LATENT VOLATILITY CONTAGION IN ROUGH VOLATILITY MODELS
SPECTRAL THRESHOLDS AND DETECTABILITY

J. VIDAL LLAURADO

ABSTRACT. Short-maturity option prices and physical path laws need not observe the same
directed rough-volatility channel. The paper separates two projections of a latent cross-asset
volatility component. The pricing projection records whether the cross-kernel enters the leading
Bachelier skew coefficient. The path-law projection records the residual Volterra perturbation
after covariance normalisation. In a bivariate rough Volterra model, asset Y is driven by an
idiosyncratic kernel with Hurst exponent Hy and by a directed contagion kernel from asset X
with exponent Hxy.

Two thresholds govern the separation. The pricing threshold Hxy = Hy determines whether
the contagion component contributes to the leading short-maturity Bachelier skew. In the
smoothing regime Hxy > Hy, the path-space threshold Hxy = Hy + i determines whether
the coupled and uncoupled Gaussian volatility laws are mutually singular or equivalent. The
interval Hy < Hxy < Hy + i is the latent contagion regime. There the directed channel is
absent from the leading pricing projection but remains detectable in the physical path law.

Smooth non-degenerate modulation leaves this threshold geometry unchanged. The relative
covariance operator reduces to a principal fractional factor, and its singular-value order gives
the Feldman—Héjek dichotomy. The result identifies a rough-volatility regime in which pricing
visibility stops before path-law detectability.

1. INTRODUCTION

Rough-volatility models give a tractable language for fractional short-maturity scaling and
Volterra memory under both the physical and pricing measures [1I, 2 8l 4, 5]. They do not, by
themselves, decide whether a directed cross-asset volatility route is visible to options, to the
physical path law, or to both. The observation experiment matters.

The analysis separates two projections of a directed Volterra volatility channel. The short-
maturity pricing projection records whether the cross-kernel enters the leading skew coefficient.
The path-law projection records whether the coupled Gaussian volatility law is equivalent to, or
singular with respect to, the uncoupled law. These projections have different thresholds.

Cross-asset spillover work supplies the empirical pressure for the distinction. Rough mi-
crostructural limits generate multivariate rough volatility with nontrivial cross-dependence
[6]. Multivariate fractional models with heterogeneous exponents produce asymmetric cross-
covariance effects and forecasting gains [7, 8, [9]. Contagion and connectedness studies also warn
that stronger comovement need not identify a latent directed channel by itself [10, [1T], 12} 13].
The comparison here is narrower and more formal: option-price visibility is separated from
Gaussian path-law detectability for one directed rough Volterra component.

In the bivariate model, asset Y has idiosyncratic exponent Hy and receives a contagion
component from asset X with exponent Hyxy. The pricing threshold is Hxy = Hy. Below this
boundary, the directed component contributes to the leading short-maturity ATM skew in the
model’s Bachelier expansion. The path-law threshold is Hxy = Hy + % in the smoothing regime
Hxvy > Hy. It separates mutual singularity from equivalence of the coupled and uncoupled
Gaussian path laws. Between them lies the regime isolated here,

Hy < Hxy < Hy + 1,
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where contagion is absent from the leading pricing projection and still remains detectable in the
physical path law.

The path-space comparison is a Gaussian-law comparison. The Feldman-Héajek dichotomy [14,
15| [16], 17, 18, 19, 20] reduces it to a Hilbert—Schmidt condition on a relative covariance operator.
The singular-value order of that operator is determined by the fractional Volterra backbone,
using the asymptotics of Birman and Solomyak [21], Dostani¢ [22], Tuan and Gorenflo [23],
and Gorenflo and Tuan [24]. Smooth non-degenerate modulation preserves the same threshold
beyond the pure fractional benchmark used in the classical theory.

The threshold statement is static. It identifies the smoothing latent-contagion regime before
sequential revelation, observable filtrations, or feasible high-frequency inference are imposed.

The model class uses modulated Volterra kernels (t — s)?~Y2L(t, s) with C' modulating
functions, including time-inhomogeneous and mean-reverting kernels used in rough-volatility
practice. The operator proof separates each kernel into a Riemann—Liouville principal part
and a diagonal-vanishing Volterra remainder, then transfers the singular-value asymptotics
to the relative covariance operator. A bivariate rough Bergomi-type specification with kernel
(t — s)H=1/2e=AMt=9) serves as the benchmark chart.

Main thresholds. The threshold comparison has three components. The pricing threshold
Hxy = Hy determines whether contagion enters the leading short-maturity skew. The path-
space detectability threshold Hxy = Hy + % determines, in the smoothing regime, whether the
coupled and uncoupled Gaussian laws are equivalent or mutually singular.

The latent contagion regime lies between those boundaries. In that interval, a cross-asset
channel disappears from leading short-maturity option asymptotics and remains detectable
under the physical law. This is a smoothing-regime statement: Hyxy > Hy. Rougher directed
channels belong to a separate observable-screening problem.

Modulation is the third issue. For the modulated Volterra kernels used in practice, smooth non-
degenerate modulation leaves unchanged the spectral order that drives the threshold comparison.

Organization. Section [2] defines the bivariate rough Volterra model. Sections [3] through [6]
give the operator reduction and derive the spectral threshold. Sections [7] and [§] translate that
threshold into pricing visibility and path-space detectability. Sections [0] and [I0] state the latent
contagion regime, Section [11| records finite-dimensional threshold diagnostics, and Sections
state the dynamic and inference boundaries.

2. MODEL

Let (Q, F,P) carry independent standard Brownian motions W+ and W+. When pricing is
discussed, Q denotes a risk-neutral measure under which the same Gaussian volatility specification
is used.

Assumption 2.1 (Kernel regularity and non-degeneracy). Let
Ar:={(t,s) € [O,T}2 0<s<t<T}
For i € {Y, XY} let L; : Ar — R satisfy:

(i) L; extends to a C! function on a neighbourhood of Ar;
(ii) L; and its first partial derivatives are bounded on Ar;
(iii) there exists ¢; > 0 such that

Li(t,t) > ¢, t €[0,T7.

Remark 2.2. The diagonal non-degeneracy condition keeps the leading fractional singularity
present in both the idiosyncratic and cross kernels. A vanishing diagonal would change the
leading singularity and the spectral order governing the threshold. The C! condition isolates
the diagonal trace. The fractional gain of the diagonal-vanishing remainder is recorded in
Proposition [6.1} The pure power-law case is Ly = Lxy = 1.
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For i € {Y, XY}, write
Kz<t, S) = (t — S)Hi_l/zLZ'(t, 8)1{0§8<t§T}'

The idiosyncratic and contagion volatility processes are

t
(1) V, = yy/ (t — ) =V2 [y (t,5) AW,
0

t
2) 7, = / (t— )Ty =12 [ (8 ) dW X,
0

with Hy, Hxy € (0, 2) vy > 0, and nx_y > 0. Set ¢ = nx_y/vy. The case ¢ > 0 is the
non-degenerate contagion case; if ¢ = 0, the coupled and uncoupled volatility laws coincide and
the path-law thresholds below are void. The log-volatility of Y is
(3) logaz/zlogaé/—kvt%—cuth—C(t),

where C(t) is the convexity correction ensuring Ep[c} | = o} For pricing, the Bachelier dynamics
under Q, with p € (—1,1), are

(4) dYy = o) (pdW{X + /1 — p2dWb).

Let ju,) (vesp. po) be the law of {V; + cvy Zi beor) (vesp. {Viteepo,r)) on C([0,71]). Both are
centred Gaussian measures. Barred notation fi,, fip refers to the corresponding Gaussian laws
on L%([0,T]); unbarred notation f,, uo refers to the induced path-space laws on C([0,7]).

Remark 2.3 (Numeraire invariance). The Bachelier specification is adopted for algebraic conve-
nience; the TH~1/2 scaling of the ATM skew is invariant to the choice of price numeraire in the
short-maturity limit (Fukasawa [25], §2.1).

Covariance operators. Define the modulated Volterra operators Ky, Kxy : L? 0, 7] —
L?[0,T) by

. By )0 = [ (=" Lylt,5) 1(5) ds,
5 t
(Kxy DO = [ (8= )2 Ly (t,5) £ () ds.

The processes V and Z from f are the images of white noise under vy Ky and Kxy
respectively. Their covariance operators on L?[0,T] are

(6) Cy = 1} Ky K%, Cxy = 13 Kxy Ky

The covariance of the coupled process V + cvy Z is Cy + Cxy. The symbols Koy and Ko xy
denote the corresponding pure fractional (Riemann-Liouville) operators with L = 1:

7) (Koif)®) = [ =) f(s)ds, i€ (¥, XY},

Remark 2.4 (Hilbert-space setting). The covariance operators act on L?[0, T]. The first compari-
son is made for centred Gaussian measures on L?[0,T], where the relative covariance operator
is defined. Equivalence of the induced path laws on C([0,77]) is then obtained by a transfer
proposition using almost-sure continuity of the Volterra processes and the Borel isomorphism
induced by the canonical inclusion C([0,T]) < L?([0,T7).

