

L2(Q)
.

The decomposition separates calibrated baseline price from residual selection.

Theorem 4.8 (Perron stress pricing decomposition). Let R ∈ L∞(Q, K) satisfy EQ[R | H] = 0,
and assume |η| ∥R∥∞ < 1. For every X ∈ L2(Q),

EQη [X] = Π0(X) + Πres
R (X; η).

Once a baseline calibrated measure Q has been selected, every public-equivalent tilt decomposes
into the same baseline public term plus a latent residual term. The residual term is zero for
every admissible R if and only if the latent loading LQ

X is already public.

Proof. Since H ⊆ K,
Π0(X) = EQ[Spub,Q

X ] = EQ[LQ
X ] = EQ[X].

Theorem 3.3 gives
EQη [X] = EQ[X] + η EQ[XR].

Because R is K-measurable,
EQ[XR] = EQ[LQ

XR].
Because CQ

HLQ
X is H-measurable and EQ[R | H] = 0,

EQ[(CQ
HLQ

X)R] = 0.

Combining these identities gives

EQη [X] = Π0(X) + η
〈
LQ

X − CQ
HLQ

X , R
〉

L2(Q)
.

If LQ
X = CQ

HLQ
X , the residual term is zero for every R. Conversely, if the residual term vanishes

for every bounded K-measurable R with EQ[R | H] = 0, apply Theorem 2.7 on the probability
space (Ω, K,Q) to the random variable LQ

X . This yields LQ
X = CQ

HLQ
X . □

A K-measurable public-equivalent density leaves the latent loading fixed and moves only its
public projection under the new measure.

Theorem 4.9 (K-measurable public-equivalent tilts). Let Z > 0 satisfy EQ[Z] = 1, Z ∈
L∞(Q, K), and

EQ[Z | H] = 1.

Define dQZ = Z dQ. Then bounded public payoff prices are preserved. In addition, for every X
such that the displayed conditional expectations are well defined,

CQZ

K X = CQ
KX,

and
CQZ

H

(
CQ

KX
)

= EQ
[
Z CQ

KX | H
]

.

In particular, if Zη = 1 + ηR, where
R ∈ L∞(Q, K), EQ[R | H] = 0, |η| ∥R∥∞ < 1,

then
C

Qη

H (LQ
X) = CQ

H(LQ
X) + η EQ

[
(LQ

X − CQ
HLQ

X)R | H
]

.
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Proof. Public payoff preservation follows from Proposition 2.5. Since Z is K-measurable, Bayes’
formula gives

CQZ

K X = EQ[ZX | K]
EQ[Z | K] = Z CQ

KX

Z
= CQ

KX.

The same Bayes formula at the public level gives, for Y = CQ
KX,

CQZ

H Y = EQ[ZY | H]
EQ[Z | H] = EQ[ZY | H],

because EQ[Z | H] = 1. For Zη = 1 + ηR, this becomes

C
Qη

H (LQ
X) = CQ

H(LQ
X) + η EQ[LQ

XR | H].

Since CQ
HLQ

X is H-measurable and EQ[R | H] = 0,

EQ[LQ
XR | H] = EQ[(LQ

X − CQ
HLQ

X)R | H].
□

4.4. Perron residual price intervals.

Definition 4.10 (Canonical public-residual Perron coefficient). Let Z ∈ L2(Q, K), and define
its public residual

Z⊥
H := Z − CQ

HZ.

If Z⊥
H ̸= 0, define the public-residual Perron coefficient of X ∈ L2(Q) by

aH(X; Z) :=

〈
LQ

X − CQ
HLQ

X , Z⊥
H

〉
L2(Q)∥∥Z⊥

H
∥∥2

2,Q

.

This coefficient is defined for every square-integrable claim; no claim-specific decomposition is
part of the definition.

A single Perron residual factor reduces the interval to its canonical exposure coefficient.

Theorem 4.11 (Explicit Perron residual interval). Assume Z⊥
H ∈ L∞(Q), Z⊥

H ̸= 0, and let
X ∈ L2(Q). If

0 < η̄
∥∥∥Z⊥

H

∥∥∥
∞

< 1,

then the public-equivalent kernels
dQη

dQ
= 1 + ηZ⊥

H, |η| ≤ η̄,

generate the price interval

EQ[X] − η̄ |aH(X; Z)|
∥∥∥Z⊥

H

∥∥∥2

2,Q
≤ EQη [X] ≤ EQ[X] + η̄ |aH(X; Z)|

∥∥∥Z⊥
H

∥∥∥2

2,Q
.

The endpoints are attained at η = ±η̄, with the sign chosen according to aH(X; Z). The interval
is nontrivial if and only if aH(X; Z) ̸= 0.

Proof. Since Z⊥
H = Z − CQ

HZ, it satisfies EQ[Z⊥
H | H] = 0. The boundedness assumption and the

restriction on η̄ allow Theorem 3.3 to be applied with R = Z⊥
H. Hence

EQη [X] = EQ[X] + η EQ[XZ⊥
H].

Because Z⊥
H is K-measurable,

EQ[XZ⊥
H] = EQ[LQ

XZ⊥
H].

The public projection CQ
HLQ

X is orthogonal to Z⊥
H, so

EQ[XZ⊥
H] =

〈
LQ

X − CQ
HLQ

X , Z⊥
H

〉
L2(Q)

= aH(X; Z)
∥∥∥Z⊥

H

∥∥∥2

2,Q
.

Maximizing and minimizing the resulting affine function of η over [−η̄, η̄] gives the interval and
the endpoint statement. □
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Remark 4.12. If one happens to have a decomposition

LQ
X = YX + aXZ + BX , YX ∈ L2(Q, H),

〈
BX − CQ

HBX , Z⊥
H

〉
= 0,

then aH(X; Z) = aX . The theorem instead uses the canonical projection coefficient, so this
representation is optional.

Definition 4.13 (Normalized public-residual Perron factor). Let P ∈ L2(Q, K) be a Perron
stress coordinate and suppose

P ⊥
H := P − CQ

HP ̸= 0.

Define
P̂H := P ⊥

H∥∥P ⊥
H
∥∥

2,Q
, αH(X; P ) :=

〈
CQ

KX − CQ
HCQ

KX, P̂H
〉

L2(Q)
.

Normalization removes the scale of the Perron coordinate from the scalar interval.

Theorem 4.14 (Scale-free scalar Perron interval). Assume P̂H ∈ L∞(Q) and

0 < ρ
∥∥∥P̂H

∥∥∥
∞

< 1.

The public-equivalent densities
Zη = 1 + ηP̂H, |η| ≤ ρ,

generate the interval
EQ[X] ± ρ |αH(X; P )|.

The interval is invariant under replacing P by cP for any nonzero scalar c, up to the sign
convention for P̂H when c < 0.

Proof. The factor P̂H has zero conditional mean relative to H and unit L2-norm. The boundedness
condition gives positivity of Zη. Hence

EQ[ZηX] = EQ[X] + η
〈
CQ

KX − CQ
HCQ

KX, P̂H
〉

L2(Q)
.

Optimizing over |η| ≤ ρ gives the interval. Rescaling P by c ≠ 0 cancels in the normalization,
except for a sign change when c < 0, and the absolute value removes that sign from the interval
width. □

Definition 4.15 (Whitened Perron block). Let P = (P1, . . . , Pr)⊤ ∈ L2(Q, K;Rr), and set

P ⊥
H := P − CQ

HP, GH(P ) := EQ[P ⊥
H (P ⊥

H )⊤].
Assume GH(P ) is positive definite. Define the whitened residual block

WH := GH(P )−1/2P ⊥
H

and the whitened exposure vector

α
(r)
H (X; P ) := EQ

[
WH

(
CQ

KX − CQ
HCQ

KX
)]

.

Whitening makes the vector exposure independent of the chosen Perron basis.

Proposition 4.16 (Coordinate-invariant vector exposure). If B is an invertible r × r matrix
and P̃ = BP , then ∥∥∥α(r)

H (X; P̃ )
∥∥∥ =

∥∥∥α(r)
H (X; P )

∥∥∥ .

The norm ∥·∥ is the Euclidean norm on Rr. Consequently, a spherical residual budget in whitened
coordinates reports an interval width that is independent of the chosen basis for the Perron block.
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Proof. Let R = P − CQ
HP . Then the residual block of P̃ is BR, and its Gram matrix is

BGH(P )B⊤. Hence
WH(P̃ ) = (BGH(P )B⊤)−1/2BR = O WH(P ), O := (BGH(P )B⊤)−1/2BGH(P )1/2.

The matrix O is orthogonal because
OO⊤ = (BGH(P )B⊤)−1/2BGH(P )B⊤(BGH(P )B⊤)−1/2 = Ir.

The exposure vector is therefore multiplied by O, and its Euclidean norm is unchanged. □

Definition 4.17 (Model-wide residual budget). For B < ∞, define the bounded public-invisible
latent residual budget

RH,K(B) :=
{

R ∈ L∞(Q, K) : EQ[R | H] = 0, ∥R∥2,Q ≤ 1, ∥R∥∞ ≤ B
}

.

For 0 < ρ with ρB < 1, define
Zρ,B := {1 + ηR : R ∈ RH,K(B), |η| ≤ ρ},

and the residual support function
sB(X) := sup

R∈RH,K(B)
EQ[XR].

The bounded residual budget yields the support interval for the latent fiber.

Theorem 4.18 (Residual-budget pricing interval). Let X ∈ L2(Q), and assume B < ∞, ρ > 0,
and ρB < 1. Every Z ∈ Zρ,B is a public-equivalent pricing density. In addition,

inf
Z∈Zρ,B

EQ[ZX] = EQ[X] − ρ sB(X), sup
Z∈Zρ,B

EQ[ZX] = EQ[X] + ρ sB(X).

If ∆H(X) = LQ
X − CQ

HLQ
X , then

0 ≤ sB(X) ≤ ∥∆H(X)∥2,Q , sB(X) ↑ ∥∆H(X)∥2,Q as B ↑ ∞.

