DYNAMIC OBSERVABILITY OF LATENT CONTAGION
SEQUENTIAL REVELATION AND OBSERVABLE SCREENING

J. VIDAL LLAURADO

ABSTRACT. A latent Volterra contagion channel has no single visibility level. It can accumulate
path-space evidence, improve oracle short-horizon prediction, and still be screened after condi-
tioning on the target asset’s own observable past. Dynamic observability is formulated as the
residual predictive component left after latent drivers are replaced by observable Gaussian chan-
nels. In a bivariate Gaussian Volterra model this separates three experiments: finite-resolution
path-space comparison, oracle prediction with latent drivers, and observable prediction in the
target filtration.

In the smoothing regime Hxy > Hy, the relative covariance operator generates a canonical
finite-resolution Gaussian experiment. Exact likelihood, Kullback—Leibler, Hellinger, and Bayes-
error formulas recover the path-detectability boundary Hxy = Hy + i as the critical rate at
which evidence accumulates with resolution. At the oracle latent-driver level, short-horizon
prediction has a different boundary, namely Hxy = Hy. Rougher contagion improves prediction
at leading order, smoother contagion is dynamically latent at leading order, and the boundary
case places both channels on the same scale.

At the observable level, the oracle channel is compressed again. Passing from latent drivers
to observed Gaussian channels sends dynamic information through a hidden transfer operator.
In the rougher regime 0 < Hxy < Hy < %, a screening theorem is first proved under an
h%-stable boundary-cutoff hypothesis. The exact-correction closure verifies that hypothesis for
the model classes considered here under the stated C? near-diagonal regularity assumptions.
The endpoint-flat closure proves that the target’s own past screens the leading oracle rough
gain: ~

[ Fenller = o(hXY),  Gxoy(th) =o(R*"Y).
Pricing visibility, path-space detectability, and dynamic observability are therefore distinct
visibility levels. The screened observable component is the inferential object passed to projected
covariance-score inference.

1. INTRODUCTION

The threshold analysis of [I] separates pricing visibility from path-space detectability for
smoothing cross-asset Volterra channels. That static separation leaves open which part of a latent
channel survives once prediction is conditioned on observable histories. Dynamic observability is
this residual predictive object.

Observable filtrations replace latent drivers by conditional laws generated by asset histories.
Evidence accumulation, oracle short-horizon prediction, and target-past screened prediction are
therefore different experiments. A channel may be detectable at finite resolution, may improve
oracle prediction when latent drivers are resolved, and may still vanish from the leading gain
after conditioning on the target asset’s own past.

The bivariate Gaussian Volterra model keeps the covariance structure explicit enough to make
these reductions exact. Asset histories enter through Gaussian channels; latent contagion enters
through a cross Volterra kernel. The dynamic problem asks which component of the oracle
signal remains in the observable filtration, rather than restating the smoothing threshold of [I]
in time-indexed form.
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The probabilistic inputs are classical, but each one controls a different level. The finite-
resolution comparison uses Gaussian experiment theory in the tradition of Le Cam [2], Le Cam
and Yang [3], van der Vaart [4], and Ibragimov and Has'minskii [5], together with fractional
LAN benchmarks such as Dahlhaus [6] and Brouste-Fukasawa [7]. The prediction problem uses
fractional filtering results of Gripenberg and Norros [8], Kleptsyna and Le Breton [9], Nuzman
and Poor [10], Cai, Chigansky, and Kleptsyna [I1], and Afterman, Chigansky, Kleptsyna, and
Marushkevych [I2]. The observable reduction is a Volterra transfer problem, using the operator
theory of Gripenberg, Londen, and Staffans [13], trace-ideal estimates in the sense of Simon [14],
and the fractional covariance representation of Dzhaparidze and van Zanten [15].

The argument passes through three non-equivalent reductions. Theorem converts the
static path-space threshold into a finite-resolution Gaussian experiment. In the smoothing regime
Hxy > Hy, the relative covariance operator controls likelihood, Kullback—Leibler, Hellinger,
and Bayes-error asymptotics. The formulas recover

Hxy = Hy + §

as the critical evidence-accumulation boundary.
Theorem separates static evidence from short-horizon prediction. At the oracle latent-
driver level Hy + % no longer governs. The prediction boundary is

Hxy = Hy.

Rougher contagion improves prediction at leading order, smoother contagion is dynamically
latent at leading order, and the boundary case puts both channels on the same scale.

Observable screening is the final reduction. The target past is already contaminated by the
contagion channel, so the source cannot be appended as an independent predictor. The screening
theorem, Theorem [32.8] isolates the relation once h®-stable boundary cutoffs are available. The
exact-correction closure theorem, Theorem [33.52] verifies the cutoff hypothesis for the model
classes considered here under the stated C? near-diagonal regularity assumptions. In the rougher
regime 0 < Hxy < Hy < %, the endpoint-flat closure gives

|1 Fenlle; = o) and  Gxoy(t,h) = o(R*XY).

Pricing visibility, path-space detectability, and dynamic observability therefore need not coincide.

The screened component is an estimand before it is an estimator. Recent work on rough-
volatility inference has sharpened what can be learned from high-frequency Gaussian or rough
observations [7, [16, [I7]. The object defined here precedes the choice of econometric procedure.
A rough channel may exist while its observable content is smaller than both its pricing signature
and its oracle predictive content.

The assumptions strengthen with the object. The static threshold model uses near-diagonal
Volterra modulation at the C! level. Closed observable screening uses a C? near-diagonal
expansion together with endpoint-flat cutoffs. Projected covariance-score inference requires
that second-order screening structure plus the sampling and proxy-dominance conditions of the
projected experiment. The hierarchy records assumption import across objects rather than an
inconsistency between the threshold and screening statements.

Results by reduction. The finite-resolution Gaussian experiment comes first. It gives quan-
titative content to the path-detectability threshold of [I] and determines the rate at which
statistical evidence accumulates with observation resolution.

The oracle prediction theorem separates prediction from path-space comparison. It identifies
the dynamic threshold Hxy = Hy and proves that the short-horizon predictive problem is not
the static detectability problem rewritten in time.

The observable screening block completes the reduction. It defines the inferential target used
by feasible source-screened inference: the part of the oracle signal that remains after conditioning
on the target channel and restricting information to observables. The finite-resolution experiment
fixes the evidence scale. The oracle theorem gives the latent predictive benchmark. The screening
theorem under h“-stable boundary cutoffs isolates the screening relation, and the exact-correction
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theorem, Theorem [33.52] verifies the cutoff structure for the model classes treated here. The
endpoint-flat closure fixes the observable object to be estimated.

Organization. Section [2| develops the finite-resolution Gaussian experiment and its information
functionals in the smoothing regime. Sections [3] and [] formulate the oracle and observable
short-horizon prediction problems. Sections [5] through [I§ build the exact Volterra reduction and
the frozen fractional model. Sections [19| through [32| prove the screening theorem under h“-stable
boundary cutoffs. The final sections verify those cutoffs by exact correction, establish the closed
observable theorem in the model classes treated here, and record the consequences in Section [34]

2. FINITE-RESOLUTION INFORMATION GEOMETRY

The first reduction turns the static smoothing threshold of [I] into a finite Gaussian experiment.
The governing object is the positive compact relative covariance operator

Ry xy = 061/2(01 - 00)051/2
and, in the smoothing regime, it satisfies
Tn(RY,XY) = 77,726, 6:=Hxy — Hy >0,

where 7,,(Ry, xy) denotes the nth eigenvalue in decreasing order. This eigenvalue order fixes the
information scale of the finite-resolution experiment.

The same spectral profile generates the canonical finite-resolution Gaussian experiment. It
also fixes the rate at which statistical evidence accumulates with the resolved dimension N or,
equivalently, with an observation scale A such that Ny =< A~L

Definition 2.1 (Canonical N-mode experiment). Let {7,,},>1 be the eigenvalues of Ry xvy,
repeated with multiplicity and ordered decreasingly. For each N € N, define the centred Gaussian
laws

N N
vo.N = QN(0,1), viN = QN(0,1+7,)
n=1 n=1

on RV, The experiment
En = RY, von,11,N)

is the canonical N-mode experiment associated with Ry, xy .

Remark 2.2 (Interpretation of the normal form). Definition is the spectral normal form
associated with the relative covariance operator Ry xy. In the Gaussian comparison problem,
whitening and diagonalisation of the pair (Cp, C) reduce the finite-resolution comparison to the
same eigenvalue profile {7, }. All finite-resolution information quantities used below depend only
on that profile. The experiment £y is therefore the canonical object to analyse; see, for example,
Le Cam [2], Le Cam and Yang [3, Ch. 2], van der Vaart [4], and Ibragimov and Has’minskii [5].

For later reference set

N N
En ::ZTn, In ::ZTEL.
n=1 n=1

The first quantity is a finite-resolution latent-energy diagnostic. The second is the quadratic
information scale of the product Gaussian experiment. The evidence boundary below is governed
by In, not by En, because likelihood, Kullback—Leibler, Hellinger, and Bayes-error asymptotics
all reduce to the quadratic profile.