Continuity and path-space transfer.
Lemma 2.5 (Continuous versions of the modulated Volterra processes). Let
t
X, = / (t—s)H3L(t,s)dW,,  t€0,T],
0

where H € (0, 7) and L satisfies Assumptwn Then X admits a continuous modification. In
particular, the processes V, Z, and V + cvy Z admzt continuous modifications.
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Proof. Fix 0 <wu <t <T. By It0 isometry,
u
E|X, — X,|* = / (¢ — )53 L(t,5) — (u— $)T 3 L(u, 5)]2ds +/ $)2H1L(t, 5)2 ds.
0

The second term is bounded by C|t — u|?# because L is bounded on Ar-.
For the first term, write

(t— )2 L(t,s) — (u—s)7T"2L(u,s)
=[(t— S)H*% —(u— S)H*%]L(u, s)+ (t— s)H*% [L(t,s) — L(u, s)].

Since L and J;L are bounded, the second summand contributes at most
u
Clt — uP/ (t— )27V ds < Clt — uf? < Crlt — uf?",
0

because 2H < 1 and |t — u| < T'. For the first summand, the pure fractional estimate for the
Riemann—Liouville kernel yields

/0 [(t = 9)7=2 — (u— 5)=2]%ds < Cylt — u";

see, for instance, the increment estimates for Riemann-Liouville fractional processes in [26],
Ch. 2]. Hence
E|X; — Xu|? < CJt — ul?".
Because X; — X, is Gaussian, all moments are controlled by the variance, so in particular
E|X; — X.|* < CJt — ul*H.
Choose any integer m > 1/H. Then Gaussian moment estimates give
E|X; — Xou|*™ < Oyt — u*™,

and 2mH > 1. Kolmogorov’s continuity theorem therefore yields a continuous modification of
X.

Applying this with (H, L) = (Hy, Ly) and (H,L) = (Hxy, Lxy) gives continuous versions of
V and Z, hence also of V + cvy Z. O

Proposition 2.6 (Transfer from L? laws to path laws). Let fi, and jig denote the laws on L*[0,T]
of the continuous modifications of V + cvy Z and V', viewed as L*-valued random variables. Let
oy and o be their laws on C([0,T]), and let

J:C([0,T)) — L*0,T], Jr =,
be the canonical inclusion. Then:

(i) J is continuous and injective, and J(C([0,T))) is a Borel subset of L?[0,T).
(ii) The inverse map J~1: J(C([0,T])) — C([0,T)]) is Borel measurable.
(1) jiy and iy are supported on J(C([0,T])), and

My = (J~ )#Nna Mo = (J_l)#,ao-
(iv) The measures i, and po on C([0,T]) are equivalent if and only if ji, and iy are equivalent

on L2[0,T), and they are mutually singular if and only if iy and iy are mutually singular.

Proof. The continuity of .J follows from ||z||;2 < T"?||z||s, and injectivity is obvious. Since
C([0,T]) and L?([0,T]) are Polish spaces, the Lusin-Souslin theorem implies that the image
J(C([0,TY))) is Borel in L%([0,T]) and that J is a Borel isomorphism from C([0,7]) onto its
image; this is a standard consequence of the Lusin-Souslin theorem. This proves (i) and (ii).

By Lemma [2.5] -, the processes admit continuous modifications, so their L?-valued laws assign
mass one to J(C([0,T])). For any Borel set A C C([0,T]),

fn(J(A) =P(J(V + ey Z) € J(A) =P(V + ey Z € A) = puy(A),
and similarly for pug. Thus

fin=Jpty, o= Jgpo,  pn= gy po= (I g0
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on the common full-measure support J(C([0,T7)).

The null sets are therefore transported exactly by the Borel isomorphism J. If ji,, < fig and
po(A) =0, then fio(J(A)) = 0, hence fi,y(J(A)) =0 and p,(A) = 0. Conversely, if p1,, < po and
B C L*0,T)] is Borel with jig(B) = 0, then A := J~Y(Bn J(C(]0,T]))) satisfies uo(A) = 0, so
fin(B) = iy (BN J(C([0,T]))) = puy(A) = 0. This proves equivalence in both directions. The
same correspondence sends a separating full-measure set in one space to a separating full-measure
set in the other, so mutual singularity is preserved as well. This proves (iv). O

3. OPERATOR-THEORETIC STRUCTURE OF MODULATED VOLTERRA KERNELS
3.1. Decomposition of modulated operators.

Lemma 3.1 (Decomposition of a modulated Volterra operator). Let H € (0, %) and define

(Kee) = [ (=" 3L 9)f(5)ds,  f € L20,T)
where L satisfies Assumption[2.1. Then
Ky =MpKo+V,
where .
(KoP(®) = [ (t=9)" 45 ds, (ML) = LIt OS (),
and V' is a Volterra operator with kernel
ky(t,s) = (t —s)HT2R(t,s),  ReL®(Ar).
In particular, My, is bounded and boundedly invertible on L?[0,T].

Proof. Write
L(t,s) = L(t,t) + (L(t, s) — L(t,t)).

The first term gives M K. For the remainder, since L extends to a C' function,
t
L(t,s) — L(t,¢) = —/ 0L, w) du.
S

Hence
(t =) T3 (L(t,s) = L(t,1)) = (t — )" 2Rt 5),
where

R(t,s) = —(t — s)"" /: o L(t, u) du.

The boundedness of doL implies R € L*°(Ar). The bounded invertibility of M}, follows from
the diagonal lower bound in Assumption [2.1 O

3.2. Singular value dominance.
Lemma 3.2 (Fractional-order dominance). Let K = MpKy+V be as in Lemma . Then
sn(Kp) = O(n_(H+%)), sp(V) = O(n_(H+%)).
Consequently, V' is of strictly smaller singular-value order than the leading term My K.
Proof. By Birman—Solomyak [21],
sn(Ko) = n~H+2),
Since M, is bounded,
sn(MKo) < || My sn(Fo) = O(n~+2),

The remainder V has kernel of the form (t — s)?*1/2R(t,s) with R € L®(A7), so another
application of Birman—Solomyak yields

$n(V) = O(n~(H+2)),
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Applying Ky Fan’s inequality with m =n = |[N/2] 4+ 1,
sN(KL) < sm(MpEg) + 5,(V) = O(N~U+3)) 4 o(N~(H+32)),
which gives the claimed upper bound for sy (Kr). O

4. FRACTIONAL NORMALISATION
Proposition 4.1 (Fractional normalisation of covariance). Let
2
CY - VyKYK;, CO,Y = KO,YKS:Y

Then there exist bounded multiplication operators My, Ms, with My and My boundedly invertible,
and a compact operator Ey such that

Cy = My Coy M> + Ej,
where Ey is of strictly smaller singular-value order than Coy . In particular,
An(Cy) =< n~CGHY+1),

Proof. By Lemma [3.1
Ky = My Koy + Vy,

with My boundedly invertible and

sn(Vy) = O(n*(HYJF%)).
Therefore

Cy = i (My Koy + V) (My Koy + V3)* = 13 My Coy My + F,
where
Eq := vy (My Koy Vs + Vy K§y My + Vy V5).
Each term in Fy contains at least one smoother factor V3 or V5. The estimates are
X _ 3
su(My Koy Vi) < | My Koy || sn(Vy) = O(n~ " +2)),
and likewise
3
sn(V Ky My) = O(n= U 2)) 5, (V) = 5,(V)? = O(n G +9)),

Because Hy < %, all three exponents are strictly larger than 2Hy + 1. Hence

Sn(EO) — O(n7(2Hy+1)>’

so the remainder lies below the covariance scale. Since multiplication by boundedly invertible
operators preserves spectral order in the min—max sense,

An(My Coy My) = My (Coy).
For the pure fractional covariance,
A (Coy) = sn(Koy)? = n~GHy+D

by Birman—Solomyak. The Weyl-Ky Fan inequalities, applied to Cy = V}Z/MycmyM}*/ + Ey and
then to the reverse decomposition of the principal term, show that a compact perturbation with
strictly smaller singular-value order cannot change the two-sided eigenvalue order. Therefore

An(Cy) = n~CGHY+1),
O
Remark 4.2 (Transfer of spectral order). If K is a compact operator with
sn(K) =< n™“,
then the covariance operator C' = K K* satisfies

A (C) < n2e,
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5. PURE FRACTIONAL IDENTIFICATION

Proposition 5.1 (Pure fractional benchmark). Let Hy, Hxy € (0, %) with Hxy > Hy, and let
Koy, Ko xy be the pure Riemann—Liouville operators from @ Define

By = (Koy K§y)V*Ko xy

initially on the natural domain of (K(LyKS:Y)_I/Z. Then By extends to a bounded operator on
L?[0,T), and

sn(Bo) =< n~Hxy=Hy),
Consequently,

sn(BoBgy) = n~2(Hxy —Hy),

Proof. Set
0 :=Hxy — Hy > 0.