If ∆H(X) ̸= 0 and
∆H(X)

∥∆H(X)∥2,Q
∈ RH,K(B),

then sB(X) = ∥∆H(X)∥2,Q already at that finite budget.

Proof. For Z = 1 + ηR ∈ Zρ,B , the condition ρB < 1 gives Z > 0. Since EQ[R | H] = 0, one has
EQ[Z] = 1 and EQ[Z | H] = 1. Thus Z is public-equivalent.

For fixed R,
EQ[(1 + ηR)X] = EQ[X] + η EQ[XR].

The residual set RH,K(B) is symmetric: with R it contains −R. Hence
sup

R∈RH,K(B), |η|≤ρ
ηEQ[XR] = ρ sup

R∈RH,K(B)
EQ[XR] = ρsB(X),

and the infimum is the negative of the same support value. This gives the two endpoint formulas.
Because R is K-measurable and conditionally mean zero relative to H,

EQ[XR] = EQ[(LQ
X − CQ

HLQ
X)R].

Cauchy–Schwarz and ∥R∥2,Q ≤ 1 give
sB(X) ≤ ∥∆H(X)∥2,Q .

Nonnegativity follows because 0 ∈ RH,K(B).
To prove the limiting statement, first note that ∆H(X) = 0 makes both sides vanish. Assume

therefore that ∆H(X) ̸= 0. Let ∆ = ∆H(X) and define
Tn = (−n) ∨ (∆ ∧ n), Rn = Tn − EQ[Tn | H].
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Then Rn ∈ L∞(Q, K), EQ[Rn | H] = 0, and Rn → ∆ in L2(Q). For large n, set R̃n =
Rn/ ∥Rn∥2,Q. Each R̃n belongs to RH,K(Bn) for some finite Bn, and

EQ[XR̃n] → ∥∆∥2,Q .

Fix ε > 0 and choose n such that EQ[XR̃n] > ∥∆∥2,Q − ε. For every B ≥ Bn, monotonicity
of the residual budgets gives sB(X) ≥ ∥∆∥2,Q − ε. Together with the Cauchy–Schwarz upper
bound, this proves sB(X) ↑ ∥∆∥2,Q. If the normalized residual itself lies in RH,K(B), it attains
the Cauchy–Schwarz upper bound. □

The support function also separates surface-equivalent and dynamic-safe budgets.

Corollary 4.19 (Surface and dynamic-safe residual-budget intervals). Let H ⊆ G ⊆ K, let
X ∈ L2(Q), and let B < ∞, ρ > 0 with ρB < 1. For A ∈ {H, G}, define

RA,K(B) := {R ∈ L∞(Q, K) : EQ[R | A] = 0, ∥R∥2,Q ≤ 1, ∥R∥∞ ≤ B},

sA,B(X) := sup
R∈RA,K(B)

EQ[XR].

Then the surface-equivalent residual-budget interval is
EQ[X] ± ρ sH,B(X),

while the dynamic-safe public-terminal interval is
EQ[X] ± ρ sG,B(X).

In addition,
0 ≤ sG,B(X) ≤ sH,B(X),

and, as B ↑ ∞,

sH,B(X) ↑
∥∥∥LQ

X − CQ
HLQ

X

∥∥∥
2,Q

, sG,B(X) ↑
∥∥∥LQ

X − CQ
G LQ

X

∥∥∥
2,Q

.

Proof. Apply Theorem 4.18 twice, first with A = H and then with A = G. Since H ⊆ G, the
condition EQ[R | G] = 0 implies EQ[R | H] = 0, so RG,K(B) ⊆ RH,K(B) and sG,B(X) ≤ sH,B(X).
The limiting identities are the norm-duality limits from Theorem 4.18 for the two sigma-fields. □

4.5. Static Hilbert selected stress-charge prices. A point quote requires a convention for
unspanned latent stress. The static Hilbert selected price below is a convex residual selector.

Definition 4.20 (Compression residual and static Hilbert selected price). For X ∈ L2(Q),
define the public compression residual

∆H(X) := LQ
X − CQ

H(LQ
X).

For γ ≥ 0, define the static Hilbert selected Perron stress price
Πγ

Hilb(X) := EQ[X] + γ ∥∆H(X)∥2,Q .

The static Hilbert selected price separates cash additivity from the nonlinear residual charge.

Proposition 4.21 (Basic properties of the static Hilbert selected price). The map Πγ
Hilb :

L2(Q) → R is cash additive, convex, and Lipschitz:
Πγ

Hilb(X + m) = Πγ
Hilb(X) + m, m ∈ R,

and
|Πγ

Hilb(X) − Πγ
Hilb(Y )| ≤ (1 + γ) ∥X − Y ∥2,Q .

If LQ
X is already public, then Πγ

Hilb(X) = EQ[X].
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Proof. Cash additivity follows because LQ
X+m = LQ

X + m and the public residual of a constant is
zero. Convexity follows from linearity of conditional expectation and the triangle inequality for
the L2-norm. For Lipschitz continuity,

|EQ[X − Y ]| ≤ ∥X − Y ∥2,Q ,

and
∥∆H(X) − ∆H(Y )∥2,Q = ∥∆H(X − Y )∥2,Q ≤ ∥X − Y ∥2,Q ,

because ∆H is the difference of two nested orthogonal projections and hence an orthogonal
projection onto L2(Q, K) ⊖ L2(Q, H). If LQ

X is already public, then ∆H(X) = 0, so the stress-
charge term vanishes and Πγ

Hilb(X) = EQ[X]. □

Remark 4.22. Πγ
Hilb is a selected quote or risk-adjusted valuation rule after linear public calibration.

Linear no-arbitrage pricing remains represented by the public-equivalent interval in Theorem 4.2.
The static Hilbert selected price is the upper endpoint for a claim-specific residual family when
the boundedness and positivity conditions of Theorem 4.25 hold. Outside those conditions, the
construction is a nonlinear residual selector rather than the endpoint of a common linear pricing
family.

Norm charges fail monotonicity unless an additional order-preserving selector is imposed.

Proposition 4.23 (Norm stress charges are not monotone in general). Let γ > 0. Suppose H is
trivial, K = F , and the probability space contains an event A with

0 < Q(A) <
γ2

1 + γ2 .

Then Πγ
Hilb(X) = EQ[X] + γ ∥X − EQ[X]∥2,Q is not monotone: there are bounded claims X ≤ Y

such that
Πγ

Hilb(X) > Πγ
Hilb(Y ).

Proof. Let p = Q(A), choose a > 0, and set Y = c and
X = c − a1A.

Then X ≤ Y . Since Πγ
Hilb(Y ) = c,

Πγ
Hilb(X) = c − ap + γa

√
p(1 − p).

The strict inequality p < γ2/(1 + γ2) is equivalent to γ
√

p(1 − p) > p, and hence Πγ
Hilb(X) >

c = Πγ
Hilb(Y ). □

Remark 4.24. The proposition marks the interpretation boundary. The norm charge is a convex
residual valuation or capitalized quote after public calibration. Monotone selected nonlinear
pricing requires a monotone residual selector, such as the conditional entropic construction in
Appendix C, or a coherent tail-risk functional.

The stress charge becomes a linear-envelope endpoint only in the claim’s own bounded residual
direction.

Theorem 4.25 (Stress charge as a residual-envelope endpoint). Let X ∈ L2(Q), and set

∆H(X) = LQ
X − CQ

HLQ
X .

Assume ∆H(X) ∈ L∞(Q) and ∆H(X) ̸= 0. Define

RX := ∆H(X)
∥∆H(X)∥2,Q

.

If 0 < γ ∥RX∥∞ < 1, then RX ∈ N ∞
H , and the upper endpoint of the residual price interval

generated by
dQη

dQ
= 1 + ηRX , |η| ≤ γ,
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is exactly
Πγ

Hilb(X) = EQ[X] + γ ∥∆H(X)∥2,Q .

The lower endpoint is
EQ[X] − γ ∥∆H(X)∥2,Q .

Proof. Since CQ
HLQ

X is the projection of LQ
X onto L2(Q, H),

EQ[∆H(X) | H] = 0.

Thus RX ∈ N ∞
H . The assumption γ ∥RX∥∞ < 1 makes 1 + ηRX strictly positive for every

|η| ≤ γ, so Theorem 4.2 applies. In addition,

EQ[XRX ] = EQ[LQ
XRX ] = EQ[(LQ

X − CQ
HLQ

X)RX ] = ∥∆H(X)∥2,Q .

The price interval of Theorem 4.2 is therefore
EQ[X] ± γ ∥∆H(X)∥2,Q .

Its upper endpoint is Πγ
Hilb(X) by Definition 4.20. □

Remark 4.26. The theorem is the finite-budget equality case of Theorem 4.18. It does not assert
that the same residual direction prices all claims. When the claim’s own public compression
residual is bounded, the static Hilbert selected price is the upper endpoint of a linear public-
equivalent pricing family in that residual direction.

4.6. Finite public calibration. Let q ∈ Rm be the vector of observed option-surface coordi-
nates, and let

m(θ) ∈ Rm, θ ∈ Θ,

be model-implied public coordinates. A Perron stress specification typically has
mi(θ) = ai(θ) CQθ

Hi
(ZQ

θ ) + bi(θ),
or its date-indexed analogue.

Finite calibration is an optimization problem on public coordinates, not a recovery theorem.

Proposition 4.27 (Weighted public calibration). Let Θ be compact, let m : Θ → Rm be
continuous, and let W be a positive semidefinite m × m matrix. The objective

J(θ) := (q − m(θ))⊤W (q − m(θ))
admits a minimizer on Θ. Separately, if Θ = Rp, m(θ) = Aθ, W is positive definite on the
column space of A, and A⊤WA is invertible, the unique unconstrained minimizer is

θ̂ = (A⊤WA)−1A⊤Wq.