Proposition 2.3 (Likelihood ratio in normal form). For every N € N, the law vy n is absolutely
continuous with respect to vy n, with Radon—Nikodym derivative

dvy, N il ~1/2 L o oo N
(1) 7’($):H(1+Tn) exp ,Z x|, r=(z1,...,oN) €ERY.

dl/07N fopiie} 2 1 1+7,
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FEquivalently,
dvi 1Y 1 7,
2 1 : =—— log(1 = :
2) 08 T (@) = =3 S log(l+7) + 5 3 r—a
I nfl 77,71
Proof. For one coordinate,
dN(0,1+ 7,) 1 2 x?
AL T ) -1 /2 _ n In
o,y o) = AT el moamis 4
for 7, > 0. Since
1 n I Tn
20 +7,) 2 2(1+4+m)’
the one-dimensional density ratio is
1 —1/2 < Tn 2) ‘
(1+70) exp ST+ xs
Independence of the coordinates under both product laws gives , and taking logarithms
yields (2. O

Proposition 2.4 (Exact divergence functionals). For every N € N:
(i) the two Kullback—Leibler divergences are

1 N
(3) KL || o) = 5 - (7 — log(1 4 7))
n=1
1Y T,
4 KL = =3 (log(1 + 7)) — —2 ),
(®) o ) = 5 3 (log(1-+7) — )
(ii) the Hellinger affinity is
dlllNdl/()N V2(1+1) 1/4
(5) AN_/RN H 2_"_7_ 1/2 7

(iii) if Tk denotes the optimal Bayes misclassification probability for equal priors, then
(6) %(1—\/1—A?V)§777V§%AN.
Proof. For item (i), a centred Gaussian law N(0, 02) satisfies
KLN(0,02) [| AV7(0, 1)) = %(02 —1—logo?).
Applying this coordinatewise with o2 = 1 + 7, and using independence yields . Likewise,
KL(0, 1) | (0, 02)) = % <1og o2 1 % - 1) ,

which gives after substituting 02 = 1 + 7, and simplifying

1 Tn

1+m7, 147,
For item (ii), in one dimension the Hellinger affinity between N'(0,02) and N(0,0?) is

20001
\ o + 07
With 0y = 1 and o1 = /1 + 7,, this becomes
V2 (1 + 1) 1/4
(2+7)H2
Multiplying over independent coordinates gives .
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For item (iii), the optimal Bayes error with equal priors is

1
N = 5(1 — TV(v1,n,10N))-

dVl,N . dl/()JV dVl’N T dVO,N d
dx dz dz dz .

TV(vin,von) < /1 — A%,

which gives the lower bound in @ For the upper bound, using min(a,b) < Vvab for a,b > 0,

. . (dvi N dVo N dVl N dVo N g
2y = / min , / = An.
RN dx RN

This proves @ . O

Also,

1

TV(vi,n,voN) = 3

By Cauchy—Schwarz,

Lemma 2.5 (Quadratic control of the divergence profiles). There exist constants 0 < ¢ < ca <
oo such that for every T € [0,1],

(7) ol <1 — log(1+71) < cot?,
(8) c17? <log(1+47) — HLT < epr?,

2 _ V2(147)tH 2
9) 7 < 10g<(2 T 7)1/2 < coT”.

Proof. Define
¢1(1) =7 —log(1 + 7), oo(7) :==1log(l+7) —

)

147
and )
V2(1+7)l/4
Y(7) = —10g< (2+7)/2 '
All three functions vanish at 7 = 0 and satisfy
1 1 1
o1(1) = 57'2 +0(7?), oo(T) = 57'2 +0(73), P(T) = ETQ +0(7?)

as 7 J 0. Therefore the quotients
$1(1) ¢o(7) ¥(7)

2 7 2 2

extend continuously to 7 = 0 with positive finite limits. By continuity on the compact interval
[0, 1], each quotient is bounded above and below by positive constants, which proves f@. O

Theorem 2.6 (Sharp information accumulation at resolution N). Assume there ezist ng € N,
0 >0, and constants 0 < c— < ¢4 < 0o such that

(10) cn <, < c+n*25, n > ng.

Then there exist constants 0 < C7 < Cy < 0o such that for all N > ny:

N N

(11) Cl Z TL_45 S KL(ULN H 7/07]\7) S 02 Z n_45,
n=1 n=1
N N

(12) C1 Y ™ <KL(ww |[nn) <Co > n,
n=1 n=1
N N

(13) Ch Z n~4 < —log Ax < (s Z n~4

n=1
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Consequently, as N — oo,

NI 0<s<
(14) KL(v1n [|von), KL(von || v1,n), —log Ay < {log N, §=1,
1, 5> 1

Proof. Because 7, — 0, choose n1 > ng such that 7, < 1 for every n > n;. Applying Lemma [2.5
termwise in the exact formulas (3)—(5]), there exist constants 0 < C] < C} < oo such that, for
every N > ny,

N N
Ci Y 1 <KL(nnllvon) <Ch > 77,

n=ni n=ni
N N
C1 Y T <KL(won|lvin) <Ch > 7o,
n=ni n=ni

N N
Ci > 7 <—log Ay <Ch Y 77,

n=ni n=ni

The eigenvalue bounds give

N N N
2 Z n~4 < Z 7,3 < ci Z n=%,
n=ni n=ni n=ni
The finite prefix {1,...,n1 — 1} changes both the information functionals and the comparison
series only by finite constants. Adjusting the constants on the finite set ng < N < ny, and then
on the finite prefix for N > ni, gives f for every N > ny.
The remaining step is the integral-test asymptotic

N9 0<d <l
N

Zn_‘m <qlogN, §= i,

=1

" 1, 5>

Substitution into f gives . O

Corollary 2.7 (Observation-scale formulation). Let A € (0,1) be an observation scale and set

NA = \_A_lj.
Under the assumptions of Theorem [2.6]
A0 g cgal,
(15) KL(VLNA ” VO,NA)a KL(V(),NA H VLNA)7 _IOg'ANA = log(A_l), 6= %7
1, 5> 1,

as A ] 0.

Proof. The relation Na =< A~! transfers the three cases in to the observation scale. If

0<d< %, then Ni_‘m = A~(1-49) 1f 5 = i, then log Na < log(A~Y). If § > i, the rate

remains of order one. This gives . O

Corollary 2.8 (Finite-resolution discrimination threshold). Under the assumptions of Theo-
rem (2.6, the optimal Bayes error wy satisfies:

(i) if 0 <8 < %, then Ay — 0 and therefore
mn — 0 as N — o0;
(ii) if § > i, then Ay — Ao for some As € (0,1], and

1¥§gw;z%(L—M1—Ag)>a
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Proof. If 0 < < %, then implies —log Ay — oo, hence Ay — 0. The upper bound in (@
then yields 73 — 0.

Ifo> %, then shows that — log Ax remains bounded as N — oco. Each Hellinger factor
belongs to 0, 1], so Ay is decreasing. The boundedness of —log Ay keeps the limit strictly

positive, and therefore Ay — Ao € (0,1]. The lower bound in (6)) therefore gives

1
e w s L 12
l}ﬂlogfﬁjv > 2(1 V1 .AOO>.
Because (|10) gives 7, > 0 for every n > ng, the Hellinger factor at ng is strictly smaller than 1.

Hence Ay < A,, < 1 for every N > ng, and therefore A, < A,, < 1. Since the boundedness
of —log Ay gives Ay > 0, the right-hand side is strictly positive. O

3. SHORT-HORIZON SEQUENTIAL PREDICTION

The second reduction is predictive. The bivariate Volterra state already contains a short-
horizon boundary before pricing or observable screening enters. The competition between the
idiosyncratic exponent Hy and the contagion exponent Hxy appears in prediction risk itself. For
the prediction and filtering background used here, see in particular Gripenberg and Norros [§],
Kleptsyna and Le Breton [9], Nuzman and Poor [10], and Afterman, Chigansky, Kleptsyna, and
Marushkevych [12].

Assumption 3.1 (Bivariate Volterra volatility factor). Fix 7 > 0. Let W+ and WX be
independent standard Brownian motions. For i € {Y, XY} let H; € (0,4) and let L; be defined
on
Ar:={(t,s) € [0,T]>:0<s<t<T},

with the following properties:

(i) L; extends to a C! function on a neighbourhood of Ar;

(ii) L; and its first partial derivatives are bounded on Ar;

(iii) Li(t,t) > 0 for every t € [0,T].
Define the kernels

1 .
Ki(t,s) = (t = 8) 72 Li(t, ) ococrcry, 1€ {Y, XY}

Let vy > 0 and n > 0, and define the Gaussian volatility factor
t t

(16) Vi = Vy/ Ky(t,s) dW+ + n/ Kxy(t,s) dWX, 0<t<T.
0 0

Definition 3.2 (Oracle intrinsic information filtrations). For 0 < ¢ < T, define
G =o(Wl:0<s<t), GV = o(WE WX 0<s <)

For0<t<t+h<T,set
Ahyt = yt—l—h -V

The associated mean-square prediction risks are

(17) Ry (t,h) = E| (A ~E[AY | 6)°)
(18) Ryy (t,h) == E[(Ahyt —E[ALD) | g,;’“”])ﬂ .
We also write

(19) Gx_y(t,h) == Ry (t,h) — Rxy(t, h)

for the prediction gain generated by the contagion channel.

Remark 3.3 (Oracle character of the intrinsic filtration block). The filtrations of Definition
separate the idiosyncratic latent driver from the enlarged latent filtration that also contains the
contagion driver up to time ¢t. They are not yet the sigma-fields generated by observable asset
prices or realised-volatility proxies. The section identifies the intrinsic short-horizon prediction
gain available when the cross-asset latent channel is resolved exactly. This is the benchmark for
the observable-filtration problem.
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Definition 3.4 (Universal short-horizon constants). For H € (0, 3), define

1
20 = —
( ) aH 20’
and
e 2
(21) by = / ((1 +U)H_% - uH_%> du.
0
Also set
(22) qy ‘= ag + by.
Lemma 3.5 (Finiteness of the past-resolving constant). For every H € (0,1) one has by €
(0,00).