The semigroup property of Riemann—Liouville integrals gives
Ko xy = cs KO,Y13+

for a nonzero constant cs. The Abel uniqueness theorem implies ker Koy = ker K{’)"Y = {0}.
Hence the polar decomposition

Koy = (KoyKgy)'*Uy

has a unitary polar factor Uy on L2[0,T]. On the natural support of (Kgny(’;’Y)_l/Q,

(Koy Kiy) Koy = Uy.

Therefore
By = csUy I3,

Unitary multiplication and the nonzero scalar c¢s do not change singular-value order. By
Birman—Solomyak,

sn(Ig+) = n_‘s,
and hence

sn(Bg) =< n7?.
The second claim follows because the nonzero eigenvalues of ByBj are the squared singular

values of Bjy.
O

6. RELATIVE COVARIANCE OPERATOR AND SPECTRAL STRUCTURE

Spectral reduction. The relative covariance operator reduces to a Volterra factor whose kernel
carries the roughness gap Hxy — Hy. The case Hxy > Hy is the smoothing regime. In that
regime the relative covariance operator is compact, and its spectral order is determined by the
local fractional singularity.

The reduction has three levels. The operator A removes the covariance normalisation and
isolates the cross-roughness mismatch. The decomposition

A=Ps+ Rs

separates the principal fractional part from a lower-order weak-Schatten residual. Perturbation
transfers the singular-value asymptotics from Ps to A and from A to the relative covariance
operator. The spectral exponent is the gap Hxy — Hy.
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6.1. Preparatory kernel factorisations.

Proposition 6.1 (Remainder factorisation through a fractional kernel). Let a > 0 and p > 0.
Let R € L*>®°(Ar), and define

t
(Wapnf)(t) = [ (£ =)™ 7" R(t,5) () ds.
Assume that Wo,, r maps L?[0,T) boundedly into IDC:J_FP(LQ[O,T]). Then there exists a bounded
operator S, g : L?[0,T] — If (L*[0,T]) such that
(8) Wa7p7R - IngSPvR'
Regarded as an operator on L*[0, T through the canonical embedding If), (L*) < L?, it satisfies
SpR € 6 for every p > 1/p.

In particular, if p > 1/q, then S, r € &,.
Proof. The assumed mapping property places the range of W, , g inside Igfp (L?), hence inside
1§ (L?). Define

Sp,r = D5y Wa,pr
on this range. Since

D§, : I§TP(L%) — 15 (L?)
is bounded, S, is bounded from L?[0,T] into If, (L?[0,T]). The identity I§, D§,u = u on
& (L?) gives
I&rsp,R = Wa,p,R;

which proves (§]).
The Schatten order is the order of the residual embedding. Let

Jp 15, (L*0,T]) < L*[0,T]

be the canonical inclusion. By the Birman—Solomyak theorem for fractional integration operators,
sp(Jp) < n~".
The L*-realisation of S, g is J,Sp g, With S, g : L? — I{, (L?) bounded. Hence
sn(Sp,r) = O(n""),
and S, g € 6, for every p > 1/p. The final assertion follows by taking p = ¢. O
Lemma 6.2 (Factorisation through the rougher kernel). Set
ay::Hy—l—%, 6:=Hxy — Hy >0,
and define the diagonal traces
dy (s) := Ly (s, s), dxy(s) := Lxy(s,s).

Then there exist operators Sy, Sxy € L(L?[0,T]) such that

9) Ky = Koy (Mg, + Sy),
and
(10) Kxy = Koy (csI04 My, + Sxv),

where cs # 0 is the constant from the semigroup identity
Koxy = csKoyI{,.
The residual factors satisfy:
(i) Mgy, + Sy is boundedly invertible on L*[0,T);
(ii) Sy € &, for every p > 1;
(iit) Sxy € &) for every p > ﬁ.
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Proof. Because Ly and Lxy are C! on a neighbourhood of A7, the diagonal expansion gives
L;i(t,s) = Li(s,s) + (t — s)Ri(t, s), ie{Y, XY},
where

1
Ri(t,s) = /0 O Li(s+06(t—s),s)do

is bounded on Ap. The standard fractional-Volterra mapping theorem places the resulting
diagonal-vanishing C'' remainders in the range required by Proposition see [26, Chs. 2-3].
For Ky, this gives

t t
Ky f(t) = / (t — )2 dy (s) f(s) ds +/ (t — )™ Ry (1, 5) f(s) ds.
0 0

Hence

Ky = Koy Mg, +Wy,
where Wy = Wy 1,r, in the notation of Proposition [6.1} That proposition, with a = ay and
p =1, gives a bounded operator Sy such that

Wy = Koy Sy, Sy € 6, forevery p > 1.

Therefore

Ky = Koy (Mg, + Sy).

Likewise,
Kxy = Ko xyMgy, +Wxy = 05Ko,yIS+MdXY + Wxy,

where Wxy = Way s541,Rxy- Proposition 6.1, with o = ay and p = ¢ + 1, gives a bounded
operator Sxy such that

Wxy = Ko,ySXy, Sxy € 6p for every p > Sl

Hence
Kxy = Koy (csI, Mgy, + Sxy).
Since dy (s) = Ly (s,s) > ¢y > 0, the multiplication operator My, is boundedly invertible.
Because Sy is compact,
Mdy + Sy = Mdy (I + Md_YISy)
is Fredholm of index 0. It is injective. Indeed, if (Mg, + Sy)f = 0, then
Ky f = K()’y(MdY + Sy)f =0.

The Abel-Volterra uniqueness theorem for kernels with nonvanishing diagonal amplitude gives
f =05 see [26, Chs. 2-3]. Fredholm index zero then gives surjectivity and bounded invertibility.
O

6.2. Weak Schatten notation. For p > 0, let &, denote the weak Schatten ideal (see
Simon [27] for background on trace ideals and Schatten classes):

Spoo = {K € K(L%0,T)) : sp(K) = O(n’l/p)}.
We write (S, )0 for the closure of finite-rank operators in &, », equivalently
(Spoodo = { I € K(L[0.T)) : s0(K) = o(n~"/7)}.

Lemma 6.3 (Weak-Schatten multiplication and perturbation). Let p,q > 0 and r > 0 satisfy
1 1 1

r p g
Then the following hold.
(i) If A€ 6, and B € &, then

AB, BA € 6, .
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(i) If A € &) o and B € (6, )0, then
sn(A+ B) < s,(A)

whenever s,(A) < n~ /P,
(iii) More explicitly, if

sp(A) <xn™°, sp(B) =o(n™%),
then
spn(A+ B)=xn"“.

Proof. Part (i) is the standard weak-Schatten Holder rule. For the perturbation statement, use
Ky Fan’s inequality

Sman—1(X +Y) < 55 (X) + 5, (Y).

If s,(A) < n™® and s,(B) = o(n™%), then the upper bound follows from Ky Fan applied to
A + B. For the lower bound, write A = (A + B) — B and apply the same inequality:

Son—1(A) < sp,(A+ B) + sn(B).

Since s,(B) = o(n™%) and s2,—1(A) < n™?, this gives s,(A + B) > en~ for all sufficiently
large n. This proves (iii). Part (ii) is the case o = 1/p, because B € (6, )0 is exactly
sn(B) = o(n=1/7). O

6.3. Factorisation of covariance operators. Recall from @ that

2 * 2 2 *
Cy = I/yKyKy, CXY =C Vnynyy.