If Θ is constrained, this formula solves the constrained problem only when the unconstrained
minimizer belongs to Θ; otherwise the minimizer is the constrained W -least-squares projection
over Θ.

Proof. Continuity of J and compactness of Θ give existence by Weierstrass. In the unconstrained
linear case, the normal equations are A⊤WAθ = A⊤Wq, and invertibility gives the displayed
solution. With a constraint set, the same quadratic objective is minimized over Θ, so the
normal-equation solution is valid only if it is feasible. □

5. Synchronized stress and carrier-enriched public spans

The residual fiber has a sharper form for equity-index options. Index variance contains
a synchronization component linking the index to single-name variance carriers, beyond its
volatility level. The index surface can be calibrated while the carrier decomposition remains
incomplete.
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Definition 5.1 (Synchronized-stress claim). Fix a maturity scale τ . Let V τ
I ∈ L2(Q) be an

index variance-linked claim and let V τ
1 , . . . , V τ

n ∈ L2(Q) be single-name variance-linked claims.
For nonnegative index weights ωi with

∑
i ωi = 1, define the diagonal carrier claim

V τ
diag(ω) :=

n∑
i=1

ω2
i V τ

i

and the synchronized-stress claim
Xτ

sync(ω) := V τ
I − V τ

diag(ω).
Its priced synchronized loading is

LQ
sync := CQ

KXτ
sync(ω).

The definition is payoff-level. In a continuous diffusion benchmark, Xτ
sync corresponds to the

covariance part of the index variance decomposition. In the incomplete-information setting used
here, index and single-name surfaces can calibrate its public price while the latent loading still
retains a Perron residual.

Definition 5.2 (Implied synchronization coordinate). Let vI > 0 and vi > 0 be public total-
variance coordinates for the index and the single names at the same date and maturity. Define

Dω(v) := 2
∑

1≤i<j≤n

ωiωj(vivj)1/2.

When Dω(v) > 0, the public implied synchronization coordinate is

ρimp
sync := vI −

∑n
i=1 ω2

i vi

Dω(v) .

Remark 5.3. The coordinate ρimp
sync is a public normalization of the index-versus-single-name

variance wedge. Without additional constituent-completeness and no-arbitrage restrictions
it need not lie in [−1, 1], and should not be read as a literal correlation coefficient in every
specification.

The coordinate is public and is built only from observed index and carrier-surface total-variance
coordinates. It expresses the part of the index surface that prices synchronized variance relative
to the visible single-name carrier span; the latent Perron state remains outside this coordinate.

Synchronized stress inherits price freedom exactly through its public residual loading.

Proposition 5.4 (Public-equivalent freedom for synchronized stress). Let Xτ
sync(ω) be as in

Definition 5.1, and set
∆sync

H := LQ
sync − CQ

HLQ
sync.

If ∆sync
H ̸= 0, then public option calibration does not identify the price of Xτ

sync(ω) inside the
class of public-equivalent kernels. If, in addition, the normalized residual

Rsync := ∆sync
H

∥∆sync
H ∥2,Q

is bounded and 0 < ρ ∥Rsync∥∞ < 1, then the public-equivalent densities
Zη = 1 + ηRsync, |η| ≤ ρ,

generate the interval
EQ[Xτ

sync(ω)] ± ρ ∥∆sync
H ∥2,Q .

Proof. The residual ∆sync
H has zero conditional expectation given H. If it is nonzero, Theorem 2.7,

applied to LQ
sync on (Ω, K,Q) relative to H, gives a bounded K-measurable residual direction R

with EQ[LQ
syncR] ̸= 0. The tilt generated by R preserves public payoff prices by Theorem 3.3.

Since
EQ[Xτ

syncR] = EQ[LQ
syncR],



PERRON STRESS PRICING 23

the tilted price of Xτ
sync moves by the same residual pairing. Under the additional bounded-

normalized-residual assumption, Rsync itself is admissible whenever 0 < ρ ∥Rsync∥∞ < 1. The
displayed interval is Theorem 4.25 applied to X = Xτ

sync(ω). A nonzero residual makes the
interval nontrivial, so public calibration alone cannot identify a unique synchronized-stress
price. □

Definition 5.5 (Index, carrier, and tradeable spans). Let Hidx ⊆ L2(Q, H) be the finite public
span generated by liquid index surface coordinates. Let Hcar be the enlarged finite public span
obtained by adding single-name carrier-surface coordinates, with

Hidx ⊆ Hcar ⊆ L2(Q, H).
Finally, let Scar ⊆ Hcar be the closed tradeable span generated by actually admissible public
carrier instruments.

The quotient Hcar/Scar is economically operative. A single-name surface coordinate may
improve public spanning even when the corresponding listed option portfolio is too costly, too
sparse, or too unstable to serve as a hedge.

Carrier enrichment shrinks residual width by projection monotonicity.

Proposition 5.6 (Carrier enrichment shrinks residual price width). Let
U0 ⊆ U1 ⊆ L2(Q, K)

be closed linear subspaces, and let Pj be the L2(Q)-orthogonal projection onto Uj. Let X ∈ L2(Q)
have latent loading LQ

X = CQ
KX, and define

∆j(X) := LQ
X − PjLQ

X , j = 0, 1.

Then
∥∆0(X)∥2

2,Q =
∥∥∥P1LQ

X − P0LQ
X

∥∥∥2

2,Q
+ ∥∆1(X)∥2

2,Q .

In particular,
∥∆1(X)∥2,Q ≤ ∥∆0(X)∥2,Q .

Consequently, for any fixed stress-charge coefficient γ ≥ 0, the selected residual charge weakly
decreases when the public span is enriched from U0 to U1:

γ ∥∆1(X)∥2,Q ≤ γ ∥∆0(X)∥2,Q .

Proof. Since U0 ⊆ U1, the projections satisfy P0P1 = P0. Hence
LQ

X − P0LQ
X =

(
P1LQ

X − P0LQ
X

)
+
(
LQ

X − P1LQ
X

)
.

The first term lies in U1, while the second is orthogonal to U1. Pythagoras gives the identity
and the monotonicity. The stress-charge statement follows by multiplying by γ. □

The synchronized-stress interval contracts exactly when carrier coordinates add a nonzero
projection of the residual stress direction.

Corollary 5.7 (Carrier-enriched synchronized-stress interval). Let Pidx and Pcar be the L2(Q)-
orthogonal projections onto Hidx and Hcar, respectively. Then the carrier-enriched public span
weakly reduces the synchronized-stress residual norm relative to the index-only public span. For
any γ > 0, the selected residual charge reduction is strict exactly when

PcarL
Q
sync ̸= PidxLQ

sync.

Proof. Apply Proposition 5.6 to the synchronized-stress claim and to the nested spaces Hidx ⊆
Hcar. Orthogonal projection gives∥∥∥LQ

sync − PidxLQ
sync

∥∥∥2

2,Q
=
∥∥∥PcarL

Q
sync − PidxLQ

sync

∥∥∥2

2,Q
+
∥∥∥LQ

sync − PcarL
Q
sync

∥∥∥2

2,Q
.

The residual norm therefore cannot increase after carrier enrichment. It decreases exactly when
PcarL

Q
sync − PidxLQ

sync ̸= 0, which is the stated strictness condition. □

A public-neutral spread can still carry latent residual price exposure.
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Proposition 5.8 (Public-neutral residual spreads). Let X, Y ∈ L2(Q) satisfy

CQ
HLQ

X = CQ
HLQ

Y .

Set U = X − Y . Then U has zero public latent shadow:
CQ

HLQ
U = 0.

If LQ
U ̸= 0, public calibration assigns the same public latent shadow to X and Y , but public-

equivalent residual kernels can move the price of U . In particular, if LQ
U ∈ L∞(Q) and 0 <

ρ

∥∥∥∥LQ
U /
∥∥∥LQ

U

∥∥∥
2,Q

∥∥∥∥
∞

< 1, then the normalized residual tilt generated by LQ
U gives the interval

EQ[U ] ± ρ
∥∥∥LQ

U

∥∥∥
2,Q

.

Proof. Linearity of CQ
K and CQ

H gives

CQ
HLQ

U = CQ
HLQ

X − CQ
HLQ

Y = 0.

Since constants are H-measurable, this also implies EQ[U ] = EQ[LQ
U ] = 0. Thus LQ

U is itself a
public-invisible latent residual, and the baseline spread price is zero. If LQ

U ̸= 0, Theorem 2.7,
applied on (Ω, K,Q) relative to H, supplies bounded K-measurable public-invisible residual
directions with nonzero pairing against LQ

U . The resulting public-equivalent tilts move the
spread price because EQ[UR] = EQ[LQ

U R] for such R. If LQ
U is bounded, the normalized residual

LQ
U /
∥∥∥LQ

U

∥∥∥
2,Q

is an admissible public-invisible direction under the stated positivity condition.
The interval then follows from Theorem 4.2; it is the spread analogue of Proposition 5.4. □

Remark 5.9. Proposition 5.8 is a pricing statement, not a trading rule. Two claims can be
indistinguishable to a public calibration system while retaining different latent-stress prices.
Listed-option relative-value implementations require execution, cost, liquidity, and carrier-
absorption conditions. Those conditions belong to the implementation module, not to the pricing
geometry.

6. Visible hedging

Visible hedging is the projection problem on the tradeable public span.
Theorem 6.1 (Optimal visible hedge and residual decomposition). Assume S ⊆ L2(Q, H) is
closed and contains constants. For X ∈ L2(Q), the unique L2(Q)-optimal visible hedge is

H⋆
X = CQ

S (X) = CQ
S (LQ

X).
In addition,

∥X − H⋆
X∥2

2,Q =
∥∥∥LQ

X − CQ
S (LQ

X)
∥∥∥2

2,Q
+
∥∥∥X − LQ

X

∥∥∥2

2,Q
.