Proof. Near u = 0, since H — % <0,
2
((1 _|_U)H—% _ uH—%) = 21

and w271 is integrable at 0 because 2H — 1 > —1.
As u — oo, the mean value theorem gives

3
(1 —l—u)Hfé ot = (H— > &w 2
for some &, € (u,u + 1), hence
2
((1 + u)H_% - uH_%) < 23,

and u?73 is integrable at oo because 2H — 3 < —2. The integrand is not identically zero, so

by > 0. O
Proposition 3.6 (Exact oracle projection formulas for the prediction risks). Fiz 0 <t <t+h <
T. Then
t+h t+h
(23) Rxy(t,h) = v& Ky (t + h,s)? ds + n? Kxy(t+h,s)? ds,
t t
t+h
(24) Ry (t,h) = 12 Ky (t + h, s)* ds +n* Var(ApZy),
t
t
(25) GXHy(t, h) = 7]2/0 (ny(t + h, S) — ny(t, 8))2 ds,
where .
Zy = / Kxy(t,s) dWX,
0
Equivalently,

t t+h
(26) Var(Ath) = / (ny(t + h, S) — ny(t, 8))2 ds + ny(t + h, 8)2 ds.
0 t

Proof. Define
t t
Vi ::/ Ky (t,s) dW:, Zy ;:/ Kxy(t,s) dW~.
0 0

By (16),
ARV = vy ARV + nAp Zy,
where
¢ t+h
ARV = / (Ky(t+h,s)— Ky(t,8) dWE+ [ Ky(t+h,s) dW,
0 ¢
and

t t+h
Ath = / (KXy(t-i-h, S) —ny(t, S)) dWSX + KXy(t-i-h, S) dWsX
0 t
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Conditioning on th Y the integrals over [0, ¢] are measurable, while the integrals over (¢, t+ h]
are independent centred Gaussians. Therefore

.y t+h . t+h y
ApYy —E[A | G777 | = vy t Ky (t+h,s) dWs +1n t Kxy(t+h,s) dWg .

Applying It6 isometry and independence yields .
Conditioning instead on G}, the term Ay, Z; is a centred functional of W¥ and is independent
of the sigma-field generated by W+ up to time ¢, so

t+h
ApY —E[AD: | GY ] = vy t Ky (t+h,s) dWE +nAuZ;.

The two displayed summands are independent, so It6 isometry gives
t+h
Ry (t,h) = v} Ky (t + h,8)* ds +n* Var(ApZy),
t
which is .
Finally, subtracting from (24]) and using the decomposition of A Z; into the past-resolved

and future-innovation pieces gives (125 and . O
Proposition 3.7 (Innovation variance asymptotics). Let H € (O,%) and let L satisfy the
reqularity assumptions of Assumption[3.1. Define

_1

Ky (t,s) = (t — s)""2L(t, $)1{0<sci<ry}-
Then for every fized t € [0,T),
t+h

(27) Ky (t+h,s)? ds = L(t, t)*agh* + o(h*"),  h 0.

t

Proof. By the change of variables s =t + h — hu,

t+h 1
Ky(t+h,s)? ds = th/ WL+ byt + b — hu)? du.
0

Since L is continuous on a neighbourhood of the diagonal,
L(t+ h,t+h—hu) — L(t,t) for every u € [0, 1]

as h | 0, and the integrand is dominated by Cu?#~! for some constant C' < co. Because u
is integrable on (0, 1), dominated convergence yields

2H—-1

t+h 1
W2 [ K+ hys)? ds — L(t,1)° / WPH qu = L(t, 1) %ay.
t 0
This proves ([27]). O

Proposition 3.8 (Past-resolved variance asymptotics). Let H € (0, 3) and let L satisfy the
regularity assumptions of Assumption[3.1. Define Ky as in Proposition[3.7. Then for every
fixzed t € (0,7,

(28) /Ot (Ku(t+h,s) — Ky(t,s))” ds = L(t,£)%bgh® + o(h*),  h 0.

Proof. Write a := H — % € (—%, 0) and change variables u =t — s. Then
t t 2
I, = / (Ku(t+h,s) — Kul(t, 3))2 ds = / ((u +h)*L(t + h,t —u) — u®L(t,t — u)) du.
0 0
Split I, = I8ear 4 [far where
R1/2 t
e = / (- 2du, 1= ()2 d
0 hl/2
Near-diagonal part. Since L is C', there exists C' < oo such that for all small ~ and all
u € [0, h'/?],

|L(t + hyt —u) — L(t,8)| + |L(t,t — u) — L(t,t)| < C(h+u) < 2Ch'/2.
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Hence

(u+ h)*L(t+ h,t —u) —u“L(t,t —u)

= L(t,t)((u+ h)* —u®) + rp(u),
with
()] < OBV (4 1) + u®).
Therefore
h1/2 9
peer — L(t,t)Q/ ((u + h)™ = u®)? du + o(h2T),
0

because

hl/2 hi/2
/ rn(w)? du < h / ((u+ B2 £ 201 qu = O(R1H1T) = o(h2M),
0 0

The main model term is O(h?/) by Lemma so the corresponding cross term is o(h??) by
Cauchy—Schwarz.
Now substitute v = hv in the main term:

hl/2 h—1/2
/0 ((w+h)* — ua)Q du = h2H/O (14v)*— va)2 dv.
By Lemma the integrand is integrable on (0, 00), so
h2Hphear o Lt )by
Far-from-diagonal part. For v > h/2, define
Fy(u) := (u+ h)“L(t + h,t — u).
The mean value theorem in h gives

|Fp(u) — Fo(u)| < hoiggh 10r (w+7r)*L(t + 7t —u))l.

Since u > h'/? and L, d; L are bounded,
|Fy(u) — Fo(u)| < Ch(u®! +u®)

for some constant C. Consequently,
¢

I]ﬁar S h2/ (u2a—2 +u2a) du
t
= O(hQ/ w3 du) +O(h?)
hl/2
= O(h'*) + O(h?) = o(h?"),

because H < %
Combining the near and far parts proves . O

Corollary 3.9 (Short-horizon increment asymptotics). Under the assumptions of Propositz’on
(29) Var(X;on — X¢) = L(t, t)2quh* + o(R*1),  h |0,

for the Gaussian Volterra process
t
X, ::/ Kult,s) dW,.
0

Proof. The increment decomposes as

t t+h
Xt+h_Xt = / (KH(t+ha 5) —KH(t,S)) dWs + KH(t+h78) dWs.
0 t

The two integrals are independent centred Gaussian variables because they are supported on
disjoint Brownian time intervals. Itd isometry therefore gives the sum of the two variances, and

Propositions and give the constants ay and by. Since qg = ag + by, follows. [
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Lemma 3.10 (Off-diagonal pointwise increment bound). Let H € (0, 3) and let L satisfy the
regularity assumptions of Assumption [3.1. Define Ky as in Proposition[3.7. Then for every
fized t € (0,T') there exist constants C < oo and hy € (0,t] such that for every 0 < h < hy and
every s € [0,t — h],
(30) \Kp(t+h,s) — Kp(t,s)| < Ch((t—s)772 + (t — )7 3).
Proof. Write oo := H — § € (—3,0) and define

F(r,s) = (r—s)*L(r,s), 0<s<r<T.

Fix t € (0,T) and choose

ho € (0, min{t, T —t,1}].
By the regularity assumptions on L, there exists C' < oo such that for all 0 < s < t and all
r € [t,t + ho] with r > s,

|L(r,s)| + [01L(r, s)| < C.

For s € [0,t — h], the mean value theorem gives
Ku(t+h,s)— Kg(t,s)=F(t+h,s)— F(t,s) = ho F(&,s)
for some £ € (t,t + h). Because s <t — h < &, one has
OLF(E,s) = a(€ —s)* L&, ) + (€ — 8)*L(E, 5),
and therefore
OF(E, )] < O~ T3+ (€= 970,

Since H — 3 < 0and H — 5 < 0, while £ — s >t — s, we may absorb the resulting comparison
into the constant and obtaln

OIF(E,5)| < C((t—5)T% + (¢ — )T 2).
Multiplying by h proves . O

Lemma 3.11 (L?-continuity of Volterra channels). Under the assumptions of Proposition
the Gaussian Volterra process

t
X ::/ Kg(t,s) dWs, 0<t<T,
0

is continuous from [0,T] into L?(£2).
Proof. For t € [0,T], define
ki(s) == Ku(t, s)1{o<s<i}s 0<s<T.
Then X; = f(;‘r ki(s) dWs, so by 1t isometry
1 X0 = XellZ2 () = Iku = kel 2207
It therefore suffices to show that ¢ +— k¢ is continuous in L?([0, 7).
If t = 0, Proposition [3.7] gives
u
HkuH%Q([QTD = /0 Ky (u,s)? ds = L(0,0)%2agu®? + o(u*?) — 0

as u | 0.
Fix now ¢ € (0,7] and let v — t. Choose 6 € (0,t) so small that u € [t —6,¢+ 6] N [0, 7] for
all v sufficiently close to ¢. Then
t—4&
Ik = killagory = [ ()~ Kult,s)* ds

max{u,t}
+ (ku(s) — ki(s))? ds.
t_
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On [0,t — 6], the map (r,s) — Kp(r,s) is continuous and bounded on the compact set [t — d,¢ +
] x [0,t — 4], so dominated convergence yields

/Ot—(S(KH(u, s) — Kyt s))2 ds — 0.