Since multiplication of a positive covariance operator by a strictly positive scalar does not
affect its Cameron—Martin space, relative covariance structure, or Schatten membership, it is
convenient to work with the normalised covariance operators

C’Y = KyK;k/, C’XY = KXYK;(Y-

Then
Cy = V}Z/éy, CXY = 621/}2/6)(1/.
Recall also from Lemma that

Ky = Koy Ay, Kxy = Koy Axy,

where
Ay = Mg, + Sy,  Axy = csI{ Mgy, + Sxy.
Define
A= A{,lA XY-
Then

Kxy = KyA,  Cxy = Ky AA*K}.
Operator domains. All inverse and fractional-power operators below are interpreted by spectral
calculus on the natural support spaces of the corresponding covariance operators. Operators such

as C’;l/ % act on Ran(Cxl,/ 2), and identities involving relative covariance operators are understood
on that space.
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6.4. Reduction to the relative operator. Define the normalised relative factor
B 6512012,

The Volterra uniqueness theorem gives ker Ky = ker Ky = ker Kxy = ker K%y = {0}. The
polar factors in the decompositions

Ky = CA’;I//QU% Kxy = é}(/éUXY
are therefore unitary on L2[0,T]. Using K xy = Ky A, we obtain
CYlUxy = Gy Uy A,
hence
B Uxy = Uy A.

Lemma 6.4 (Singular value equivalence). The operators B and A have the same nonzero
singular values:

sn(B) = sn(A).
Proof. From BUxy = Uy A and the unitarity of the two polar factors,
B = Uy AU%y.

Unitary equivalence preserves the singular spectrum. Hence B and A have the same nonzero
singular values, with the same multiplicities. O

Therefore the normalised relative covariance operator
5 A-1/28  A-1/2 B H
RY,XY = CY / nycy / = BB*
has eigenvalues
Mn(Ry,xy) = sn(A)2.

Thus the spectral analysis reduces to A.

6.5. Decomposition of the relative operator. Recall from Lemma that
Ay = My, + Sy, Axy = CaIg+MdXY + Sxv,
with
6= HXY - Hy.

Assume § > 0.
Define the principal operator

. —176
Ps = cs MM, My, .

Proposition 6.5 (Principal + remainder decomposition). The operator A = A{,lA xy admits
the decomposition

A:P5+R5,

where Ry is compact and satisfies

Proof. Write
A— P6 = CJ(A)_/l - Md_yl)Ig+Mde + A;lsxy.

Each term is lower order.
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Step 1: expansion of A;l. Since
Ay = Mg, (I + M 'Sy),
inversion gives
Ayt =T+ My Sy) Myt
Hence
—1 -1 -1 -1
Ay =My, =-M; SyAy .
Since Sy € 6, for every p > 1, we have
A{,l — Md_Y1 €6, foralp>1.

Step 2: composition with Ig . It is classical that

sn(Ing) =n°,

See, for example, Dostani¢ [22], Tuan and Gorenflo [23], and Gorenflo and Tuan [24]. Hence
Ig+ €6, /8,00°

Thus, for any p > 1,
1 1

—1 —1\ 76
(Ay" — My ) Io, € &, P + 0.
Since 1/r = § + 1/p is strictly larger than 0, this gives the stronger decay
sn((Ay' = MyOI,) = O(n~ 1) = o(n™?).
Multiplication by bounded operators preserves this estimate.
Step 3: control of A;IS xy. Since A;,l is bounded and
1

Sxy € 6, for every p > 1

we have

sn(Ay'Sxy) = O(n~1/P).

(773)

d+1°6

is nonempty. Choosing p in this interval gives 1/p > ¢, and therefore
sn(A3'Sxy) = o(n™%).

Conclusion. Combining both terms gives
sn(Rs) = o(n™9%).

The interval

6.6. Singular value asymptotics.

Proposition 6.6 (Weighted fractional operator). Assume dy,dxy are bounded above and below
by positive constants. Then
sn(Ps) < no.

Proof. Write
Ps = csMy I3, My, .

The multipliers M d_yl and Mg, , are bounded and boundedly invertible, and ¢5 # 0. Hence
su(P5) < les| | Mg | 1My || 50 (134,

while the reverse representation of Ig | in terms of Pj gives the opposite bound up to a constant.
Since s, (Ig,) < n~°, the claim follows. O

Theorem 6.7 (Spectral asymptotics of A). Assume § > 0. Then

sn(A) < n=°.
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Proof. From Proposition [6.5]
A=Ps;+R;, su(Rs)=o0(n’),

and from Proposition
$n(Ps) < n~?.

The result follows from Lemma |6.3((iii). O

6.7. Spectral structure of the covariance operator.

Theorem 6.8 (Eigenvalue asymptotics of the relative covariance operator). Let § = Hxy —Hy >
0. Then:

(i)
sn(B) < n~?.
(ii) . A
An(Ryxy) = sn(B)? < n~%.
(iii)

- 1
Ryxy € 62 <= 5>1.

Proof. By Theorem and Lemma [6.4
sn(B) = sp(A) < n~°,

which proves (i). Since 7€Y7 Xy = B E*, the nonzero eigenvalues of 75,1/7 xy are the squares of the
singular values of B. Thus

~

M(Ryxy) = sn(B)? = n™%,
which proves (ii). Finally,
N ~ 1
Ryxy €62 <= > M(Ryxy)?<oo <= > n ¥ <00 < §>-.
’ 4
n>1 n>1
This proves (iii). O
Remark 6.9 (Role of weak Schatten bounds). The weak-Schatten estimates are used only to

place the residual terms below the principal fractional order. The two-sided order comes from
the weighted fractional operator Ps and is then preserved by the smaller remainder.

Since Cy = V%C’y and Cxy = CQV%ny, the relative covariance operator with respect to the
original (unnormalised) covariances is

Ry xy = C';l/QCXYc;UZ = Ry xv-.

If ¢ > 0, then )\H(Ry7xy) = 62)\n(7€y7xy) = 71726 and RY,XY € Gy if and only if ﬁyy}(y € G,.
If ¢ =0, then Ry, xy = 0 and the coupled law coincides with the uncoupled law.

6.8. Cameron—Martin spaces.

Lemma 6.10 (Cameron—Martin spaces under bounded relative perturbations). Let C' be a
positive injective trace-class operator on a separable Hilbert space H, and let T be a bounded

positive self-adjoint operator on Ran(C1/2). Define
C:=CY?(1+T1)C"2

Then
Ran(C'/?) = Ran(C'/?),

and the Cameron—Martin norms induced by C' and C are equivalent.
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Proof. Let A := (I +T)"2. Since T is bounded and positive, A is bounded and boundedly
invertible on Ran(C/2). In addition,

C = CL242012 = (G2 A)(CV2A)".
By the Douglas range identity,
Ran(C'/?) = Ran(C'/2A).
Because A is a bounded isomorphism of m,
Ran(C/2A) = Ran(C'/?).

The Cameron—Martin norm is the quotient norm induced by the corresponding covariance square
root. The bounded invertibility of A on the support space gives equivalence of these quotient
norms. 0

6.9. Feldman—H3ajek threshold.

Theorem 6.11 (Equivalence threshold in the smoothing regime). Let 6 := Hxy — Hy > 0 and
assume ¢ > 0. Then the Gaussian measures induced by Cy and Cy + Cxy are equivalent if and
only if

1
5>
71

They are mutually singular when 0 < § < i.

Remark 6.12 (Non-smoothing regime). The cases § < 0 are not covered by Theorem In the
pure fractional setting, the behaviour is consistent with mutual singularity when Hxy < Hy,
but the corresponding statement for the present modulated model requires a separate argument
and is not used here.

172

Proof. All operators are considered on Ran(Cy/~), where the functional calculus is defined. Since
Cy = viCy and Cxy = 22 Cxy, we have

Cy + Cxy = CY 2 (I + Ry.xy) Oy = OV (1 + Ry xy) Oy,

where Ry, xy = cQﬁK xy- Since Ry, xy is bounded and positive, Lemma implies that the
Cameron—Martin spaces of Cy and Cy + C'xy coincide.

The Cameron—Martin condition in Feldman-H&jek has therefore already been verified. The
remaining condition is the Hilbert—Schmidt condition for the relative square-root perturbation.
By the Feldman-Héjek theorem on L?[0, T, the two centred Gaussian measures with covariance
operators Cy and Cy 4+ Cxy are equivalent if and only if

(I —i—R)/’)(y)l/Q —Ie 62.
Because Ry, xy is positive compact, its eigenvalues tend to zero and functional calculus gives
(VI+A-12=xX2  (A0),
SO
(I + Ryyxy)l/Q -6y, <= TRyxy €6
Because multiplication by the nonzero scalar ¢? does not affect Hilbert-Schmidt membership,
this reduces to Ry xy € &2. By Theorem (iii),
Ryxy € Gy = 6> 3.

When 0 < 6 < %, the Cameron—Martin spaces coincide but the Hilbert—Schmidt condition fails;
the Feldman—Héajek dichotomy therefore gives mutual singularity. Applying Proposition [2.6
yields the same dichotomy for the path laws u, and pg on C([0,77). O
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Corollary 6.13 (Sharp latent-mode growth). Assume § > 0 and ¢ > 0, and define

N
glatent(N) = Z )\n(RY,XY)-

n=1

Then
N'=2 0<6< 3,

glatent(N) = IOgN, 0= %7
1, §> 3.