Proof. Since S is a closed subspace of L2(Q), the projection theorem gives a unique minimizer
H⋆

X = CQ
S (X). Since S ⊆ L2(Q, H) ⊆ L2(Q, K), the orthogonal residual X − LQ

X = X − CQ
KX is

orthogonal to S. Therefore
CQ

S (X) = CQ
S (LQ

X).
Finally,

X − H⋆
X = (LQ

X − CQ
S LQ

X) + (X − LQ
X).

The first term is K-measurable, while the second is orthogonal to L2(Q, K). Pythagoras gives
the claimed identity. □

Definition 6.2 (Bounded residual density set). Let Z be a nonempty family of pricing densities
satisfying

0 < a ≤ Z ≤ b < ∞, EQ[Z] = 1.

For a closed visible hedge space S ⊆ L2(Q), define the residual-kernel visible-hedging loss
LZ(H; X) := sup

Z∈Z
EQ[Z(X − H)2], H ∈ S.
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Bounded residual-kernel uncertainty preserves the projection lower bound up to density
constants.

Theorem 6.3 (Minimax visible hedge under residual-kernel uncertainty). Let X ∈ L2(Q), let
S be a closed linear subspace of L2(Q), and let Z satisfy Definition 6.2. There is a unique
minimizer

H⋆
Z(X) := arg minH∈S LZ(H; X).

In addition,
a
∥∥∥X − CQ

S X
∥∥∥2

2,Q
≤ inf

H∈S
LZ(H; X) ≤ b

∥∥∥X − CQ
S X

∥∥∥2

2,Q
.

If P ∈ L2(Q) has P ⊥
S := P − CQ

S P ̸= 0, then

inf
H∈S

LZ(H; X) ≥ a βS(X; P )2
∥∥∥P ⊥

S

∥∥∥2

2,Q
,

where

βS(X; P ) =

〈
X − CQ

S X, P ⊥
S

〉
L2(Q)∥∥P ⊥

S
∥∥2

2,Q

.

Proof. For each fixed Z ∈ Z, the map
H 7→ EQ[Z(X − H)2]

is finite, continuous, weakly lower semicontinuous, and a-strongly convex in the L2(Q)-norm.
The common lower density bound is the modulus. The supremum of functionals with this
common modulus remains a-strongly convex, and a supremum of weakly lower semicontinuous
functionals is weakly lower semicontinuous. The loss is proper because LZ(0; X) ≤ b ∥X∥2

2,Q.
Coercivity follows from

LZ(H; X) ≥ a ∥X − H∥2
2,Q ≥ a

2 ∥H∥2
2,Q − a ∥X∥2

2,Q .

A minimizing sequence is therefore bounded in S. Since S is a closed subspace of a Hilbert
space, reflexivity and weak closedness give a weakly convergent subsequence whose limit remains
in S. Weak lower semicontinuity gives existence. Strong convexity gives uniqueness.

The lower bound follows from
LZ(H; X) ≥ a ∥X − H∥2

2,Q

and minimizing over H ∈ S. The upper bound follows by evaluating the minimax loss at the
baseline projection:

LZ(CQ
S X; X) ≤ b

∥∥∥X − CQ
S X

∥∥∥2

2,Q
.

For the Perron lower bound, P ⊥
S ⊥ S, so the scalar projection of X − CQ

S X onto span{P ⊥
S } has

squared norm βS(X; P )2
∥∥∥P ⊥

S

∥∥∥2

2,Q
. Combining this one-dimensional projection bound with the

first lower bound gives the claim. □

The visible residual separates into claim, latent, and public-basis components.

Theorem 6.4 (Three-part visible hedge decomposition). Assume S ⊆ L2(Q, H) is closed and
contains constants. For every X ∈ L2(Q),∥∥∥X − CQ

S X
∥∥∥2

2,Q
=
∥∥∥X − LQ

X

∥∥∥2

2,Q
+
∥∥∥LQ

X − CQ
HLQ

X

∥∥∥2

2,Q
+
∥∥∥CQ

HLQ
X − CQ

S LQ
X

∥∥∥2

2,Q
.

The three terms are, respectively, the claim component outside the latent Perron stress field, the
latent compression residual not visible in public information, and the public basis residual not
spanned by tradeable visible instruments.
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Proof. Theorem 6.1 gives∥∥∥X − CQ
S X

∥∥∥2

2,Q
=
∥∥∥X − LQ

X

∥∥∥2

2,Q
+
∥∥∥LQ

X − CQ
S LQ

X

∥∥∥2

2,Q
.

It remains to decompose the second term. Because
S ⊆ L2(Q, H) ⊆ L2(Q, K),

the projection onto S satisfies
CQ

S LQ
X = CQ

S
(
CQ

HLQ
X

)
.

Therefore
LQ

X − CQ
S LQ

X =
(
LQ

X − CQ
HLQ

X

)
+
(
CQ

HLQ
X − CQ

S LQ
X

)
.

The first term is orthogonal to L2(Q, H), while the second term is H-measurable. Pythagoras
gives ∥∥∥LQ

X − CQ
S LQ

X

∥∥∥2

2,Q
=
∥∥∥LQ

X − CQ
HLQ

X

∥∥∥2

2,Q
+
∥∥∥CQ

HLQ
X − CQ

S LQ
X

∥∥∥2

2,Q
.

Substitution proves the theorem. □

Definition 6.5 (Perron hedge residual coordinate). Let Z ∈ L2(Q, K) be a centered latent
Perron stress coordinate with

∥∥∥Z − CQ
S Z
∥∥∥

2,Q
> 0. Define

Z⊥
S := Z − CQ

S Z.

For X ∈ L2(Q), define its visible residual Perron coefficient by

βS(X; Z) :=

〈
X − CQ

S X, Z⊥
S

〉
L2(Q)∥∥Z⊥

S
∥∥2

2,Q

.

A nonzero Perron coefficient imposes a visible hedge-risk floor.

Theorem 6.6 (Latent Perron residual lower bound). Under the assumptions of Definition 6.5,

inf
H∈S

∥X − H∥2
2,Q =

∥∥∥X − CQ
S X

∥∥∥2

2,Q
≥ βS(X; Z)2

∥∥∥Z⊥
S

∥∥∥2

2,Q
.

In particular, if βS(X; Z) ̸= 0, every visible hedge has strictly positive residual risk.

Proof. The first equality is the projection theorem. Since Z⊥
S is orthogonal to S, the one-

dimensional projection of X − CQ
S X onto span{Z⊥

S } has squared norm〈
X − CQ

S X, Z⊥
S

〉2

L2(Q)∥∥Z⊥
S
∥∥2

2,Q

= βS(X; Z)2
∥∥∥Z⊥

S

∥∥∥2

2,Q
.

The squared norm of a vector dominates the squared norm of any of its orthogonal projections.
This proves the inequality. □

Corollary 6.7 (Pure Perron loading). If

LQ
X = aXZ + B, B − CQ

S B ⊥ Z⊥
S ,

then
inf

H∈S
∥X − H∥2

2,Q ≥ a2
X

∥∥∥Z⊥
S

∥∥∥2

2,Q
.

Proof. The orthogonality assumption gives βS(X; Z) = aX . Apply Theorem 6.6. □
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7. Physical risk and capital

The pricing model is calibrated under Q. Hedge performance and capital are evaluated under
the physical measure P. A bounded density ratio transfers the Hilbert geometry across equivalent
measures.

Assumption 7.1 (Bounded physical density). P ∼ Q and M := dP/ dQ satisfies
0 < m ≤ M ≤ m̄ < ∞ Q-a.s.

Bounded density ratios preserve the Hilbert geometry across Q and P.

Proposition 7.2 (Equivalent L2 geometries). Under Assumption 7.1,
m ∥Y ∥2

2,Q ≤ ∥Y ∥2
2,P ≤ m̄ ∥Y ∥2

2,Q for every Y ∈ L2(Q).

Consequently L2(P) = L2(Q) as vector spaces with equivalent norms. Any subspace closed in
L2(Q), including S, is also closed in L2(P).

Proof. The inequalities follow directly from
∥Y ∥2

2,P = EP[Y 2] = EQ[MY 2]
and the bounds m ≤ M ≤ m̄. They imply norm equivalence. If (Yn) is a sequence in a
L2(Q)-closed subspace U and Yn → Y in L2(P), then the lower bound implies Yn → Y in L2(Q).
Hence Y ∈ U . Thus U is also closed in L2(P). □

Bayes’ formula gives the exact quotient by which a conditional projection changes under an
equivalent measure.

Theorem 7.3 (Bayes correction for conditional projections). Let P ∼ Q, let M = dP/ dQ, and
let A ⊆ F . Assume M > 0 and X ∈ L1(P) ∩ L1(Q), and assume

(M − CQ
AM)(X − CQ

AX) ∈ L1(Q).
Then

CP
AX − CQ

AX =
EQ
[
(M − CQ

AM)(X − CQ
AX) | A

]
CQ

AM
.

In particular, if M is A-measurable, then
CP

AX = CQ
AX.

If X ∈ L2(Q), 0 < m ≤ M ≤ m̄ < ∞, and

δA :=
∥∥∥M − CQ

AM
∥∥∥

∞
< ∞,

then ∥∥∥CP
AX − CQ

AX
∥∥∥

2,Q
≤ δA

m

∥∥∥X − CQ
AX

∥∥∥
2,Q

.

Proof. Bayes’ formula gives
CP

AX = EQ[MX | A]
EQ[M | A] .

The denominator is strictly positive a.s. because M > 0 a.s. Subtracting CQ
AX leaves the

numerator
EQ[M(X − CQ

AX) | A].
Since EQ[X − CQ

AX | A] = 0, this numerator is equal to

EQ[(M − CQ
AM)(X − CQ

AX) | A].
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The displayed identity follows. If M is A-measurable, the numerator vanishes. For the bound,
use CQ

AM ≥ m, the L2-contraction property of conditional expectation, and the definition of δA:∥∥∥CP
AX − CQ

AX
∥∥∥

2,Q
≤ 1

m

∥∥∥EQ[(M − CQ
AM)(X − CQ

AX) | A]
∥∥∥

2,Q

≤ 1
m

∥∥∥(M − CQ
AM)(X − CQ

AX)
∥∥∥

2,Q

≤ δA
m

∥∥∥X − CQ
AX

∥∥∥
2,Q

.