For the near-diagonal part, there exists C' < oo such that for all r € [t —d,¢ + ] N [0,T] and
all s < r,

Ky (r,s)| < C@r—s)f 2,

Hence
max{u,t} 9 max{u,t} t
/ (ku(s) — ke(s))” ds <2 k()2 ds+2 | ke(s)* ds
t—6 t—4& t—4&
max{u,t}
<C ((w— )27 4 (¢ — 277 ds
t—0

<&M,

Taking lim sup,,_,, and then letting ¢ | 0 proves |ky — k|2 (jo,7)) — 0. O

Theorem 3.12 (Oracle dynamic prediction threshold). Assume the bivariate Volterra model of
Assumption . Fizt € (0,T). Then, as h |0,

(31) Rxy (t,h) = v& Ly (t, )2 am, W2 + 0 Ly (t,8)2am o, KXY 4 o R2HY 4 p2Hxv)
(32) Gxoy(th) = 772LXY(72 t)QbHXYhQHXY + 0(h2HXY)>
If n >0, then

f;j”, Hxy < Hy,

XY
t,h
S vi Ly (t,t)%am, + n*Lxy (t,t)%qm, ’
0, Hxy > Hy.

If n =0, then Gx_y(t,h) =0. Thus, for a nonzero contagion channel, the dynamic prediction
threshold is

Below it the contagion channel improves prediction at leading order, at it the gain is of leading
order but mized with the idiosyncratic term, and above it the gain is asymptotically negligible at
leading order.

Proof. The exact formulas —, together with Propositions and give the asymptotic
expansions (31)-(33). If n = 0, equation (25)) gives Gx_,y (¢, h) = 0, so the null-channel statement
follows. Hence assume 7 > 0 for the gain-ratio limits.

If Hxy < Hy, then h?HxY decays more slowly than h*HY | so the contagion contribution is
the leading term in Ry (¢, h) and

Ry (t,h) = n*Lxy (t, )2 qrry B2 (1 + 0(1)).

Combining this with yields the first limit in .

If Hxy = Hy, both terms are of the same order and the second limit in follows by
dividing numerator and denominator by h?#v and retaining the two coefficients.

If Hyy > Hy, then

Ry (t,h) = vy Ly (t,)%am, h*¥ (1 + o(1)),
while G x_,y (t, h) = O(h?#x¥). Therefore
GX—>Y (t7 h)

— O(h2Hxy—Hy) )
Bty ) —0
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This proves . O

Remark 3.13 (Interpretation of the oracle prediction block). Theorem is the time-dynamic
analogue of the pricing threshold of [I] at the oracle latent-driver level. It proves that, at
short horizons, the predictive value of the contagion channel is governed by the same exponent
comparison H xy versus Hy. Rougher contagion is dynamically visible at leading order, smoother
contagion is dynamically latent at leading order, and the boundary case places both channels on
the same scale.

Remark 3.14 (Size of the leading-order gain). Since ag > 0 and by > 0, one has

b
O<£<1, qg = ag + by
qH

Thus in the rougher-contagion regime Hyy < Hy, the enlarged oracle filtration removes a
nontrivial but not total fraction of the leading-order prediction risk: the future innovation on
(t,t 4 h] remains unpredictable even after the past contagion driver is resolved.

4. OBSERVED-CHANNEL (GAUSSIAN REDUCTION

Section [3 resolves the latent contagion driver directly. The observed-channel reduction changes
the information set. The latent source driver is replaced by an observed Gaussian source channel,
and the problem becomes the posterior-variance reduction induced by observing the target past
alone.

Assumption 4.1 (Observed-channel identifiability). Let Hx € (0, 3) and let Lx satisfy the
same regularity conditions as in Assumption Define

1
K3(t,s) == (t — s)"™X "2 Lx (¢, 8)1{0<sct<ry

and the observed source channel
(35) Xobs = / KPs(t,s) dwX, 0<t<T.

For each t € (0,71, let
K%+ L2([0,]) — L*([0,4)

be the associated Volterra operator
(KX Obs / Obs f(s) ds, 0<r<t.
Also, for each t € (0,77, let
Kva: (0.0) > (0.4), (Kva)0) = [ Ky (rs)f(s) ds.

Assume that both ICObS and Ky are injective for every ¢ € (0,T].

Remark 4.2 (Interpretation of the identifiability hypotheses). Injectivity of IC()’}’E means that
the observed source channel does not lose first-chaos information about the source driver on
[0,t], while injectivity of Ky means that once the contagion component is removed from the
target, the remaining idiosyncratic channel still determines the past Brownian driver W+ on
[0,t]. These are exactly the hypotheses needed to identify the enlarged observed filtration with
the enlarged oracle filtration.

Lemma 4.3 (Closedness of measurable L? subspaces). Let F be a sigma-field on Q. Then
L*(F) := {X € L*(Q) : X admits an F-measurable versz'on}

is a closed linear subspace of L*(Q).
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Proof. Linearity follows by taking measurable versions and forming finite linear combinations.
To prove closedness, let X, € L?(F) and suppose that

X, =X  inL*Q).

(zhoose J-measurable versions )N(n of X,,. The same convergence holds for )Z'n, so a subsequence
Xp, converges to X almost surely. The almost-sure limit of /-measurable random variables
is F-measurable after redefining on a null set. Thus X admits an F-measurable version, and
X € L3(F). a

Lemma 4.4 (Gaussian first-chaos criterion). Let {Gq}aca and {Hg}pep be centred Gaussian
families on the same probability space, and let

e :=span{G, : o € A}, )y :=span{Hgz: § € B}
be the corresponding closed subspaces of L*(Q). If Hg = Hx, then
0(Go:a€A)=0(Hg: € B) mod P.
Proof. Every finite linear combination of the G, is measurable with respect to o(Gy : v € A).
Lemma therefore implies that the closed span $)¢ is contained in
L*(0(Gy : a € A)),

and hence

0(Hc) Co(Gy:ac A).
Conversely, each G, belongs to ¢, so

0(Gy:a€A) Co(Ha).
Thus 0(Gq : @ € A) = 0($He) modulo null sets. The same argument applies to the Hg-family. If
Ha = H, the generated sigma-fields coincide modulo P. O

Lemma 4.5 (L?-continuous families and integral spans). Let t > 0 and let G : [0,t] — L?(2) be
continuous. Then

L2()

mLQ(Q){G( ):0<r<t}= {/ f(r ) dr: f e L2([0, t])}

Proof. Every Bochner integral fo f(r)G(r) dr belongs to the closed linear span of {G(r) : 0 <
r < t}, so only the reverse inclusion needs proof.

Fix ro € [0,t]. Choose a sequence of intervals I,, C [0,t] such that ro € I, |I,] > 0, and
|I,] | 0. Let

1z,(r)
1|

/fn dr—u‘/G

By Jensen’s inequality and L2—c0nt1nu1ty of G at rg,

|”/HG G(ro) |32y dr — 0.

fulr) =
Then f, € L*([0,1]) and

G(r) dr — G(ro

le%
Hence each G(r¢) lies in the closed hnear span of the integral family, proving the claim. O

Proposition 4.6 (Single-driver Volterra filtration transfer). Fiz t € (0,T], let B be a standard
Brownian motion, and let
Ko = L2([0,1]) — L*([0,1])

be a Volterra operator of the form

(e f)(r /Krs s, 0<r<t.
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Assume that Iy is injective, and define
UT::/OTK(T,S)dBS, 0<r<t.
Assume in addition that r — U, is continuous from [0,t] into L*(Q2). Then
(36) o(Up:0<r<t)=oc(B,:0<r<t) mod P.
Proof. Let
P = [ 56 B, e r(0.0)

By It6 isometry, I is an isometric isomorphism from L2([0,¢]) onto the first chaos generated by
(B, :0<r<th

For f € L?([0,t]), boundedness of K; gives K f € L?([0,]). The square-integrable stochastic
Fubini theorem therefore applies and gives

/Otf(r)Ur dr = /tf(r) /TK(T,S) dBs dr
- |, ([ st ar) am,

=17 (K7 f).
Lemma [4.5] therefore gives
span” (U, : 0 < r < t} = IP Ran(K})).
Because K; is injective,
Ran(KC}) = (ker Ky)* = L*([0,1]).
Thus the first chaos generated by {U, : 0 < r < t} equals the first chaos generated by
{B,:0<r <t} Lemma[4.4]yields (36). O

Definition 4.7 (Observed-channel filtrations). For 0 < ¢ < T, define
Fli=o(:0<r<t), FV =XV :0<r<t).

For 0 <t <t+ h <T, define the observed-channel prediction risks

(37) Ry (t,h) := E[Var(A; | 7))

(38) Rxy (t,h) := E[Var(A,2, | 71,

and the associated gain

(39) Gxoy(t.h) == Ry(t,h) — Rxy(t,h).

Definition 4.8 (Past-state operators). Fix ¢ € (0,7 and write H; := L?([0,t]) and H;® :=
H; & H;. Define the truncated Volterra operators

ICth / Ky 7“ 8 dS (ICXYtg / KXY 7“ 8 ) ds
for 0 < r <t, and the observation operator
(40) Oy : HY — Hy, Ou(f,9) = vy Ky f + nKxv,9.

Let
t t
ﬁmm:éf@MW+Am@M?

be the isonormal map on H;”.
ForO0<t<t+h<T,set

(41) gyen(s) == Ky(t +h,s) = Ky(t, s),
(42) gXY’t’h(s) = KXY (t + h, S) — KXy(t, 8),
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and define the increment test vector
(43) Yi,h = (VYgY,t,ha ﬁQXY,t,h) € Ht@-

Let II; denote the orthogonal projection in H onto

Ran(05).
and let
(44) INEES IHt@ — I1;.
Remark 4.9 (Interpretation of ;). The operator ¥; is the posterior covariance operator of the
hidden two-component past state (VV[é,t]7 W[f{t]) after observing the target past filtration .FtY .