Under the standing Hurst range Hy, Hxy € (0, %), one has § < % whenever § > 0; the logarithmic
and bounded alternatives record the general summability calculus for the same spectral sequence.
In particular, in the latent regime 0 < § < %, the cumulative spectral mass diverges polynomially.

Proof. This is the partial-sum asymptotic associated with A, (Ry xy) =< n=2, O

Corollary 6.14 (Finite-resolution latent energy). Assume ¢ > 0. Let A € (0,1) be an observation
scale and set Na = [A71]. If0 < 6§ < 3, then

glatent(NA) = A7(1726)-
Proof. Immediate from Corollary O

Remark 6.15 (On the regime Hxy < Hy). Theoremtreats the smoothing regime Hxy > Hy.
In the pure fractional model, the relative factor By ceases to be compact when Hyy = Hy and
is no longer bounded when Hxy < Hy, which provides heuristic evidence for mutual singularity.
The analogous statement for the modulated setting should be formulated separately, rather than
folded into Theorem without proof.

7. SHORT-MATURITY SKEW UNDER THE PRICING MEASURE

Structure under the pricing measure. The Bachelier specification of Section [2] fixes an additive
price process. The short-maturity skew is the Bachelier implied-volatility skew. The Gaussian
volatility field is kept unchanged under P and Q; the pricing interpretation changes, not the
second-order Volterra geometry.

In the Bachelier setting, the leading nonzero contribution to the third cumulant of the return

is the leverage term
T
ElB%/'J&dBJ,
0

not a Gaussian odd moment. This term produces the rough-volatility scaling 7 =3 for the
implied-volatility skew and yields the pricing-level threshold Hxy = Hy .

7.1. Model and asymptotic regime. The notation of Section [2]is retained. Let
¢ t
Vimwy [t =)™ FLy(ts) AW Zi= [ (=90 Ly (t) W,
0 0

with Hy, Hxy € (0, %) and with Ly, Lxy continuous and diagonally nondegenerate:
0<c_<Ly(s,s), Lxy(s,s) <cy.

Set
Ve=VitanyZ—C(t),  oy:=00e”,

where C(t) is the deterministic convexity correction from Section 2| Let

By = pW{¥ + V1-p? Wi, Ip| <1,

and consider the Bachelier price dynamics under Q

dSt = 0t dBt
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The short-maturity object is the return
T
RT = ST—S():/ JtdBt
0

as T ] 0.

Unless explicitly stated otherwise, all expectations and probabilities in this pricing section are
taken under Q.

Since the model is additive, E[Rr]| = 0, and therefore the third cumulant coincides with the
third moment. We write

w3(T) := E[R}).
Set
H, := min(Hy, Hxy).
Lemma 7.1 (Uniform Gaussian moment scale). For each fized m > 1,

(11) sup E[|Vy|™] = O(T™H+)  asT | 0.
t<T

Proof. By It6 isometry and the boundedness of Ly and Lxy,

t
E[V7] = v} / (t — )21 Ly (t,5)2 ds = O(t*H7),
0

and similarly
E[Zf] = O(t*!x7).
Hence
Var(V; + evy Z;) = O(t*1+)

uniformly for ¢ < T. The convexity correction C(t) is deterministic and satisfies C(t) = O(t?H*),
S0

E[Y/] = O(*™").

Since )} is Gaussian up to the deterministic shift C(¢), standard Gaussian moment equivalence
yields

E[[Vi|"] < Cw (EVET™? + |C(8)]™) = O(™),

and the stated uniform bound follows by taking the supremum over ¢t < T. O

7.2. Leverage covariance asymptotics. The leading skew contribution is governed by the
covariance between the price Brownian motion B; and the volatility factor ).

Lemma 7.2 (Leverage covariance asymptotics). Ast | 0,

V1= 2Ly (0,0
E[BV] = Y p? Ly (0, )tHy+%+O(tHy+%)’

Hy + 1
and
L
E[B;cvy Z;] = LXY(?’O)tny—i—% + O(tHXY"'%) '
HXY + 5
Consequently,
(12) E[By] = ay tHy-f-% +axy tny-‘r% + O(tH*-i-%) 7
where
ay = VI PL00) e L(0,0)
‘ HY + % ' ’ HXY + % :

In particular, ay > 0, while axy has the sign of pc and may vanish if pc = 0.
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Proof. Since B; = pWX + /1 — p2 Wi+ and WX, W+ are independent,

t
E[BV)] = /1 p? VY/O (t — s)HY 3 Ly (1, 5) ds.

Rescale s = tu to obtain

1
E[B:Vi] =/1 = p?vy tHr+3 / (1-— u)HY_%Ly(t,tu) du.

0
Since Ly is continuous on Ap, Ly (t,tu) — Ly(0,0) uniformly in v € [0,1] as ¢t | 0. By
dominated convergence,

1 ! Ly (0,0
/ (1-— U)HY_%Ly(t,t’LL) du — Ly((),())/ (1— U)Hy—é du — L,l)a
’ 0 Hy + 5
which proves the first asymptotic formula.
Similarly,

t 1
E[B; cvy Zi] = CI/yp/ (t—s)HXY*%LXy(t, s)ds = cyyptHXY+% / (1 —u)HXY*%LXy(t, tu) du,
0 0

and the same argument gives the second asymptotic formula.
Finally, E[B,C(t)] = C(t)E[B:] =0, so

E[B):] = E[B:/V{] + E[B; cvy Zy],
which gives ((12)). O
7.3. Linearised return and the third cumulant.

Lemma 7.3 (Linearised return decomposition). As T | 0,

T
Ry = ooBr + Uo/ VidB; + Ry,
0

where .
E[[Rrl*| = o(TH:*7) .
More generally, for each fized p > 2,
B[[Rrf?] = O(T*:)
Proof. Write

=1+ +q), qly) =€ —1—y.
Then

T T T
Rr=oo [ dBi+o [ VedBitoo [ o db,
so it suffices to set -
RT = 0'0/0 q(yt) dBt
Since |q(y)| < Cy?e“Wl, the Gaussian moment bound implies
sup E[|q(V,)|™] = O(T*™)  (m > 1).
t<T

For each fixed p > 2, Burkholder-Davis—Gundy and Jensen’s inequality in time give

T p/2
( / |q<yt>2dt>

Using the moment estimate above,

E[|Rr[?) = O(T*"+%) .

» T
E[[Rrf] < G,E <G5 [ EllaP) .

For p = 3, this becomes
3 3
B[Rz || = O(T*+2) = o(T"+2),
since H, > 0. O
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Proposition 7.4 (Leading cumulant contribution). As T | 0,
(13) k3(T) = 607 /OTIE[Btyt] dt +o(TH3) .
Proof. Set

Gt = 0¢Br, Hr = oy /OT Y: dBy.

By Lemma [7.3]
Rr =Gr+ Hr+Rr.

Since G is centered Gaussian, E[G3] = 0. Expanding the cube and using Holder’s inequality, it

is enough to show that every term other than 3E[GZ Hry] is o(TH*J“%).
For each fixed m > 1, Burkholder-Davis-Gundy and Lemma [7.1] give

T m/2
(/0 D}t|2 dt) _ O<TmH*+%) ]

. 3/2
e
0
Also,

E(|GrHE ) < Bl|IGr[*]VPE[Hr P12 = O(TY?) O(T?+1) = O(T?+3) = o(TH-3),

E[|Gr|™ = O(T™?)  (m>1),
because G = 0¢Br is Gaussian. The terms involving R are therefore controlled explicitly:

E[|G3Rr] < E[|Gr|']2E[[Rr[*]"/2 = O(T) O(T?+%) = O(T*H+2),

E[|Hr|"] < C, E

First, by BDG and ,

E[|H7|’] < CE = O(T3+%) = o(TH++2) .