□

Definition 7.4 (Q-visible hedge residual). For X ∈ L2(Q), define the terminal residual of the
Q-optimal visible hedge by

RS
X := X − CQ

S X.

Physical hedge risk inherits the risk-neutral projection floor through density bounds.

Theorem 7.5 (Physical transfer of visible hedge risk). Under Assumption 7.1, for every
X ∈ L2(Q) and every H ∈ S,

∥X − H∥2
2,P ≥ m ∥X − H∥2

2,Q .

Consequently,

inf
H∈S

∥X − H∥2
2,P ≥ m inf

H∈S
∥X − H∥2

2,Q ≥ m βS(X; Z)2
∥∥∥Z⊥

S

∥∥∥2

2,Q

whenever the Perron coordinate in Definition 6.5 is available.

Proof. For any H ∈ S,
∥X − H∥2

2,P = EQ[M(X − H)2] ≥ mEQ[(X − H)2].
Take the infimum over H ∈ S, then apply Theorem 6.6. □

The Q-visible hedge remains controlled under P only up to the density-distortion factor.

Corollary 7.6 (Performance guarantee for the Q-visible hedge under P). Under Assumption 7.1,
let

GQ = CQ
S X, GP = CP

SX.

Then
∥X − GQ∥2

2,P ≤ m̄

m
∥X − GP∥2

2,P .

Thus the baseline Q-projection hedge is within the density-ratio condition number of the physically
optimal visible hedge.

Proof. First,
∥X − GQ∥2

2,P ≤ m̄ ∥X − GQ∥2
2,Q = m̄ inf

H∈S
∥X − H∥2

2,Q .

For every H ∈ S,
∥X − H∥2

2,P ≥ m ∥X − H∥2
2,Q .

Taking infima gives
inf

H∈S
∥X − H∥2

2,Q ≤ 1
m

inf
H∈S

∥X − H∥2
2,P .

Combining the two inequalities proves the claim. □

A bounded family of residual tilts gives uniform physical-transfer constants.
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Theorem 7.7 (Uniform physical transfer under bounded residual tilts). Assume M = dP/ dQ
satisfies

0 < m ≤ M ≤ m̄ < ∞.

Let R ∈ L∞(Q), let EQ[R | H] = 0, and suppose
|η| ∥R∥∞ ≤ r < 1.

Set Zη = 1 + ηR and dQη = Zη dQ. Then
m

1 + r
≤ dP

dQη
≤ m̄

1 − r
Qη-a.s.

Consequently, for every Y ∈ L2(Q),

∥Y ∥2
2,P ≥ m

1 + r
∥Y ∥2

2,Qη
.

Visible-hedge residual lower bounds therefore transfer uniformly over all such bounded residual
tilts.

Proof. The bound on R gives
1 − r ≤ Zη ≤ 1 + r.

Since dP/ dQη = M/Zη, the displayed density-ratio bounds follow. The measures Qη and Q are
equivalent, so the same tradeable residual is measured under equivalent probability structures.
Hence

∥Y ∥2
2,P = EQη

[
dP

dQη
Y 2
]

≥ m

1 + r
EQη [Y 2].

□

Corollary 7.8 (Physical three-part lower bound). Under Assumption 7.1,

inf
H∈S

∥X − H∥2
2,P ≥ m

(∥∥∥X − LQ
X

∥∥∥2

2,Q
+
∥∥∥LQ

X − CQ
HLQ

X

∥∥∥2

2,Q
+
∥∥∥CQ

HLQ
X − CQ

S LQ
X

∥∥∥2

2,Q

)
.

Proof. Combine Theorem 7.5 with Theorem 6.4. □

The physical drift of a Q-orthogonal residual is governed by density misalignment.

Theorem 7.9 (Physical drift of the visible hedge residual). Under Assumption 7.1, let RS
X =

X − CQ
S X. Since constants belong to S,

EQ[RS
X ] = 0.

Its physical mean satisfies
|EP[RS

X ]| ≤ ∥M − 1∥2,Q

∥∥∥RS
X

∥∥∥
2,Q

.

Consequently,

|EP[RS
X ]| ≤ ∥M − 1∥2,Q

(∥∥∥X − LQ
X

∥∥∥2

2,Q
+
∥∥∥LQ

X − CQ
HLQ

X

∥∥∥2

2,Q
+
∥∥∥CQ

HLQ
X − CQ

S LQ
X

∥∥∥2

2,Q

)1/2
.

Proof. Because constants lie in S, the projection residual RS
X is orthogonal to constants in

L2(Q), so EQ[RS
X ] = 0. Therefore

EP[RS
X ] = EQ[MRS

X ] = EQ[(M − 1)RS
X ].

Cauchy–Schwarz gives
|EP[RS

X ]| ≤ ∥M − 1∥2,Q

∥∥∥RS
X

∥∥∥
2,Q

.

The final bound is obtained by substituting the identity in Theorem 6.4. □
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Definition 7.10 (Expected shortfall). For α ∈ (0, 1) and a terminal loss Y ∈ L2(P), define

ESP
α(Y ) := inf

r∈R

{
r + 1

1 − α
EP[(Y − r)+]

}
.

The formula is the Rockafellar–Uryasev representation of expected shortfall; see [35]. Coherent
risk measures in the sense of [36] provide the surrounding risk-measure setting, and [37] gives a
standard reference for discrete-time risk-measure and pricing conventions.

Expected shortfall supplies a convex capital input compatible with the residual geometry.

Proposition 7.11 (Expected shortfall as an admissible capital input). For each α ∈ (0, 1), ESP
α

is finite on L2(P), convex, and cash additive:
ESP

α(Y + c) = ESP
α(Y ) + c, c ∈ R.

In addition, if EP[Y ] = 0, then ESP
α(Y ) ≥ 0.

Proof. Finiteness from above follows by taking r = 0:

ESP
α(Y ) ≤ 1

1 − α
EP[Y+] < ∞.

For a lower bound, use the pointwise inequality r + (Y − r)+ ≥ Y . Since (1 − α)−1 ≥ 1, for
every r,

r + 1
1 − α

EP[(Y − r)+] ≥ r + EP[(Y − r)+] ≥ EP[Y ].

Thus the infimum is finite.
For cash additivity, set s = r − c. Then

r + 1
1 − α

EP[(Y + c − r)+] = c + s + 1
1 − α

EP[(Y − s)+],

and the substitution s = r − c preserves the infimum.
For convexity, let Y1, Y2 ∈ L2(P), λ ∈ [0, 1], and choose arbitrary r1, r2 ∈ R. Put r =

λr1 + (1 − λ)r2. Since x 7→ x+ is convex,(
λY1 + (1 − λ)Y2 − r

)
+ ≤ λ(Y1 − r1)+ + (1 − λ)(Y2 − r2)+.

After taking expectations and adding r, one obtains the convexity inequality for these r1, r2.
Taking the infimum over r1 and r2 proves convexity of ESP

α. Finally, the lower-bound argument
gives ESP

α(Y ) ≥ EP[Y ] = 0 when Y is centered. □

Definition 7.12 (Compression-adjusted capital). Under Assumption 7.1, let ρP : L2(P) →
R ∪ {+∞} be a convex cash-additive risk functional for terminal losses. For X ∈ L2(Q), set

R̃S,P
X := RS

X − EP[RS
X ],

and define
Capγ(X) := ρP

(
R̃S,P

X

)
+ γ

∥∥∥LQ
X − CQ

S LQ
X

∥∥∥
2,Q

, γ ≥ 0.

Proposition 7.13 (Convexity of compression-adjusted capital). If ρP is convex, then Capγ is
convex on L2(Q). If ρP(Y ) ≥ 0 whenever EP[Y ] = 0, then

Capγ(X) ≥ γ
∥∥∥LQ

X − CQ
S LQ

X

∥∥∥
2,Q

.

Proof. The map
X 7→ R̃S,P

X = X − CQ
S X − EP[X − CQ

S X]
is linear from L2(Q) into L2(P). Hence convexity of ρP gives convexity of the first term. The
map

X 7→ LQ
X − CQ

S LQ
X

is linear, so its L2(Q)-norm is convex. The lower bound follows from the assumed nonnegativity
of ρP on centered hedge residuals, since R̃S,P

X is centered under P in Definition 7.12. □

Compression-adjusted capital inherits the latent and public-basis residual floors.
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Theorem 7.14 (Compression capital lower bounds). Assume ρP is convex and satisfies ρP(Y ) ≥ 0
whenever EP[Y ] = 0. Then for every X ∈ L2(Q),

Capγ(X) ≥ γ

(∥∥∥LQ
X − CQ

HLQ
X

∥∥∥2

2,Q
+
∥∥∥CQ

HLQ
X − CQ

S LQ
X

∥∥∥2

2,Q

)1/2
.

If a Perron coordinate Z is available as in Definition 6.5, then

Capγ(X) ≥ γ |βS(X; Z)|
∥∥∥Z⊥

S

∥∥∥
2,Q

.

Proof. The first lower bound in Proposition 7.13 gives

Capγ(X) ≥ γ
∥∥∥LQ

X − CQ
S LQ

X

∥∥∥
2,Q

.

Since S ⊆ L2(Q, H), the proof of Theorem 6.4 gives the orthogonal decomposition

LQ
X − CQ

S LQ
X = (LQ

X − CQ
HLQ

X) + (CQ
HLQ

X − CQ
S LQ

X),
with the first term orthogonal to L2(Q, H) and the second term belonging to L2(Q, H). Pythago-
ras gives the displayed square-root expression.

For the Perron bound, Z⊥
S is orthogonal to S, and〈
X − CQ

S X, Z⊥
S

〉
=
〈
LQ

X − CQ
S LQ

X , Z⊥
S

〉
.