The exact observed-channel gain is the quadratic form of ¥; against the past-resolved increment
vector 7y p-

Proposition 4.10 (Exact observed-channel reduction). Assume Assumptions and[4.1 Fiz
0<t<t+h<T and define the past-resolved term

(45) Pip = I ()

and the future innovation

t+h t+h
(46) My, = yy/ Ky(t+hs) dWt+n [ Kxy(t+h,s) dWX.
t t
Then:
(i)
(47) AV = P+ My,
with My j, independent of FY and of .EX’Y;
(ii)
~ t+h t+h
(48) Rxy(t,h) = v} Ky (t+ h,s)? ds +n* Kxy(t+ h,s)? ds;
t t
(iii) the target-past first chaos is
(49) span’ V{Y, :0<r <t} = I? (Ran(05));
(iv) the observed-channel prediction gain is exactly
(50) Gxvy (1) = E|[Var(P | F))| = IS0l

Proof. By the definitions of gy, and gxvy,.x,

t t
Pip = yy/ (Ky(t + h,s) — Ky(t,s)) dWE + n/ (Kxy(t + Ry s) — Kxy(t,s)) dW2,
0 0

S0 follows by splitting the increment Ap); into its past-resolved and future-innovation parts.
The future innovation M, depends only on the Brownian increments on (t,t + h|, hence is
independent of the sigma-field generated by

(Wt wX.o0<s<tl,

and therefore of both FY and .7-"3( 28
To prove , first note from Lemma applied to the observed source channel that
7 + X°P is continuous from [0,#] into L?(Q). Proposition |4.6/ applied to that channel therefore
yields
FX =oWX, Y. :0<r<t) mod P.

Hence the past contagion process

ZT::/ Kxy(r,s) dWsX, 0<r<it,
0
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is ]-"tX Y _measurable. Since
s
Yr =V, +n2,, V= /0 KY(n 5) dWSLa

it follows that the full idiosyncratic past process {V; : 0 <r <t} is also .FtX Y_measurable. By
Lemma the map r +— V,. is continuous from [0, ] into L?(Q2). Applying Proposition to
the channel {V, : 0 < r <t} and the Brownian motion W+, and using the injectivity of Ky
from Assumption we obtain

oV, :0<r<t)=c(WL:0<r<t) mod P.

Hence
FY =oWrwX:0<r<t)=6"Y  modP,

Therefore P j, is ]-'tX ¥ _measurable. Using and independence of M,
Var(ApYy | Fi') = Var(My),

almost surely. 1t6 isometry gives (48]).
For , first note from Lemma [3.11|applied to the two Volterra components of Y that r — ).
is continuous from [0,¢] into L?*(2). For f € Hy,

t t T t r
/ f(r) Yy dr = l/y/ f(r)/ Ky (r,s) dVVSl dr—l—n/ f(r)/ Kxy(r,s) dWSX dr
0 0 0 0 0
= I7(Off),
where
Of f = (wKy o f, nKxy 1 f)-
Lemma therefore implies that the closed first chaos generated by the target past equals

I?(Ran(0Oy)).
Finally, because M, , is independent of FY,

Var(ApY; | FY) = Var(Py, | FY) + Var(M, ).
Taking expectations and subtracting gives
Gxoy(th) =E[Var(P | 7).
Now P, j, = Ife(yth) lies in the hidden first chaos I;”(H;’), while the target-past first chaos is
I?(Ran(05)). By Lemma
F, =o(IP(h): h € Ran(Of))  mod P.

All variables are centred and jointly Gaussian. Conditioning on this sigma-field is therefore the
orthogonal projection onto its closed first chaos, and

B[Py | F] = I (M),
and hence
E|Var(Py | F)] = Uy = T)vunllfye = 1Z04le-
This proves . U

5. DETERMINISTIC GEOMETRY OF THE OBSERVED GAIN

Section [] reduces observable prediction to a deterministic distance in the hidden past-state
space. Variational and nullspace formulas describe the same distance. The obstruction is the
failure of the target past to reproduce the enlarged oracle gain.
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Definition 5.1 (Normal operator and score vector). Fix ¢ € (0, 7). Define the positive self-adjoint
operator

(51) Ci == 0,0} = 15 Ky Ky, + 1’ Kxvi Ky,
on Hy = L%([0,t]). For 0 <t <t +h < T, define the score vector
(52) ren = Oryen = Vi Kyagvin + 1 Kxyigxyin-

Proposition 5.2 (Variational representation of the observed gain). Assume Assumptions
and[{1l Fizx0<t<t+h<T. Then

(53) Gy (t:h) = it {05 llgven — Kl + Pllaxyin = Kl }
Equivalently,
(54) Gxoy(th) = ||%,h||§{tea - fsélfl; {2(ren, Ha, — Cof, Fm,}-

t

Proof. By Proposition B
Gx-y(t,h) = ”Et%,hH?{t@'

—
Since ¥ is the orthogonal projection onto Ran(Oj) ", this equals the squared distance from ~; j,

to Ran(Of). Therefore
~ . * £(12
GX—>Y(t7 h) = flenlgt H’Y@h - Ot fHHtGB
Using and , we obtain
Yt,h — O/ f = (VY(QY,t,h - K;,tf)a n(gXY,t,h - ’C}y,tf)),

which gives .
Expanding the square,

o = Ot e = Iheal%e = 203 OF Phygs + 105 10
= H’Yt,h”fqga = 2(0ven, [, + (OO f, f)m,
= H’Yt,h”fqt@ = 2(ren, fra, + (Cefs -
Taking the infimum over f yields . O

Proposition 5.3 (Nullspace representation of the observed gain). Assume Assumptions
and[{1l Fix0<t<t+h<T. Then

(55) ker O; = {(u,v) € HP : vy Kyu +nKxyw = 0} )
Moreover, with the convention that the supremum is zero when ker Oy = {0},
(56) Gx_y(t, h) = sup {mh,w)H?\? tw e ker Oy, ] ye = 1}.
Proof. 1dentity is the kernel condition for O;. Because
(Ran(O;))* = ker O,
the orthogonal projection ¥ is the projection onto ker O;. Hence
Gxoy(t,h) = Hzt'Yt,hH?{t@‘

If ker Oy = {0}, then ¥; = 0 and the convention gives . Otherwise, for any orthogonal
projection P on a Hilbert space and any vector x,

| P2l = sup {|(z,w)|? : w € Ran(P), | =1}
Applying this with P = ¥; and Ran(X;) = ker O, gives (506)). O

Corollary 5.4 (Zero-gain criterion). Assume Assumptions and . FizrO<t<t+h<T.
Then the following are equivalent:

(i) Gx_y(t,h) =0;
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(71) v € Ran(Of);
(iii) there exists a sequence (fy) in Hy such that
Kyifn = gyt NKXvfn = n9xvin
m Ht.

Proof. By Proposition [£.10] ~
Gx-y(t,h) = ||Et7t,h||§{t@-

Hence C?X_)y(t, h) = 0 if and only if ¥4y, 5 = 0, which is equivalent to v € Ran(Oj). This
proves the equivalence of (i) and (ii).
Condition (ii) is equivalent to the existence of f,, € H; such that

Ojfn — Vt,h in HtEB
Using the explicit form of Of and 7, gives condition (iii). O

Remark 5.5 (Interpretation of the geometric reduction). Section gives the probabilistic reduction.
Section [5] gives the deterministic geometry. The observable gain is the distance of the increment
vector vy, , from the subspace Ran(Oj), or equivalently the energy of its component along the
hidden null directions of the target-past observation operator. Asymptotic screening therefore
depends on whether the near-diagonal increment vector approaches that subspace or retains a
nontrivial projection on ker O; as h | 0.

6. TRANSFER-OPERATOR REDUCTION

The observation nullspace first lives on the two-component hidden state space H;”. Injectivity
of the idiosyncratic Volterra operator removes one component and leaves the contagion component
alone. The hidden cancellation geometry is therefore encoded by the graph of a single closed
operator.

Definition 6.1 (Hidden transfer operator). Assume 7 > 0 and fix ¢ € (0,7]. Since Ky is
injective, its inverse
;é : Ran(/nyt) — H;

is well defined. Define the domain

(57) D(S;) :=={v € Hy : Kxyv € Ran(Ky,)},
and the transfer operator
(58) S;: D(S;) € Hy — Hy, S = Ky Kxyv.

This is the operator-theoretic form of the observable screening problem. The Volterra-equation
background comes from [13]; the compactness and graph arguments below are carried in trace-
ideal terms [14].

Proposition 6.2 (Closedness and graph form of the hidden nullspace). Assume Assumptions
and and let n > 0. Fixt € (0,T]. Then S is a linear closed operator on Hy, and

(59) ker O; = {(—LStv, v) NS D(St)} .

Proof. The domain D(S;) is linear because Ran(Ky) is linear and both Volterra operators are
linear. On this domain, &; is linear by the linearity of Kxy;; and of IC{,}t on Ran(Ky).
To prove closedness, let v, € D(S;) satisfy

Up — U, Sivn, — u
in H;. Since Kxy,; and Ky, are bounded,
’CXY,tUn — K:Xy,tv7 ]Cy7t8t’t)n — leﬂgu
in H;. The identity Ky, Siv, = Kxv,1vn passes to the limit, so

/CXY’tU = /Cy}tu.
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Hence Kxy v € Ran(Ky;), so v € D(S;), and injectivity of Ky, gives S;v = u. Thus & is
closed.
Now let (u,v) € H{?. By definition of O,
(u,v) € ker Oy <= vyKyu+nKxyv = 0.
Since i > 0, this is equivalent to

vy
K:XYJU = — ?K:y’tu.