E[|GrRY[] < El|Gr ] *E[[ R[]/ = O(T2) O(T*-+1) = O (T3 |

E[|H2Rr|] < E[|Hr| ]1/2EHRT| ]1/2 _ O(T2H*+1> O(TQH*JF%) O<T4H +%) :

B[ Hr R < B[ Hr "] B[R |*]? = O(TH*+%) O(T4H*+1) = 0<T5H*+5> ;
and

E([Gr HrRrl) < E([Gr ') PE|| Hr '] PE([Rr P/ = o(T™573) = o(T"+42)
The remaining pure remainder term satisfies

E[|R|?] = O(TH*Jr%)
by Lemma Therefore
k3(T) = 3E[GZHy] + o(TH2).
The surviving term is E[GZH7]. Since

T
B%:T+2/ By dBy,
0

E[B%/{)TytdBt] =2FE (/OTBtdBt> </0TytdBt>],

because E| fOT Vi dBy;] = 0. By It6 isometry for stochastic integrals,

EK/OTBtdBt> (/(]TytdBtﬂ _/OTIE[Btyt]dt

T
E[G3Hr] = 208 /0 E[B; )] dt

we have

Hence
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and follows. O
Theorem 7.5 (Sharp small-time order of the third cumulant). As T ] 0,
Ra(T) = CF T3 4 Oy T3 4 o(TH43)),

where _— 608y /1 — p2 Ly (0,0)
D (D)
and Cﬂ o 60’86pr LXY(07 0)
T (i 4 3) (v +3)

In particular, Cy > 0, while C%y has the sign of pc and may vanish if pc = 0.
Proof. Insert into and integrate in time:

H+
/Ttb”% gt = L

[w

0 H+3
This gives
_ ay Hy+2 axy Hxy+3 H.+3
k3(T) =605 | ———=THv+z 22 _pixv+s ) 4 o(TH+3)),
3() 0<Hy+g HXY+% > ( )
which is exactly the stated formula. O

7.4. From the third cumulant to ATM Bachelier skew.

Lemma 7.6 (Variance expansion of the Bachelier return). Let

Vr := E[R%)].
Then, as T | 0,
Vi = 3T + O(T*++1).

Consequently,

VT _ ) | ore),

VVr

Proof. Set

E? = Var(V; + cvy Zy).
By Lemma

2 = O(t*1+) uniformly for t <T.
Since V; 4+ cvy Z; is centred Gaussian and C(t) is the convexity correction chosen so that
E[eY] = 1, we have

1

Therefore
E[ert] _ 6_2C(t)E[62(V%+CVYZi)} _ 62? — 1+ O(t2H*),

uniformly for ¢ < T'. By It6 isometry,

T T
Vi = ag/ E[e*"] dt = 03/ (14 O(H+)) dt = ofT + O(T*+1).
0 0

Finally,
Vr oH
=1+ 0(T2"),
and the expansion of (1 + x)~1/2 near z = 0 yields
T
VT _ O(T2H+). 0

VVr
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Define the standardised return

5 Rr =5, _ ks(T)
Ry = T):=E|R7| = .
T m? 73( ) [ T] V,sz/2

Let 9(T) denote the at-the-money Bachelier implied-volatility skew, i.e.
U(T) = Okon(T, k)|, _q»
where on(T, k) is the normal implied volatility at maturity 7" and strike k.

Proposition 7.7 (Small-chaos structure of the standardised return). Let

T
Zp = \B;%, Ur = \}T/o Y; dBs.
Then Zr ~ N(0,1), and for each fized m > 1,

E[|Ur[™] = O(T™).
In addition,

ET = ZT+UT+7§T7
where

E[[Rr[*] = o(T"*),

and Ut belongs to the Wiener chaoses of order at most two generated by (WX, W=).

particular,
Ry —Zr —0 in L™
for every firted m > 1, and
3(T) = O(T™).

Proof. By Lemma [7.6]

T
ar = o0vT —1=0(T*).
Vv Vr
Dividing the decomposition from Lemma - 7.3 by /Vr gives
~ B
RT—UO Lt / ytdBt""i
Define
Ry = arZry + apUr + Rr
T = arir TUT + —F=.
VVr
Then

Ry = Zr +Up + Ry
By Burkholder-Davis—Gundy and Lemma

T m/2
(o)
0

Since E[|Z7 %] = O(1), E[|Ur[3] = O(T3H~), and ar = O(T*"+), we have
EllarZr + arUr[] = O(T%H+) = o(TH+).
Likewise, Lemma [7.3 and Lemma [7.6] give
E[|Rr] < CE[larZr + arUr] + CVy PR Rr ] = o(TH-).

E[|Ur|™] < Con T~™/%E = O(T™H),

In

The process ) is the sum of a deterministic term and first-chaos Gaussian Volterra functionals, so
fOT V: dBy belongs to the Wiener chaoses of order at most two. The L™-convergence R — Zr — 0

follows from the bounds on Ur and Ry Finally,

k(T

= Oo(T™)

by Theorem and Vi ~ o T.
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Theorem 7.8 (ATM Bachelier skew—cumulant transfer). In the present Gaussian—Volterra
model,

1 1
T) = —=(T) +o(T"z).
UT) = == (T) +o(TH73)
Equivalently,
T)— T) + o(TH+ 2
VT = o w(D) + o T173)
Proof. Let _
XT = RT.

By Proposition [7.7], X7 is a standard Gaussian core plus a finite-chaos perturbation that is
L™-small of order T+, with v3(T') — 0. The non-degenerate Gaussian core gives a smooth local
density, and the perturbation remains in a fixed finite sum of Wiener chaoses at the required
order. This is the one-term Edgeworth regime for smooth perturbations of a Gaussian law;
see Bhattacharya and Rao [28], Chapter 2, and the short-time rough-volatility discussion in
Fukasawa [25], §3. The distribution function of Xr therefore satisfies
QX < 2) = () - 2 ()t + o1,
uniformly for = in bounded sets, where ¢ and ® denote the standard normal density and
distribution function, and Ha(z) = 2% — 1.
Evaluating at = 0 gives

QX1 >0) = % — gi}g + o(T"),
because H2(0) = —1 and ¢(0) = 1//27.

Now
1 (T) H
T = — = — X — A N T *
8k0( 7k)|k:0 @(RT>O) @( T>0) 2+6\/§+0( )7
for the market call price C(T, k) := E[(Ry — k)]
For the Bachelier model with volatility parameter o, the ATM call price derivative is
1

akCN(Ta ka U)|k:0 = _57

independently of o, and the ATM vega is

9,ONn(T,0;0) = VT $(0) = \/\/;

C(T7 k) - CN(Tv ka UN(Tv k))
at k = 0, evaluated at the ATM value on(T,0), therefore yields

Implicit differentiation of

8kC(T, O) — akCN(T,O;O'N(T, 0)) "yg(T) H,.—L
T) = = T4 .
v 8, Cn(T. 0:0x(T.0)) sz T
Since y3(T) = /13(T)/VT3/2, Lemma |7.6| yields
1 1 Ho—3%
v 1) = g+ o(T772).
which gives the equivalent cumulant form. O

Remark 7.9 (Why the pricing transfer is model-native). The pricing block uses only one external
ingredient, the standard one-term Edgeworth transfer from a small perturbation of a Gaussian
core to the digital price at the money. All other terms are derived inside the model. Proposition[7.7]
verifies the required perturbative form, with an explicit first-chaos Gaussian core, an at-most-
second-chaos correction of size TH* and a smaller remainder. The Q-threshold is therefore the
pricing projection of the same Gaussian-Volterra short-time structure that drives the cumulant
expansion.
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Remark 7.10 (Relative remainder under non-cancellation). If the leading coefficient in Theo-
rem [7.5] does not cancel, so that
k3(T) < TH+3 and hence y3(T) = THx,
then the absolute remainder in Theorem can be rewritten in the relative form
1 ’73(T)>
T) = T)+ 0( .

The absolute version is the one that remains valid uniformly, including the exceptional cancellation
regime.

Theorem 7.11 (Sharp pricing-level visibility threshold). As T | 0,
) = Gy T4 Gy 00 1 o)

where
~ Cy l/y\/l—pQLy(O,O)
CY = @ = 1 3\’
I (1) ()
and
C~' L C?(Y . CVYpny(0,0)
XY -—

T = .
6UO (ny + %) (HXY + %)
Note that éy > 0, while
Cxy #0 <= pcLxy(0,0) #0.
Accordingly:

(1) If Hxy > Hy, the cross-asset component is asymptotically negligible at leading order,
and

W(T) ~ Cy THY 3.

(2) If Hxy < Hy and Cxy % 0, the cross-asset component determines the leading-order
skew, and
1

¢(T) ~ CN’XY THxy =3,

(3) If Hxy = Hy, both components enter at the same order:
W(T) = (Cy + Cxy) T "7 + 0<THY_%) .

Hence, outside the exceptional cancellation case Hxy = Hy and éy + éxy =0, the sharp
pricing-level threshold is

Fquivalently, provided Cxvy =% 0, the cross-asset component contributes at leading order to the
ATM Bachelier skew if and only if

Hyxy < Hy.
In the boundary case Hxy = Hy, this leading-order statement is understood outside the excep-
tional cancellation regime CN'Y + 6’Xy =0.