By Cauchy–Schwarz and Definition 6.5,

|βS(X; Z)|
∥∥∥Z⊥

S

∥∥∥
2,Q

≤
∥∥∥LQ

X − CQ
S LQ

X

∥∥∥
2,Q

.

Combining this inequality with the capital lower bound proves the result. □

Remark 7.15. Expected shortfall is one admissible choice for ρP. Proposition 7.11 verifies the
convexity and nonnegativity properties used above. The results are stated for a general convex
risk functional because the projection arguments do not depend on a particular tail functional.

8. Convex compression risk

The L2-residual is not the only compression cost. For variance-linked and stress-amplifying
claims, convexity adds a pricing and capital term.
Assumption 8.1 (Strong convexity). Φ : R → R is Borel, integrable at the random variables
considered in this section, and κ-strongly convex for some κ > 0:

Φ(y) ≥ Φ(x) + gx(y − x) + κ

2 (y − x)2

for every x, y ∈ R and some subgradient gx ∈ ∂Φ(x).
Strong convexity converts public compression into a quadratic latent loss.

Theorem 8.2 (Latent convex compression gap). Under Assumption 8.1, let X ∈ L2(Q), set
LQ

X = CQ
KX, and assume Φ(LQ

X), Φ(CQ
HLQ

X) ∈ L1(Q). Then

EQ[Φ(LQ
X)] − EQ[Φ(CQ

HLQ
X)] ≥ κ

2

∥∥∥LQ
X − CQ

HLQ
X

∥∥∥2

2,Q
.

If Z ∈ L2(Q, K) has nonzero public residual Z⊥
H, then

EQ[Φ(LQ
X)] − EQ[Φ(CQ

HLQ
X)] ≥ κ

2 aH(X; Z)2
∥∥∥Z⊥

H

∥∥∥2

2,Q
.

Proof. Set Y = CQ
HLQ

X . Strong convexity gives the convex function Ψ(x) := Φ(x) − κ
2 x2. The

stated integrability and LQ
X , Y ∈ L2(Q) make the following expectations finite. Conditional

Jensen gives
EQ[Ψ(LQ

X) | H] ≥ Ψ(Y ).
After taking expectations and rearranging,

EQ[Φ(LQ
X)] − EQ[Φ(Y )] ≥ κ

2
(
EQ[(LQ

X)2] − EQ[Y 2]
)

= κ

2

∥∥∥LQ
X − Y

∥∥∥2

2,Q
,
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because Y is the orthogonal projection of LQ
X onto L2(Q, H). This proves the first inequality.

The second follows because the one-dimensional projection of LQ
X − CQ

HLQ
X onto span{Z⊥

H} has
squared norm

aH(X; Z)2
∥∥∥Z⊥

H

∥∥∥2

2,Q
,

which is bounded above by
∥∥∥LQ

X − CQ
HLQ

X

∥∥∥2

2,Q
. □

Compression onto the public field gives the corresponding convex gap.

Theorem 8.3 (Convex public compression gap). Under Assumption 8.1, let X ∈ L2(Q), and
assume Φ(X), Φ(CQ

HX) ∈ L1(Q). Then

EQ[Φ(X)] − EQ[Φ(CQ
HX)] ≥ κ

2

∥∥∥X − CQ
HX

∥∥∥2

2,Q
.

If LQ
X = CQ

KX, then ∥∥∥X − CQ
HX

∥∥∥2

2,Q
=
∥∥∥LQ

X − CQ
HLQ

X

∥∥∥2

2,Q
+
∥∥∥X − LQ

X

∥∥∥2

2,Q
.

Proof. Set Y = CQ
HX. Strong convexity gives the convex function Ψ(x) := Φ(x) − κ

2 x2. The
stated integrability and X, Y ∈ L2(Q) make the following expectations finite. Conditional Jensen
gives

EQ[Ψ(X) | H] ≥ Ψ(Y ).
After taking expectations and rearranging,

EQ[Φ(X)] − EQ[Φ(Y )] ≥ κ

2
(
EQ[X2] − EQ[Y 2]

)
= κ

2 ∥X − Y ∥2
2,Q ,

because Y = CQ
HX is the orthogonal projection of X onto L2(Q, H). The second identity is

Pythagoras for the nested projections
L2(Q, H) ⊆ L2(Q, K) ⊆ L2(Q, F).

□

Corollary 8.4 (Convex Perron residual contribution). Under the assumptions of Theorem 8.3,
if Z is a Perron stress coordinate as in Definition 6.5 with S = L2(Q, H), write βH(X; Z) :=
βS(X; Z) for this specialization. Then

EQ[Φ(X)] − EQ[Φ(CQ
HX)] ≥ κ

2 βH(X; Z)2
∥∥∥Z − CQ

HZ
∥∥∥2

2,Q
.

Proof. Combine Theorem 8.3 with Theorem 6.6, taking S = L2(Q, H). □

9. Observable estimands

Fixed-date pricing statements generate date-indexed estimands. The objects below specify
what the pricing geometry makes observable; they are neither estimates nor trading rules, and
they do not recover the latent Perron state.

Fix a finite set of dates D. Let Pd be a Perron stress coordinate available at date d ∈ D, and
let Qd ∈ Rm be a finite vector of public option-surface coordinates. The finite public span is

Hm = span{1, Q·,1, . . . , Q·,m}.

The finite public projection is
Pd = P̂Hm,d + P̂ ⊥

Hm,d,

with projection and residual shares, all sums being over d ∈ D,

Ĉm :=
∑

d∈D(P̂Hm,d − P̂ Hm)2∑
d∈D(Pd − P )2 , R̂m := 1 − Ĉm.
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These ratios are reported only when the denominator is strictly positive. They are finite-span
quantities. They describe the public shadow and residual component associated with the chosen
public coordinates, not the full latent sigma-field.

Carrier enrichment is the second finite-span object. If Hidx is the span generated by liquid
index-surface coordinates and Hcar ⊇ Hidx is the span enlarged by single-name carrier-surface
coordinates, the carrier increment is

∆Ĉcar := Ĉ(Hcar) − Ĉ(Hidx).
Proposition 5.6 gives the population counterpart. Enlarging the public span weakly reduces
residual interval width. In a date-indexed implementation, the carrier increment asks whether
single-name public surfaces compress synchronized stress beyond the index surface alone.

Residual hedge risk is the third object. For a future or terminal stress claim Y and a visible
public span Sm, the finite visible hedge is the least-squares projection ĈSmY , and the observable
residual floor is

F̂(Y ; Sm) :=
∑

d∈D(Yd − ĈSmYd)2∑
d∈D(Yd − Y )2 .

Again the ratio is defined only when the denominator is strictly positive. Tail versions replace
the squared loss by an upper-tail or spectral risk functional. These quantities correspond to the
visible-hedging lower bounds in Section 6 and the capital functionals in Section 7.

The synchronized-stress wedge is the fourth object. Given public total-variance coordinates
vI,d,τ for an index and vi,d,τ for single-name carriers, Definition 5.2 gives

ρimp
sync,d,τ = vI,d,τ −

∑
i ω2

i vi,d,τ

2
∑

i<j ωiωj(vi,d,τ vj,d,τ )1/2 .

If ρ̂real
sync,d,τ is a realized synchronization proxy available at date d, the observable pricing wedge is

ρimp
sync,d,τ − ρ̂real

sync,d,τ .

This wedge is an observable coordinate induced by the synchronized-stress claim of Definition 5.1.
Execution, liquidity, carrier absorption, and information-timing controls are required before it
becomes an executable pricing or portfolio rule.

A listed-option synchronization implementation can turn this coordinate into the candidate
source for a finite public trading rule. Such an implementation adds contract-level execution,
carrier admissibility, liquidity filters, lower-bound sellability, and adaptedness audits to the
estimands defined here. The two objects live in different quotients. The Hilbert geometry
identifies the residual-risk objects. A trading implementation tests whether the public listed-
option span makes those objects executable.

The estimands separate the public-surface span, the carrier-enrichment increment, the residual
hedge-risk floor, and the wedge between priced index synchronization and realized carrier syn-
chronization. The pricing and hedging geometry stops at this finite observable layer. Numerical
answers belong to a data or trading implementation.

10. Scope and extensions

The theory is stated in L2, so pricing, hedging, and residual risk share one projection geometry.
The appendices record extensions needed at implementation boundaries. Appendix A replaces
static terminal hedge spaces by stochastic-integral hedge spaces. Appendix B treats a low-
dimensional Perron stress state. Appendix C gives density-band and entropic public-equivalent
pricing sets beyond local linear tilts. Appendix D extends the capital functional from expected
shortfall to spectral risk measures. Appendix E incorporates bid-ask and liquidity constraints
into the public calibration system.

These extensions preserve the projection order. Public calibration, latent stress pricing, visible
hedging, and residual capital are distinct projections of one incomplete-information problem.
They also mark the boundary of the analysis. The synchronized-stress and carrier-enrichment
results identify the residual pricing object and the public spans that compress it. Executable
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listed-option strategies, contract-level portfolio optimizers, and full risk-neutral dynamics for the
latent Perron state belong to separate implementation or modeling modules.

11. Conclusion

Public option surfaces were the starting object. They calibrate admitted payoff prices, but they
do not determine every latent stress claim consistent with those prices. The paper formalizes that
failure as a residual pricing fiber. The latent Perron loading is projected onto public information;
the component outside the projection remains available to public-equivalent pricing kernels.

The core object is the Hilbert projection chain. Public-equivalent kernels preserve public
option prices while moving latent-stress claims. Public prices therefore identify compressed priced
loadings, not full latent loadings. Visible hedging is a different projection onto the tradeable
public span. Its residual inherits a lower bound from the latent Perron component whenever
that component remains outside the span. Under an equivalent physical measure, the same
residual becomes hedge risk and capital.

The finite layer audits the obstruction rather than removing it. Public projection shares, carrier-
enrichment increments, residual hedge-risk floors, and implied-versus-realized synchronization
wedges ask whether the public surface spans the stress component, whether carrier surfaces add
public information, and whether a visible hedge leaves a residual. They are pricing and hedging
estimands. Contract-level execution is a separate implementation module.