Therefore v € D(S;) and
St’U = ]C;%ICXY’t’U = —Qu,
' n
so u = —(n/vy)Sw. This gives one inclusion in (59)). Conversely, if v € D(S;) and u :=
*(U/VY)StU, then
vy Ky u +nKxy,w = =Ky, Sv + nKxyv = 0,
so (u,v) € ker Oy. This proves (59). O
Proposition 6.3 (Transfer-operator formula for the observed gain). Assume Assumptions
and[{.1], let n >0, and fix 0 <t <t+h <T. Then
2
[(9xvit.hs V) H, — (9Yith St0) 1, |
2
veD(S)\{0} loll%, + = l1Sewll,

(60) Gx_y(t,h) =n?

)

with the convention that the supremum is 0 if D(S;) = {0}.

Proof. 1f D(S;) = {0}, then Proposition |6.2] gives ker O; = {0}. Proposition [5.3| therefore yields
Gx_y(t,h) = 0, which agrees with the convention i.

Assume now that D(S;) # {0}. By Proposition every nonzero vector in ker O; can be
written uniquely as

Wy 1= (—:Z/Stv, v) , v e D(S) \ {0}.

Its norm is
2 772 2 2
(61) lwollze = @H&:vllm + v,
Using ,
n
(ens wo) o = <(VY9Y,t,h7779XY,t,h)a <—W8tv, v>>H®
t
(62) = n(<gXY,t,ha U>Ht - <9Y,t,haStU>Ht>-

Applying Proposition [5.3| and parametrising unit vectors in ker O; by w, /||w,|| He gives

~ ’<7t,h7w’l)>H®|2
Gxoy(th)= sup —o MEL
veD(S)\{0} (|0 HHfB

Substituting and yields . O

Corollary 6.4 (Transfer-operator zero-gain criterion). Assume Assumptions and let
n>0,and fir 0 <t <t+h<T. Then the following are equivalent:

(i) Gx_y(t,h) = 0;
(ii) for every v € D(S}),

(63) (9xv.th, V) H, = (9vit.h, StV) H,;
iii) for every (u,v) € ker Oy,
er O

(64) vy (9v,t,h w) i, + 1{gxYt,hs V) H, = 0.
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Proof. 1If D(S;) = {0}, then Proposition gives Gx_y (t,h) = 0, and both (ii) and (iii) are
vacuous. So suppose D(S;) # {0}.

By Proposition Gx_y(t,h) =0 if and only if
(9xv,t,h> V), — {9Vt St0)H, = 0

for every v € D(S;), which proves the equivalence of (i) and (ii).
For (ii) versus (iii), Proposition says that every (u,v) € ker O; is of the form

(u,v) = <_UZSW’ v)

with v € D(S;). Substituting this identity into gives exactly (63)), so (ii) and (iii) are
equivalent. O

Remark 6.5 (Interpretation of the transfer-operator reduction). The operator S; maps a contagion-
side hidden direction into the unique idiosyncratic hidden direction that cancels it in the target
past. Thus the observable gain is controlled by a single mismatch functional,

V= (gxvh V) H, — (9Yit.h StV) H, s

on the graph domain of S;. The asymptotic analysis therefore reduces to the near-diagonal
action of Sy on the singular increment profiles gy, and gxvy; -

7. GRAPH-SPACE BLOW-UP FOR THE UNBOUNDED REGIME

The bounded-transfer case covers the regime in which the cancellation operator acts on all of
H;. Rougher contagion changes the space. The transfer operator is expected to be unbounded,
the ambient object becomes the graph space of &;, and the observable gain becomes the dual
norm of a graph-space functional. The near-diagonal increment profiles are the local objects
that survive the blow-up.

Definition 7.1 (Graph space and graph functional). Assume 7 > 0 and fix t € (0,7]. Let

®t = D(St)
equipped with the graph inner product
2
(65) (v,w)g, = (v,w)g, + %(&U,Stw)]{t, v, w € By.
Y
For 0 <t <t+ h <T, define the graph functional
(66) Fien(v) == (gxv,t.h, V) H, — {9Vt St H, v € By

Proposition 7.2 (Exact graph-space dual formula). Assume Assumptz'ons cmd let n > 0,
and fir 0 <t <t+h <T. Then:

(i) (&, (-,)e,) is a Hilbert space;
(11) Fip is a continuous linear functional on &;;
(iii) the observed gain satisfies
(67) Gxoy (t,h) = | Fonllg: -

Proof. Because S; is closed by Proposition its graph is closed in H;”. Therefore the graph
norm

2
n
lvllE, = lollF, + VTHSWH%@
Y
makes &; into a Hilbert space, proving (i).

For v € 8, Cauchy—Schwarz gives

[ Fen()| < lgxvienlla vl + gyl ISl m,

|MMW%

vy
s@wmmm+nmmh

so Fip € &}, proving (ii).
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Finally, if &, = {0}, then Proposition gives C:‘X_w(t, h) =0 and || F;plle; = 0. Otherwise,
Proposition [6.3| states that

~ For (v 2
GX—>Y(t7 h) = 772 Sup | t,h(2 )‘
ves\{0}  lIvlle,
which is (67). This proves (iii). O

Definition 7.3 (Dilation and universal profile). For t € (0,7 and h € (0,¢], define the dilation
map

(68) (Do f)(u) = B2 f(t = hu) Loy (),  u>0,

from L2([0,¢]) into L2(R,).
For H € (0,1), define the universal profile

(69) i) = 1+w) 2 -2, u>0,
viewed as an element of L?(Ry). This is legitimate by Lemma
Lemma 7.4 (Dilation isometry). Fiz t € (0,T] and h € (0,t]. Then Diy, : Hy — L*(Ry) is a

linear isometric embedding. For every f,g € Hy,

(70) (Dewt,Deng) 2w,y = (f, 9) H,-

Proof. Linearity follows from the definition of D;;. For f,g € H;, the change of variables
s =t — hu yields

t/h
Denf  Deng)re(ry) = A h f(t —hu)g(t — hu) du
t
= [ £t ds
= <f) g)Ht
This proves . U

Proposition 7.5 (Universal profile limit for the increment kernels). Assume Assumption .
Fizt € (0,T) and let i € {Y,XY}. Define

(71) Gitn =h""Dypgiin € L*(Ry), 0<h<t.
Then

(72) Gieh — Li(t, ), in L*(Ry)

as h | 0.

Proof. Fix i € {Y, XY}, write H := H;, L := L;, and set o := H — 3 € (—1,0). For u € (0,t/h)
one has

Gin(u) = ha—H (Ki(t + h,t — hu) — K;(t, t — hu))

(73) = (14+w)L(t + h,t — hu) — u®L(t, t — hu).
Also, gitn(u) =0 for u >t/h.
Let
up = Y2,
We split

”«/g\l,t,h - L(t7 t)’(/}H||%2(R+) S I}I:Llear + 2_[2&1' + 2[]{;&11’
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where

I '_/ Gien(u) — L, )Y (u ! du,

Ifar ':/ |Gt (u ‘ du,
up,
1Al — It 1)2 / b () ? .
up,
Near-diagonal region. For u € [0, uy], one has 0 < hu < h'/2. Since L is C' near the diagonal,
there exists C' < oo such that
|L(t + h,t — hu) — L(t,t)| + | L(t,t — hu) — L(t,t)| < C(h + hu) < 2Ch*/2.

Hence by ,
Gitn(u) — L(t, t)Yp(u) = (1 4+ uw)* Ay p(u) — u®Ag p(u),
with [Ayp(u)| 4 |Agp(u)| < 2Ch1/2. Therefore
|Gion () — Lt t)bm (u)| < CRY2((1 4+ u)® + u®),
and so

Iear < h/ h((l +u)? 7 42BN qu = O(h ) — 0.
0

Far region. Since h'/2 > h for 0 < h < 1, Lemma yields a constant C' < oo such that for
all sufficiently small A and all s € [0, — h'/?],

|Ki(t + h,s) — K;(t,s)| < Ch((t — S)H—% (- s)H*%)_

Since u + t — hu maps [uy,,t/h] onto [0,t — h'/?], it follows that

far t/h ~ 2
1 = [ Guanw) du
u

h

t—h1/2 2
_ h_QH/ (Ki(t +h,s) = Ki(t, s))" ds
0

t—h1/2
< hzsz/O ((t— )23 4 (¢ — )271) ds
= O ") + O(n* 1) — 0.
Tail of the limit profile. Since ¢y € L?(R,) by Lemma one has
a0 ashlo.
Combining the three terms proves . O

Corollary 7.6 (Profile pairing limit). Under the assumptions of Proposition for every
¢ € L*(R) one has

(74) (Gihs @) 2y — Lit, 1) (W, 6) f2m, )
as h 0.
Proof. By Proposition [7.5]
Gion — Li(t, ), — 0 in L*(Ry).
For fixed ¢ € L?(R,), Cauchy-Schwarz gives
(@t — Lilt, 0m,, 8) o, | < 1Gin = Lit 00 e, 102,

and the right-hand side tends to zero. O
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8. FRACTIONAL MODEL CANCELLATION

The profile block identifies the singular shapes carried by the increment kernels. Cancellation
requires an operator with the same tangent scale. On the half-line the natural candidate is a
fractional derivative of order Hy — Hxy. The exact model identity below is the cancellation
law that any graph blow-up must satisfy; the transfer-operator proof of that blow-up remains
separate.