Proof. Combine Theorems [7.5] and [7-8 Since

1
T)=——=&k
the powers of T in the skew expansion are obtained by subtracting 2 from the powers in the
cumulant expansion. The three cases then follow by comparing

1 1
Hy—i and HXy—i.

3(T) +o(TH:77),
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Theorem [7.11] separates pricing visibility from the presence of the cross-asset kernel. The
term with the smaller Hurst exponent controls the dominant short-maturity skew. A smoother
cross component remains outside the leading pricing projection unless the exponents coincide.

8. P-MEASURE: PATH DETECTABILITY

Corollary 8.1 (Path detectability in the smoothing regime). Under the assumptions of Theo-
rem [0.11) with Hxy > Hy, the coupled and uncoupled centred Gaussian path laws are

(i) mutually singular if
Hy < Hxy < Hy + 3;
(ii) equivalent if
Hxy > Hy + %

Proof. This is the path-space formulation of Theorem [6.11] in the smoothing regime Hyy >
Hy . O

Remark 8.2 (Relative-entropy interpretation). In the equivalent regime Hxy > Hy + i, one may
define the path-space Kullback—Leibler divergence between the coupled and uncoupled centred
Gaussian measures. Its finiteness is controlled by the same relative covariance operator Ry, xy
from Theorem [6.8] In the singular regime, the path-space Kullback-Leibler divergence is infinite.

Remark 8.3 (Discrete sampling caution). A discretised information criterion based directly on
fine-scale fractional increments need not reflect the path-space divergence. Rough paths with
H < % have singular small-scale behaviour, so a finite-resolution proxy is a heuristic surrogate
rather than a substitute for the path-space comparison.

Remark 8.4 (Finite data). Finite-resolution observation replaces the path-space dichotomy by a
sequence of statistical experiments. Path-space singularity in the latent regime does not produce
an infinite statistic in any finite dataset. It means that increasingly fine observation can separate
the coupled and uncoupled models with increasing power.

9. THE LATENT CONTAGION REGIME

Proposition 9.1 (Threshold summary). Assume the skew expansion in Section @ with nonzero
leading coefficients, and assume ¢ > 0. The pricing statement is read from Theorem [7.11. The
path-law statements are asserted only in the smoothing regime Hxy > Hy, where Theorem [6.1]]
applies. Then the pricing-level and path-level thresholds are

HYy = Hy,  HY%y =Hy+1.

Accordingly:
Regime Leading-order skew visibility Path-law relation
Hxy < Hy visible (not established here)
Hy < Hxy < Hy + % not vistble at leading order singular
Hxy > Hy + % not visible at leading order equivalent

Proof. The pricing threshold follows by comparing the powers in the skew expansion of Theo-
rem Once Hxy > Hy, the cross term is smoother than the idiosyncratic term and drops
out of the leading skew. In that same smoothing regime, Corollary gives singularity for
Hy < Hxy < Hy + % and equivalence for Hyy > Hy + %. The row Hxy < Hy is therefore a
pricing classification with no modulated path-law assertion here. O

Remark 9.2 (Status of the non-smoothing regime). The classification distinguishes three regimes
by relative Hurst exponent. The path-law statements are proved in the smoothing regime
Hxy > Hy. For Hxy < Hy, the pure fractional setting is consistent with mutual singularity,
but the corresponding result for the present modulated model is not established here.
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Remark 9.3 (Existence). Under the standing range Hxy < %, the latent interval is

(Hy, min{Hy + %, % )

It is nonempty for every Hy € (0, %) If Hy < %, the full quarter-gap interval is available.

For empirically rough values such as Hy = 0.1 [I], the admissible cross-exponent interval is
nontrivial.

Remark 9.4 (Origin of the gap). The 1/4 gap is controlled by the relative factor B = Cy Y 20)1(/52,.

After factorisation through the rougher kernel, B has the same Schatten-4 membership as
the fractional integral IgiXY_HY. Since s,(I3,) = n~?, the summability criterion becomes
don n~4Hxy —Hy) < oo, which is equivalent to Hxy — Hy > i. Because Ry, xy = BB*, this is
exactly the Hilbert-Schmidt threshold for Ry, xy.

Remark 9.5 (Interpretation). In the latent regime, the contagion kernel (t — )Xy =1/2Lxy (t, s)
is smoother than the idiosyncratic kernel (t — s)#¥~=1/2Ly (t,s). It therefore does not dominate
the leading short-maturity skew. The same kernel is not smooth enough to be absorbed at the
path-law level. Pricing visibility stops at the leading skew projection; path-law distinguishability
still records the residual Volterra perturbation.

9.1. Time-varying amplitudes. If the contagion amplitude nx_,y varies over time, the skew
crossover scale changes. The threshold classification derived here depends on the exponents Hy
and Hxy, provided the contagion amplitude does not vanish identically.

10. SPECTRAL STRUCTURE AND LATENT CONTAGION
Section [6] characterises the covariance perturbation
—-1/2 —-1/2
Ry xy = Cy / CxyCy /
through the Feldman—Ha&jek criterion in the smoothing regime Hxy > Hy. The resulting
path-space detectability threshold is
Hxy = Hy + §.
The spectral asymptotics in Theorem refine that binary classification.
Spectral asymptotics. Under the assumptions of Theorem the eigenvalues of Ry xy
satisfy
)\n('Ry’X)/) XTL_%, 0 =Hxy — Hy > 0.

The perturbation has a power-law spectral profile determined by the gap 0. Hilbert—Schmidt
summability is one boundary in that profile, not the disappearance of latent spectral mass.

Definition 10.1 (Latent spectral energy). For N > 1, define the cumulative spectral mass

N
glatent(N) = Z )\n(RY,XY)-

n=1

By Corollary [6.13] this quantity satisfies

N2 0<d<i,
Elatent(N) < {log N, 6 =3,
1, 5> 3.

Relation to detectability. The spectral asymptotics and the equivalence criterion separate
three cases.

e For0 <9 < i, the operator Ry, xy is not Hilbert-Schmidt and the latent spectral mass
diverges.

e For i << %, the path laws are equivalent, but the cumulative spectral mass still
diverges.

e For § > %, the latent spectral energy remains bounded.
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The detectability threshold § = i is not the boundary at which cumulative spectral mass
disappears.

Interpretation. After normalisation by Cxl,/ 2, the cross-asset covariance contribution is repre-
sented by a hierarchy of orthogonal directions whose strengths decay according to a fractional
power law. The operator

T — C;1/2CXyC';1/2
therefore encodes the latent spectral signature of the cross-asset covariance contribution in the
volatility field of asset Y.

Resolution dependence. At temporal resolution A, the effective number of resolved modes
satisfies Na =< A~!. Consequently,

glatent(NA) = A7(1726), 0<d< %,

so finer observation scales resolve an increasing accumulation of cross-asset spectral mass
whenever § < %, even in regimes where the leading short-maturity pricing signal is absent.

Dynamic interpretation. The focus here is detectability and spectral structure at the level of
Gaussian path measures. The latent spectral representation also has a dynamic interpretation
in terms of rough latent mechanisms. The threshold identified here separates static path-
space detectability from the observable-screening and feasible-inference questions required in
applications.

Section [L1] records finite-dimensional diagnostics for these spectral properties.

11. FINITE-DIMENSIONAL DIAGNOSTICS FOR PRICING AND PATH-SPACE THRESHOLDS

The numerical experiments are diagnostics for the two thresholds derived above. The pricing-
level threshold is Hxy = Hy from Theorem In the smoothing regime Hxy > Hy, the
path-space threshold is Hxy = Hy + i from Theorem The experiments do not enter the
proofs. They display the scaling laws in a finite-dimensional Riemann—Liouville benchmark.

The numerical benchmark uses the pure Riemann—Liouville Gaussian core

t t
Y, :yy/ (t—s)HY*%deﬂuy/ (t — s)xv =3 g X
0 0

where

By = pWi* +/1 = p? Wi
is the price Brownian motion. The parameters are

Hy =0.10, p=—0.70, cvy = 0.35, T=1.
The two principal thresholds are then
HY, = Hy =010,  Hyy = Hy + i = 0.35.
11.1. Pricing-side threshold under QQ. By Theorem the third cumulant of the Bachelier
return satisfies
ka(T) = OF T+ 4 Oy THor 3 4 o (T3,

and the ATM Bachelier skew scales as

W(T) ~ pmin(Hy, Hxy)=5

For pure Riemann-Liouville kernels, the leverage covariance E[B;)%], the third cumulant, and the
resulting leading-order Bachelier skew are available in closed form (Lemma and Theorem |7.5]).
The diagnostic is therefore deterministic; no Monte Carlo simulation is used.