A compression-consistent pricing model must therefore do more than fit the surface. It must
state which quotient the surface identifies, which synchronized-stress component lies outside the
carrier span, and which latent stress risk survives public projection.

Appendix A. Dynamic visible hedge spaces

The main text uses a closed terminal subspace S ⊆ L2(Q, H). The dynamic version replaces it
by the terminal closed span of public stochastic integrals. The projection geometry is unchanged.
The martingale arguments use standard conditional-expectation facts; see, for example, [38].

Definition A.1 (Dynamic public hedge space). Let (Ft)0≤t≤T be a filtration under Q, and let
S = (S1, . . . , Sd)

be a discounted d-dimensional square-integrable Q-martingale adapted to the public filtration.
Let IT (S) be the L2(Q)-closure of terminal stochastic integrals∫ T

0
ϑt dSt

over bounded predictable simple strategies ϑ. The dynamic visible hedge space is
Sdyn := R + IT (S).

Assumption A.2 (Public dynamic spanning). The terminal gains in Sdyn are H-measurable, so
Sdyn ⊆ L2(Q, H).

Dynamic-safe public-terminal kernels preserve public martingales.

Theorem A.3 (Dynamic public martingale preservation). Let S be a discounted square-integrable
Q-martingale adapted to a public filtration (Gt)0≤t≤T . Let Z > 0 satisfy EQ[Z] = 1 and

EQ[Z | GT ] = 1.

If dQZ = Z dQ, then S is also a QZ-martingale with respect to (Gt)0≤t≤T .

Proof. The variable St is QZ-integrable because St is GT -measurable and
EQZ [|St|] = EQ[Z|St|] = EQ[EQ[Z | GT ]|St|] = EQ[|St|] < ∞.

For s ≤ t ≤ T , Bayes’ formula gives

EQZ [St | Gs] = EQ[ZSt | Gs]
EQ[Z | Gs] .
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The denominator is strictly positive a.s. The assumption and the tower property imply EQ[Z |
Gu] = 1 for every u ≤ T . Therefore

EQ[ZSt | Gs] = EQ[EQ[Z | Gt]St | Gs] = EQ[St | Gs] = Ss,

and EQ[Z | Gs] = 1. Hence EQZ [St | Gs] = Ss. □

The dynamic hedge space reduces the terminal problem to the same projection.

Theorem A.4 (Dynamic projection hedge). Under Assumption A.2, Sdyn is a closed linear
subspace of L2(Q, H) containing constants. For every X ∈ L2(Q), the optimal dynamic visible
hedge is

H⋆
X,dyn = CQ

Sdyn
X,

and ∥∥∥X − H⋆
X,dyn

∥∥∥2

2,Q
=
∥∥∥X − LQ

X

∥∥∥2

2,Q
+
∥∥∥LQ

X − CQ
HLQ

X

∥∥∥2

2,Q
+
∥∥∥CQ

HLQ
X − CQ

Sdyn
LQ

X

∥∥∥2

2,Q
.

Proof. By definition, IT (S) is closed in L2(Q), and adding constants preserves closedness.
Assumption A.2 places Sdyn inside L2(Q, H). The projection theorem gives the unique minimizer
CQ

Sdyn
X. Applying Theorem 6.4 with S = Sdyn gives the displayed decomposition. □

Dynamic trading removes only the Perron component contained in the stochastic-integral
span.

Corollary A.5 (Dynamic Perron residual lower bound). Let Z ∈ L2(Q, K) be centered, and
assume

Z⊥
dyn := Z − CQ

Sdyn
Z ̸= 0.

Define

βdyn(X; Z) :=

〈
X − CQ

Sdyn
X, Z⊥

dyn

〉
L2(Q)∥∥∥Z⊥

dyn

∥∥∥2

2,Q

.

Then
inf

H∈Sdyn
∥X − H∥2

2,Q ≥ βdyn(X; Z)2
∥∥∥Z⊥

dyn

∥∥∥2

2,Q
.

Proof. Apply Theorem 6.6 with S = Sdyn. □

Appendix B. Low-dimensional Perron stress states

The scalar Perron coordinate is the baseline case. Applications may retain a small Perron
block rather than a single residual direction. The projection geometry extends by replacing one
residual coordinate with a finite-dimensional residual factor space.

Definition B.1 (Vector Perron stress coordinate). Let
Z = (Z1, . . . , Zr)⊤ ∈ L2(Q, K;Rr)

be centered componentwise. Define its visible residual vector by
Z⊥

S := Z − CQ
S Z,

where the projection is applied componentwise. Its residual Gram matrix is
GS(Z) := EQ[Z⊥

S (Z⊥
S )⊤].

Assumption B.2 (Nondegenerate residual Perron block). The matrix GS(Z) is positive definite.

Definition B.3 (Vector residual Perron coefficient). Under Assumption B.2, define

β
(r)
S (X; Z) := GS(Z)−1EQ[Z⊥

S (X − CQ
S X)].

A nonzero vector exposure imposes a residual floor in the Perron block.
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Theorem B.4 (Vector Perron residual lower bound). Under Assumption B.2,

inf
H∈S

∥X − H∥2
2,Q ≥

(
β

(r)
S (X; Z)

)⊤
GS(Z)β(r)

S (X; Z).

If
LQ

X = YX + b⊤
XZ + BX , YX ∈ S,

and
EQ[Z⊥

S (BX − CQ
S BX)] = 0,

then β
(r)
S (X; Z) = bX and

inf
H∈S

∥X − H∥2
2,Q ≥ b⊤

XGS(Z)bX .

Proof. Let RX = X − CQ
S X. The projection of RX onto the finite-dimensional span of

{Z⊥
1 , . . . , Z⊥

r } has coefficient vector β
(r)
S (X; Z), because the normal equations are

GS(Z)β = EQ[Z⊥
S RX ].

The squared norm of this finite-dimensional projection is(
β

(r)
S (X; Z)

)⊤
GS(Z)β(r)

S (X; Z).
Since the squared norm of RX dominates the squared norm of any orthogonal projection, the
first inequality follows.

For the pure vector loading statement, Z⊥
S is K-measurable and orthogonal to S, so

EQ[Z⊥
S RX ] = EQ[Z⊥

S (LQ
X − CQ

S LQ
X)].

The YX term contributes zero because YX ∈ S. The BX term contributes zero by assumption.
For the Perron block, linearity of CQ

S gives CQ
S (b⊤

XZ) = b⊤
XCQ

S Z, so the residual is b⊤
XZ⊥

S and its
moment with Z⊥

S is GS(Z)bX . Hence β
(r)
S (X; Z) = bX . □

Whitened vector budgets produce coordinate-free Perron intervals.

Corollary B.5 (Vector Perron ellipsoidal interval). Assume Z⊥
H := Z − CQ

HZ is componentwise
bounded and has positive definite Gram matrix

GH(Z) := EQ[Z⊥
H(Z⊥

H)⊤].
Suppose

LQ
X = YX + b⊤

XZ + BX , YX ∈ L2(Q, H),
and

EQ[Z⊥
H(BX − CQ

HBX)] = 0.

Let A and ρ satisfy the bounded-positivity condition in Definition 4.5 for R = Z⊥
H. Then the

ellipsoidal residual set generated by R = Z⊥
H gives

Π+
A,ρ(X) − Π−

A,ρ(X) = 2ρ
(
b⊤

XGH(Z)A−1GH(Z)bX

)1/2
.

Proof. In Theorem 4.6, the residual moment vector has entries
EQ[XZ⊥

i,H] = EQ[LQ
XZ⊥

i,H],

because Z⊥
i,H is K-measurable. The public term YX is orthogonal to Z⊥

i,H, the BX term is removed
by the stated orthogonality condition, and the block term contributes (GH(Z)bX)i. Thus the
moment vector is GH(Z)bX . Substitution into the interval width formula of Theorem 4.6 gives
the result. □
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Appendix C. Alternative public-equivalent pricing sets

The main text uses local linear residual tilts as tangent objects and conditional exponential
kernels as the positive Gaussian residual family. Density bands and entropy penalties give
alternative public-equivalent pricing sets that preserve public option prices.

Definition C.1 (Density-band public-equivalent set). For constants 0 < a < 1 < b < ∞, define

Z [a,b]
H := {Z ∈ L∞(Q) : a ≤ Z ≤ b, EQ[Z | H] = 1}.

The associated pricing measures are dQZ/ dQ = Z.

Density bands convert residual pricing freedom into an order interval.

Proposition C.2 (Density-band residual interval). For X ∈ L1(Q), the set

{EQ[ZX] : Z ∈ Z [a,b]
H }

is a bounded interval whenever Z [a,b]
H is nonempty and closed under convex combinations. Every

Z ∈ Z [a,b]
H preserves bounded public payoff prices.

Proof. Public payoff preservation follows from
EQ[ZY ] = EQ[EQ[Z | H]Y ] = EQ[Y ]

for bounded H-measurable Y . The map Z 7→ EQ[ZX] is linear, and Z [a,b]
H is convex. Therefore

the image is a convex subset of R, hence an interval. It is bounded because
|EQ[ZX]| ≤ bEQ[|X|].

□

Definition C.3 (Conditional upper-tail support). Let U ∈ L1(Q), let p ∈ (0, 1), and let H ⊆ F .
Define

Tp(U | H) := ess sup {EQ[Uξ | H] : 0 ≤ ξ ≤ 1, EQ[ξ | H] = p} .

The exact density-band support reallocates residual mass across conditional tails.

Theorem C.4 (Exact density-band residual support). Let 0 < a < 1 < b < ∞, and set

p := 1 − a

b − a
.

Let X ∈ L1(Q), and write
U := X − CQ

HX.

Then
sup

a≤Z≤b
EQ[Z|H]=1

EQ[ZX] = EQ[X] + (b − a)EQ[Tp(U | H)],

inf
a≤Z≤b

EQ[Z|H]=1

EQ[ZX] = EQ[X] − (b − a)EQ[Tp(−U | H)].