Definition 8.1 (Liouville-Weyl fractional derivatives). Let 5 € (0,1). For ¢ € C2°(R), define

(75) ®L0)a) = sy | @~ o)
(76) @0 0)e) =~y as |, @) e
We extend @i to distributions by duality:

(77) @U,¢) = (U,D¢), UeD[R), ¢cC R).

Finally, for a € R, let 7, denote translation by
(raf)(x) := f(z +a).
Lemma 8.2 (Adjointness and translation invariance). Let 5 € (0,1).
(i) For every f,g € C(R),

B _ B
(78) L@@y da = [ 1)@ g)(x) do.
(ii) For every a € R and every f € C°(R),
(79) DL (raf) = 7a(DLS).

Proof. For f € C°(R), set

D@ = rr [ =9 Ty,

(1 - 6) —00
so that @’:{f = (3}[5 )'. Likewise, for g € C2°(R),
~1—p3 L 1 & _ -5
(32 7g) () := Ti—3) /m (y —2) "g(y) dy,

so that 9% g = —(317g)".
Because f and g are compactly supported, 3}[5 f and 3p g are absolutely continuous and
vanish at +o0o. Hence integration by parts gives

[ @Ln@g(a)de == [ @7 D@y @) da

1 z _ ,
= —M/R/_Oo@—y) P (x) dy da.

Fubini’s theorem applies because the integrand is absolutely integrable. Therefore
1 o0

97 )z xdx:—i/ (/ T — ﬁ’:cd:lﬁ)cl.

[Nt ar =~ [ ) ([ @ @) ax) ay

After the change of variables x = y + r,

1 e _8
F(l—ﬁ)/y (x —y) ﬁg(fU)de

so the last display equals

L 10E P w) dy = [ 1)@ 9w dy,
R R

d

= @(31_5 9)(),

which proves ([78]).
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For translation invariance, let a € R. A change of variables gives

z+a
@) = s | e G ds

—00
= (@Lf)(@).
The proof for ©7 is identical.
By duality, extends from test functions to distributions. O

Proposition 8.3 (Fractional derivative of the one-sided power kernel). Let H € (0,3) and
B € (0,H +3). Define

H-L1
(80) kp(x) =ax, 2, xz € R.
Then, in D'(R),
I'(H+1)
(81) kg =— 2 k4
T rm s )
Proof. Write A := H + % € (0,1). For x < 0, both sides of are zero. For x > 0, one has

(3P k) () = ml_ﬁ) [Ty

A3 1
x
= — 1— ) Brr1lgp
-z /0 ( )
_ '(\) A8
F'(A+1-75) ’
by the Beta-function identity. Differentiating yields
INCY NP I(H+ 1) a1
D k) () = ——L At = T2 G H-Bog x> 0.
N ) T(H -5+ ]
Both sides are locally integrable on R, so the almost-everywhere identity extends to the distribu-
tional identity . O

Proposition 8.4 (Exact fractional cancellation of the universal profiles). Assume
0<ny<Hy<%, ,BZZHy—nye(O,Hy).
Fiz t € (0,T) and define the model transfer coefficient
Lxy(t,t) T(Hxy + 3
(82) ct = XY( ) ) ( XY 12)
Ly(t,t) T(Hy + 3)

For ¢ € C((0,00)), set

(83) (TE90) (u) == ¢ (@7 ¢)(u),  u> 0.
Then for every ¢ € C°((0,00)),
(84) Lxy(t,)(Vrxys @) 2®y) = Ly (L, 1) <wHy7 7-T,Ié°d¢>L2(R+) -

Proof. For H € (0,1) and u > 0, gives
Yr(u) = kg(u+1) — kg (u) = (n — Dkn)(u),
with kg as in . By Proposition and the translation invariance from Lemma
%y, = (1 — 1D kg,
I'(Hy + 3)
=—— =" (1 — kg, _
I'(Hy + %)
= 711/1HXY
1—‘(I{XY + 5)
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in D'((0, 00)).

Now let ¢ € C2°((0,00)). Since ¢ is compactly supported away from the boundary, o° ¢ €
L?(R,). Hence the first and last pairings below are ordinary L? integrals, while the middle one
is distributional. Using the duality ,

(Vi TEF0) i, = lmy, 029)
= ci(® by, )

B I'(Hy + %)
- CtF(HXY + %) <¢HXY7 ¢>L2(R+)
_ Lxy(t,t)
- Ly(t,t) <¢ny7 ¢>L2(R+)v
which is exactly . O

Corollary 8.5 (Vanishing of the model leading functional). Under the assumptions of Proposi-
tion define

(85) F5N0) = Ly (1,) Wty D)oy — Ly (6.0 (v, TE )
for ¢ € C°((0,00)). Then
Fi5Y¢) =0 for every ¢ € C°((0,00)).

Proof. The functional .7-"m°d is the difference between the two sides of . Proposition
identifies those sides for every ¢ € C2°((0,00)), so the difference is zero. O

)

L2(Ry)

9. DIRECTIONAL CANCELLATION UNDER FRACTIONAL BLOW-UP

The model identity determines the only plausible leading-order cancellation law. Localized
smooth profiles transfer that identity back to the original graph functional. The conclusion is
directional; uniform control on the graph unit ball remains a separate problem.

Definition 9.1 (Localized profile lift). Fix t € (0,T) and h € (0,t]. For ¢ € L*(R,), define

(36) (Lend)(s) = 120 (0 10g(0), 0=t

Lemma 9.2 (Dilation-lift duality). Fiz t € (0,7) and let ¢ € C>((0,00)). Then for all
sufficiently small h > 0 such that supp(¢) C (0,t/h), one has:

(Z) ﬁt,h(,b S Ht and

||£t,h¢”Ht = H¢HL2(R+)§
(ii) for every f € Hy,

(87) (fs Lend), = (Denf, D) r2m.y;
(iii) for each i € {Y, XY},
(88) Wit Lond) i, = Giths D) 12w, )-

Proof. Choose h > 0 so small that supp(¢) C (0,¢/h). Then

ool = [ ntle (=) as= 7" 2 du = ||||2
|Lendll, = ; ¢ h 5=, [P(w)]” du = [ll72m ),

because ¢ vanishes outside (0,¢/h). This proves (i).
For f € Hy, the change of variables u = (¢ — s)/h gives

(f, Lend)m / f(s 1/2¢><;S> ds

_ / W2 £ (t — hu)é(w) du
= (Denfs @) 2(ry)s
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which proves (ii). Finally, substituting f = g; ;5 into and using yields (iii). O
Definition 9.3 (Localized fractional blow-up at time ¢). Assume
0<ny<Hy<%7 B:=Hy — Hxy.

We say that the hidden transfer operator has localized fractional blow-up at time t if, for every
¢ € C°((0,00)), there exists hg € (0,t] such that

Lipd €D(S)  forall 0 < h < hy,

and
(89) WDy (SiLind) — TP¢  in L*(Ry)
as h | 0.

Theorem 9.4 (Directional leading-order cancellation). Assume Assumptions and let
n >0, and fixrt € (0,T). Suppose

0<ny<Hy<%

and that S; has localized fractional blow-up at time t in the sense of Definition[9.3. Then for
every ¢ € C2°((0,00)),

(90) WY Fp(Lond) — 0 ash 0.
Proof. Fix ¢ € C2°((0,00)) and let h > 0 be small enough that £, ,¢ € D(S;). Set
vp, = Ly p9, Zp = hﬁDm(Stvh) e L*(R,).
By , Lemma and the identity Hxy = Hy — 03,
WY o (on) = WY (gxeyan, o) i — B Y (gy i p, Stond m,

—Hy+5<

= (gxvith: P)r2ry) — P 9yt,h StVR) H, -

Applying Lemma to the second term and using the definitions of gy, and zj, gives

h_HY+6<9Kt,h,5tUh>Ht = <h_HYDtvth7t,hv hﬁDt,h(Stvh)>L2 = (Gviths 2n) 2R )

R4)
S
WY Fy(on) = (@xvien O) r2m.) — Gvins ) 12, )-
By Corollary [7.6]
(Gxvin @) r2my) — Lxy (1) (Vuyy O) 12w, )-
Also, Proposition gives
aY,t,h — LY(t7 t)wHy in LZ(R-F)?
while Definition [9.3| gives
= TP in L2(Ry).
Since (zp,) is therefore bounded in L?*(R,),
[(Gyviths ) 2@y — Ly (60 (Cny, TE0) 2R |
<|gvt.n — Ly (&, )%my |2y 120l L2 ()
+ Ly (6, ) |ay 2@ |20 — T 0l 2w, )
and the right-hand side tends to 0. Hence
Gy, 2n) 12,y — Ly (1) (Wmy TR 0) 2R, ) -
Applying Proposition to the limiting terms gives . O
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10. UNIFORM SUPPRESSION FROM NEAR-DIAGONAL COERCIVITY

Directional cancellation does not control the graph-space supremum in Proposition [7:2] A
separate coercive input gives the first uniform theorem. If graph-unit vectors cannot concentrate
too much L? mass inside the hY/2 boundary layer near ¢, the rough contagion increment loses its
oracle scale uniformly. The far part of that increment is already of higher order and needs no
further structure.

Definition 10.1 (Near/far localization on H;). Fix ¢t € (0,7) and h € (0,t¢]. Define the
orthogonal projections

(91) A5 F)(s) := f(8)Ly_pas2 g(s),
(92) (IE5 F)(5) == f ()10, p—pr/ay (5),
for f € Hy = L?([0,1]).

Lemma 10.2 (Far-zone estimate for the increment kernels). Assume Assumption [3.1, Fiz
t€(0,T) and let i € {Y,XY}. Then

1+H;

(93) I g nllm, = O(h—2")  ashlo0.