Figure (1| displays [¢(T")| on logarithmic axes for four values of Hyy. When Hxy < Hy,
the cross-asset term produces the steeper short-maturity skew. At Hxy = Hy, both terms
contribute at the same order. When Hxy > Hy, the idiosyncratic benchmark governs the
asymptotic skew, and the cross-asset component is not visible at leading order to the Bachelier
skew.
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—o— Hyxy=10.05 (rougher)
-8 Hyxy=0.10 (pricing boundary)
-+ Hxy=0.20 (smoothing latent)
X N -¢: Hyy=0.35 (path threshold)
R N | uncoupled slope —0.40
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FIGURE 1. Bachelier ATM skew scaling [1(T")| for several values of Hxy. The
dominant short-maturity exponent is min(Hy, Hxy) — % The dashed line is the
uncoupled benchmark with slope Hy — % = —0.40.

11.2. Path-space threshold under P. The path-space calculation uses the discrete analogue
of the relative covariance operator,
—-1/2 —-1/2
Ry = Cy,]\? Cxv,n Cy,]\; ;
constructed from the covariance matrices of the discretised Volterra kernels on a grid of size N.
The continuum theory identifies the Hilbert—Schmidt condition

1
RKXYE@Q < ny>Hy+Z.

In finite dimension, the corresponding diagnostic is tr(R%;).
Figure 2| shows tr(R%\,) as the grid size increases, for the four representative values

Hxy € {0.10, 0.25, 0.35, 0.45}.

For Hxy = 0.10 and Hxy = 0.25, the quantity grows with N, consistent with the non-Hilbert—
Schmidt regime. For Hxy = 0.35, the critical threshold, the behaviour is borderline over the
resolved range. For Hxy = 0.45, the supercritical case, the growth is weaker. This is the
finite-dimensional trace of the path-space threshold in the smoothing regime.

The finite-dimensional likelihood classifier compares the coupled and uncoupled Gaussian
laws (Figure |3). Discrimination is strongest in the non-smoothing benchmark Hyy = Hy. Near
and above the P-threshold, the finite-grid accuracy deteriorates over the grid sizes considered.
This is consistent with the Feldman—-Héajek dichotomy, since equivalence of path laws precludes
perfect separation on the limiting path experiment.

11.3. Spectral asymptotics and latent energy. The theory predicts the eigenvalue asymp-
totics
)\n(RY,XY) = n_%, 0 =Hxy — Hy > 0,
and cumulative spectral mass
glatent(N) = N1726-

Figures [4 and [f] display the ordered eigenvalues of the finite relative covariance matrix on
logarithmic axes for Hxy = 0.25 and Hxy = 0.35, together with the theoretical reference slope.
In both cases the numerical spectra follow the predicted power-law decay over the resolved range
of modes.
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FIGURE 2. Finite-dimensional proxy for the P-threshold. The quantity tr(R%)

grows with N in the non-Hilbert—Schmidt regime § < i, exhibits borderline

behaviour at the critical threshold § = i, and shows weaker growth in the
supercritical regime § > %.
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F1cURE 3. Likelihood-based classification accuracy for coupled versus uncoupled
Gaussian path laws.

Figures [6] and [7] show that the cumulative latent spectral mass follows the predicted power law
over the resolved range. For Hxy = 0.25, the growth is approximately N%7. For Hxy = 0.35,
the critical threshold, the growth is approximately N1/2.

11.4. Summary. The numerical diagnostics record the threshold separation:

(1) On the pricing side, the Bachelier ATM skew is dominated by the term with the smaller
Hurst exponent. Once Hxy > Hy, the cross-asset contribution is asymptotically invisible
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—e— numerical spectrum
--- reference slope n=%, §=0.15
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FIGURE 4. Spectrum of Ry for Hxy = 0.25 (6 = 0.15). The eigenvalues follow
the predicted decay A\, (Ry xy) =< n=20.
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FIGURE 5. Spectrum of Ry for Hxy = 0.35 (§ = 0.25), corresponding to the
critical P-threshold.

at leading order. The threshold is
HY, = Hy.

(2) On the path-space side, the relative covariance operator Ry xy fails to be Hilbert-Schmidt

when § < %, and the cumulative spectral mass grows according to the predicted power
law. The Feldman—Hajek threshold is

1
HE’;Y:HYJFZ.
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--. reference slope N'~%, §=0.15
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FIGURE 6. Latent spectral energy for Hxy = 0.25 (6 = 0.15). The growth agrees
with the predicted scaling N1=29.
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FIGURE 7. Latent spectral energy for Hxy = 0.35 (6 = 0.25), corresponding to
the critical P-threshold. The energy grows as N/2.

(3) In the latent regime
1
Hy <HXY§HY+17

the pricing-side diagnostics show an invisible cross-asset component, while the path-
space diagnostics exhibit persistent spectral mass and nontrivial growth of the discrete
relative-covariance proxies. The finite benchmark therefore separates pricing information

from statistical path information.
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12. DISCUSSION

12.1. Relation to existing multivariate rough volatility models. The model f is a
bivariate Volterra stochastic volatility model with heterogeneous Hurst exponents. Dugo, Giorgio,
and Pigato [7] study a multivariate fractional Ornstein—Uhlenbeck model with component-wise
Hurst exponents and estimate asymmetric cross-covariance spillovers by GMM on realised-
volatility data. The classification here has a different object: Gaussian path-law distinguishability
rather than spillover magnitude.

Bibinger, Yu, and Zhang [9] find empirically that multivariate fractional Brownian motion
forecasts outperform univariate ones when Hurst exponents diverge across assets. That observa-
tion is consistent with the threshold structure. When Hxy # Hy, the cross-asset component
may carry information at a roughness scale different from the idiosyncratic one.

12.2. Relation to the correlation risk premium. The divergence between Q-measure and
P-measure contagion thresholds is related to a separate empirical boundary between implied and
realised dependence. Driessen, Maenhout, and Vilkov [29] show that option-implied correlation
systematically exceeds realised correlation, with the difference attributed to a large negative
correlation risk premium. Chen, Wang et al. [30] construct multiplex spillover networks from
implied volatility, realised volatility, and variance-risk-premium channels, and find non-redundant
contagion information across timescales.

The threshold comparison gives one formal route through which such Q-IP divergence can arise.
If the cross-Hurst exponent lies in the latent regime, the Q-measure surface can be insensitive at
leading order to the contagion while P-measure path statistics are not. This is not a claim that
the empirical correlation risk premium is caused by the latent regime. The claim is narrower:
threshold separation is one channel through which Q- and P-measure contagion assessments can
disagree. Latent contagion then reflects a separation between statistical and pricing observability
rather than an additional risk factor.

12.3. Limitations and caveats. The model assumes log-normal volatility, Gaussian driving
noise, and a time-invariant cross-exponent H xy. Empirical Hurst exponents may vary over time
and may themselves be estimated with error. Cont and Das [31] show that microstructure noise
can make standard volatility appear rougher than it is, which complicates estimation of both
Hy and Hxy. The threshold picture is a model statement; empirical use depends on exponent
estimation.

The factor i in the path-detectability threshold is exact within the model. It should not
be read with spurious precision in applications. In finite samples, the boundary between the
latent and absorbed regimes is not sharp. Detectability depends on sample size, sampling
frequency, and noise level. The analysis also relies on Gaussian Volterra structure; non-Gaussian
or jump-driven extensions require different path-law tools.

13. CONCLUSION

The bivariate rough Volterra experiment separates two observation levels for a directed
cross-asset volatility channel. The pricing threshold

HY, = Hy
governs leading-order Bachelier skew visibility. The path-space threshold

governs equivalence versus singularity of the coupled and uncoupled Gaussian laws in the
smoothing regime. The interval between them is the latent contagion regime: the directed
channel is absent from leading-order prices and still present in the physical path law.

Smooth non-degenerate modulation does not remove this separation. Theorem shows
that, for ¢ > 0, the relative covariance operator has spectral order A\,(Ry,xy) = n=2 with
0 = Hxy — Hy > 0. The fractional singular-value order that governs the pure benchmark
therefore continues to govern the modulated Volterra model class used in practice.
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The theorem remains a static threshold statement. Observable screening, sequential revelation,
and feasible inference belong to separate experiments. The Feldman—Hajek comparison proved
here is local to the smoothing regime Hxy > Hy, and finite samples replace the path-space
dichotomy by a sequence of statistical experiments.

Two residual questions remain. The first is how far the smooth-modulation hypotheses can
be weakened without changing the threshold order. The second is whether an analogue survives
outside Gaussian Volterra structure, where the Feldman—H&jek mechanism no longer decides
path-law comparison. Pricing visibility and path-law detectability are different projections of
the same rough channel.
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