If the density set is restricted to K-measurable densities, replace U by
CQ

KX − CQ
HCQ

KX

and take the essential supremum over K-measurable ξ.

Proof. The feasible set is nonempty because ξ ≡ p corresponds to Z ≡ 1. For any feasible Z,
define

ξ := Z − a

b − a
.

Then 0 ≤ ξ ≤ 1, and
EQ[ξ | H] = 1 − a

b − a
= p.
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Since EQ[U | H] = 0,
EQ[ZU ] = aEQ[U ] + (b − a)EQ[ξU ] = (b − a)EQ[ξU ].

The affine change of variables therefore converts the supremum over feasible Z into the supremum
over feasible ξ. It is reversible, so no admissible density is lost. The feasible family is stable
under H-measurable pasting: if ξ1, ξ2 are feasible and A ∈ H, then

ξ = 1Aξ1 + 1Acξ2

is feasible. Hence the conditional values EQ[Uξ | H] are upward directed, and the lattice
argument for essential suprema gives a sequence of feasible ξn such that

EQ[Uξn | H] ↑ Tp(U | H) a.s.
Since |EQ[Uξn | H]| ≤ EQ[|U | | H], dominated convergence gives

sup
ξ

EQ[Uξ] = EQ[Tp(U | H)].

This gives the first display. Replacing U by −U gives the infimum. If densities are required
to be K-measurable, then EQ[ZX] = EQ[ZCQ

KX]. The same calculation applies to the residual
CQ

KX − CQ
HCQ

KX, with the optimizer ξ restricted to be K-measurable. □

Definition C.5 (Entropy-penalized public-equivalent price). For bounded X ∈ L∞(Q) and
λ > 0, define

Πent
λ (X) := sup

Z>0
EQ[Z|H]=1

{EQ[ZX] − λEQ[Z log Z]} .

Entropy penalization gives a monotone conditional selector on the public-equivalent fiber.

Theorem C.6 (Conditional entropic residual price). For X ∈ L∞(Q) and λ > 0,
Πent

λ (X) = EQ[λ logEQ[exp(X/λ) | H]] .

The optimizer is
ZX

λ = exp(X/λ)
EQ[exp(X/λ) | H] .

Equivalently, with ∆HX = X − CQ
HX,

ZX
λ = exp(∆HX/λ)

EQ[exp(∆HX/λ) | H] .

Proof. The displayed ZX
λ is positive and satisfies EQ[ZX

λ | H] = 1. For any admissible Z,
conditional Gibbs’ inequality, with the value understood in the extended sense when EQ[Z log Z] =
+∞, gives

EQ

[
Z

X

λ
− Z log Z

∣∣∣∣H] ≤ logEQ[exp(X/λ) | H].

Multiplying by λ and taking expectations gives the upper bound. Equality holds when

Z = exp(X/λ)
EQ[exp(X/λ) | H] ,

which proves the value and optimizer. The final formula follows because
exp(X/λ) = exp(CQ

HX/λ) exp(∆HX/λ),
and the H-measurable factor cancels between numerator and conditional denominator. □

The large-penalty limit recovers a variance residual premium.
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Corollary C.7 (Large-penalty entropic expansion). Let X ∈ L∞(Q), set

∆HX = X − CQ
HX, MX = ∥∆HX∥∞ .

Then
Πent

λ (X) = EQ[X] + 1
2λ

EQ[VarQ(X | H)] + O

(
M3

X

λ2

)
λ → ∞.

In particular, the entropic residual premium is nonnegative and vanishes for every H-measurable
X.

Proof. The value formula in Theorem C.6 gives
Πent

λ (X) = EQ[CQ
HX] + EQ[λ logEQ[exp(∆HX/λ) | H]] .

Since EQ[∆HX | H] = 0 and |∆HX| ≤ MX , Taylor’s formula with a uniform remainder gives

EQ[exp(∆HX/λ) | H] = 1 + 1
2λ2EQ[(∆HX)2 | H] + O

(
M3

X

λ3

)
,

uniformly for large λ. The inside of the logarithm is then bounded away from zero, and
log(1 + u) = u + O(u2) gives, after multiplying by λ,

λ logEQ[exp(∆HX/λ) | H] = 1
2λ

EQ[(∆HX)2 | H] + O

(
M3

X

λ2

)
,

again uniformly for large λ. Taking expectations proves the expansion because EQ[(∆HX)2 |
H] = VarQ(X | H). Nonnegativity follows from conditional Jensen applied to the logarithmic
moment generating function; if X is H-measurable, then ∆HX = 0 and the premium term is
zero. □

Appendix D. Spectral capital functionals

Expected shortfall is one admissible physical capital input. Spectral risk measures average
expected shortfall levels and leave the projection results unchanged.

Definition D.1 (Admissible spectrum). A function φ : (0, 1) → [0, ∞) is an admissible L2-
spectrum if ∫ 1

0
φ(α) dα = 1,

∫ 1

0

φ(α)√
1 − α

dα < ∞.

For Y ∈ L2(P), define

ρPφ(Y ) :=
∫ 1

0
ESP

α(Y )φ(α) dα.

The spectral extension needs only an L2 bound for expected shortfall.

Lemma D.2 (Expected shortfall L2 bound). For Y ∈ L2(P),

ESP
α(Y ) ≤ EP[Y ] +

∥Y − EP[Y ]∥2,P√
1 − α

, α ∈ (0, 1).

If EP[Y ] = 0, then

0 ≤ ESP
α(Y ) ≤

∥Y ∥2,P√
1 − α

.

Proof. By cash additivity, it is enough to treat centered Y . For centered Y , take r = 0 in
Definition 7.10 to get finiteness from above. For the stated bound, use, for r > 0,

(Y − r)+ = (Y+ − r)+ ≤
Y 2

+
4r

.

This gives

ESP
α(Y ) ≤ r +

EP[Y 2
+]

4r(1 − α) .
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Optimizing over r > 0 gives

ESP
α(Y ) ≤

∥Y+∥2,P√
1 − α

≤
∥Y ∥2,P√

1 − α
.

The lower bound for centered Y follows from Proposition 7.11. Restoring the mean gives the
displayed inequality for general Y . □

Admissible spectra preserve the capital properties required by the projection bounds.

Proposition D.3 (Spectral capital is admissible). If φ is an admissible L2-spectrum, then ρPφ
is finite on L2(P), convex, cash additive, and satisfies

ρPφ(Y ) ≥ 0 whenever EP[Y ] = 0.

Consequently ρPφ can be used as ρP in Definition 7.12, Proposition 7.13, and Theorem 7.14.

Proof. Finiteness follows from Lemma D.2 and the defining integrability condition on φ. Con-
vexity and cash additivity follow by integrating the corresponding properties of ESP

α from
Proposition 7.11. The nonnegativity on centered losses follows in the same way from ESP

α(Y ) ≥ 0
when EP[Y ] = 0. □

Appendix E. Bid-ask and liquidity-constrained calibration

Observed option data contain bid-ask spreads, quote-density variation, and liquidity differences
across maturity and moneyness. These constraints enter the public calibration system as finite
feasibility restrictions.

Definition E.1 (Bid-ask public calibration system). Let Y1, . . . , Ym ∈ L∞(Q, H) be public
payoff coordinates, and let

p
i

≤ pi, i = 1, . . . , m,

be discounted bid and ask price bounds. A density Z is bid-ask feasible if
Z > 0, EQ[Z] = 1, p

i
≤ EQ[ZYi] ≤ pi, i = 1, . . . , m.

Bid-ask constraints turn finite residual calibration into a compact convex feasibility problem.

Proposition E.2 (Finite residual calibration with bid-ask bounds). Let R1, . . . , Rd ∈ L∞(Q),
and define

Zϑ = 1 + ϑ⊤R.

Assume a compact convex set K ⊂ Rd satisfies Zϑ > 0 for every ϑ ∈ K. The feasible parameter
set

Kba :=
{

ϑ ∈ K : EQ[Zϑ] = 1, p
i

≤ EQ[ZϑYi] ≤ pi, i = 1, . . . , m
}

is compact and convex. For every X ∈ L1(Q), the bid-ask residual price bounds
inf

ϑ∈Kba
EQ[ZϑX], sup

ϑ∈Kba

EQ[ZϑX]

are attained whenever Kba ̸= ∅.

Proof. The normalization condition is affine because
EQ[Zϑ] = 1 + ϑ⊤EQ[R].

For each i,
EQ[ZϑYi] = EQ[Yi] + ϑ⊤EQ[RYi],

so each bid-ask constraint is a closed affine half-space condition in ϑ. Intersecting the normaliza-
tion hyperplane and finitely many bid-ask half-spaces with compact convex K gives compact
convex Kba. The objective

ϑ 7→ EQ[ZϑX] = EQ[X] + ϑ⊤EQ[RX]
is continuous and affine. A continuous function attains its infimum and supremum on a nonempty
compact set. □
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Definition E.3 (Liquidity-weighted calibration objective). For observed public coordinates
q ∈ Rm, model coordinates m(θ), and positive liquidity weights wi > 0, define

Jliq(θ) :=
m∑

i=1
wi
(
qi − mi(θ)

)2
.

If bid-ask bounds are present, the constrained calibration set is
Θba := {θ ∈ Θ : p

i
≤ mi(θ) ≤ pi, i = 1, . . . , m}.

Liquidity-weighted calibration has a minimizer once the feasible bid-ask set is compact.

Proposition E.4 (Existence of liquidity-constrained public calibration). Let Θ be compact, let
m : Θ → Rm be continuous, and let Θba be nonempty. Then Jliq attains a minimum on Θba.

Proof. The set Θba is closed in Θ, because it is defined by finitely many closed inequalities
involving continuous functions. Hence it is compact. The objective Jliq is continuous, so
Weierstrass’ theorem gives a minimizer. □
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