Proof. Write H := H;. By Lemma there exist constants C' < oo and hg € (0, t] such that
for all 0 < h < hg and all s € [0, — h/2],

i (s)] < Ch((t — )% 4 (t — 5)12).

Therefore
; t—hl/2
Ifganlis = [ loen(s)ds

t—ht/2
< h2/ ((t — )73 4 (t — 5)?H 1) ds.
0
With the change of variables u =t — s, this becomes

¢
|12LI¢ < h2/ (WH=3 4 2By gy,
hl/2

HHELI;gi,t,h

Since H € (0, 3),

t t
/ w173 du = (R 1), / w1 du = O(1),
hl/2 hl/2

and hence
Hng?}l;gi,t,h”%{t = O(h1+H) + O(hQ) _ O(hl—i-H)'
Taking square roots proves , -

11. EXACT VOLTERRA LOCALIZATION OF THE TRANSFER OPERATOR

The boundary-layer mechanism is still expressed through cutoff and blow-up hypotheses. The
Volterra structure replaces part of that abstraction by exact local operators. Causality makes
right-end boundary cutoffs stable in graph norm. After local dilation to the unit interval, the
true transfer operator induces a rescaled family whose kernels converge to the frozen fractional
model. The problem becomes local transfer convergence.

Definition 11.1 (Boundary-layer subspace and unit-interval dilation). Fix ¢t € (0,7, « € (0,1),
and h € (0,t]. Define the boundary-layer subspace

Hye = {f € Hy :supp(f) C [t — h*, 1]} .

Let
E = L*([0,1]).
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Define the unit-interval dilation and lift by
(94) (D) )(w) = B2 f(t = hw),  0<u<l,

o —a t—s
(95) (£i5))(s) = 1
for f € Hy}, and ¢ € E.

) l[t—ha,t](s), 0<s<t,

Lemma 11.2 (Unit-interval dilation isometry). Fizt € (0,7), o € (0,1), and h € (0,t]. Then
D) HS™  E
s an tsometric isomorphism with inverse L’Ea). In particular, for every f € Hyy, and ¢ € E,

(96) IS s = 11l
(97) (LS50 i, = (D) . 8

Proof. The change of variables s =t — h®u gives

1 t
D511 = [ helse—renfde= [ r)Rds = 171

because f is supported in [t — h®,t]. The same change of variables gives . The definitions
give D3 £ = I and £15)D\}) = I on H}. 0

Proposition 11.3 (Support preservation on boundary-supported inputs). Assume Assump-
tions and letn >0, firt € (0,T), let « € (0,1), and set a :=t —h*. Ifw € B
satisfies

supp(w) C [a, ],
then

(98) supp(Siw) C [a, t].
Proof. Let w € &, satisfy supp(w) C [a,t], and set u := S;w. Then
Kyu = Kxy,w.
Because w is supported in [a, t], the Volterra form of Kxy,; yields
(Kxyw)(r) =0 for0<r <a.
Hence
(Kysu)(r) =0 for 0 <r <a.
Equivalently,
/OT Ky (r,s)u(s)ds =0 for 0 <r<a.

This means exactly that the truncated operator Ky,, annihilates u|jg,. By Assumption
Ky,q is injective, so U’[o,a] = 0 almost everywhere. Therefore holds. U

Definition 11.4 (Frozen right-sided Volterra model on the unit interval). For H € (0, 1), define

(99) (Fue)(u) = /ul(“ —uwf i) dv,  0<u<l,
for ¢ € E = L*([0,1)).

Definition 11.5 (Localized exact Volterra operators). Fix ¢ € (0,7), a € (0,1), h € (0,¢], and
i € {Y, XY}. Define the operator

Q[i,t,h,a E— F
by

(100) (At had)(u) == /l(v — u)HF%Li(t — h®u,t — h®v)p(v) dv, 0<u<l.
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Proposition 11.6 (Exact localized representation and frozen-kernel limit). Assume Assump-
tion[3.1 Fizte (0,T), a € (0,1), and let i € {Y,XY}. Then:
(i) for every ¢ € E,

(101) DI Kia Ly 6 = hM 4 o
(ii) there exists C < 0o, depending only on t,a,i, such that
(102) 20— Lilt 0311, gy < Ch

for all sufficiently small h > 0.
Proof. Fix ¢ € E and write £ = L’if);l), D= Dﬁ). For 0 <wu <1,

t—h%u t—
(DK 1L6)(u) = h*/? /0 Ki(t — h®u, s) h™/ 2¢< hf) 1y poq(s)ds

/2 t=hu o H;—1 o —a/2 t—s
=h (t —h%u —s)" 72 Li(t — h%u, s) h™=¢ ds.
t—he

With the change of variables s =t — h®v, this becomes

(DKt L) (u) = pot /l(v — u)Hi*%Li(t — h%u,t — h®v)¢(v) dv

u

= poth (i t,h,0®) (1),

which proves (101)).
To prove (102)), note that the difference kernel is

1
Ri7t7h7a<u, U) = (U — 'LL)HZ 2 (Lz<t — ha’U,, t— ha’l)) — Lz(t, t)>1{0§u§v§1}
Because L; is C! near the diagonal, there exists C' < oo such that
|Li(t — h%u,t — h®v) — L;(t,t)] < Ch® for0<u<wv<1.

Hence )
|Ri,t7h7a(U, v)] < Ch*(v — U)Hi_gl{OéuévSI}'

1 rv
/ / (v —u)* i~ dudv < 0o
0o Jo

for H; > 0, the Hilbert—Schmidt norm of the difference is O(h®). This implies ((102). O

Definition 11.7 (Exact local transfer family). Assume Assumptions and let n > 0, fix
€ (0,7), a € (0,1), and h € (0,t]. Define

G = D\ (6, N HYS™) C E.
The exact local transfer operator is

(103) zt’hvo‘ : ?ﬁl&:g CE— Ea st,h,oz(b = hOé(HY_HXY)IDE?L)StﬁzE?}[L)¢.

Since

Proposition 11.8 (Exact localized transfer identity). Assume Assumptions and let
n>0, firte (0,T), a € (0,1), and let h > 0 be sufficiently small. Then:

(1) Tt ha is a well-defined closed operator on E;
(ii) for every ¢ € GG,

(104) Ayt ha(Tehad) = Axyihad.

Proof. Well-definedness follows from Proposition |11.3, If ¢ € &5, then w := EE?;L)QZ) €

& N HP™ s0 Syw € HYS™ and D) Syw € E.
To prove closedness, let ¢n — ¢ in E and Ty p odp — ¢ in B, with ¢, € G5 Applying the
isometric lifts gives

Wy, 1= Egi)cbn — w = EE’O;L)gb in H;
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and
ha(HY_HXY)Stwn = ‘C’Igf);l)(zt,h,a(bn — ‘CE,O;L)w in H;.
Since S; is closed, w € &; and Ay —Hxy)S = E,EO;L)W Since w = Ei?,?@ one already has
w e HYS™ 50 ¢ = D\3w € &5 and Tyj0¢ = . Thus Ty q is closed.
Now let ¢ € &}, and set w := Eﬁb)dx Set
f:=Hy — Hxy.
By definition,
le,tStw = ICXy’tw.
Applying Proposition to both sides and using Hy — Hxy = [ gives

MY Ay (DL Sew) = WX Ay o (DL w)
= RHXY Ayt oo
Multiplying by hef=oHy = p=Hxv yields
Ayt ho (haﬁpﬁ)&,w) = Axv,t,h,a®,
which is exactly . (]

Definition 11.9 (Finite-interval right fractional integral and derivative). For A € (0,1) and
¢ € E = L?([0,1]), define

1
(105) (32 10)(u) = F()\)/u (v —u)* Lo (v) dv, 0<u<l.
For g € (0,1) and ¢ € C2°((0,1)), define
(106) (®° 16)(u) = —% {ml_ﬁ) /ul(v —w) o) dv|,  0<u<l.

These are the right-sided Riemann—Liouville operators; see Samko, Kilbas, and Marichev [18],
Ch. 2].

Lemma 11.10 (Unit-interval semigroup and injectivity). Let A, pu € (0,1) with A+ p < 1.
(i) For every ¢ € E,

(107) I =T,
(ii) For every H € (0,1), the operator Iy of Definition satisfies
1 1
(108) an=1(m+5) 970

and is injective on E.

Proof. Let ¢ € E. For almost every u € [0, 1], Fubini’s theorem gives

- - B 1 1 1 _ _
(J)_‘JJil(l))(u) = F()\)F(M)/u /T (r —uw) v — )" Lo (v) dv dr
1

= F()\)II‘(M) /u </uv(7“ —u)M o — )Pt dr) o(v) dv.

With r = u + (v — w)#, the inner integral becomes
Mo _ P (p)
o\l / 9)\ 1 1 — Q¥ 1 do = o\l
v—u v—u —_—.
(v —u) ; (1-9) (v —u) T(\+ p)

Substituting this identity proves ([107]).
Identity (108) follows from the definitions with A = H + % To prove injectivity, let Jg¢ = 0.

Set A := H + % € (0,1). By (108),
j_’1¢: 0
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Applying with g =1— X yields
P 6 =0 =0
But
Lo = [ o)
so differentiating almost everywhere gives ¢ = 0 almost everywhere. Thus Jy is injective. [

Definition 11.11 (Frozen transfer operator on the unit interval). Assume
0< Hxy < Hy <1, B :=Hy — Hxy.

Fix t € (0,T). Define the domain

(109) D(EN) = {p € E: Iy, ¢ € Ran(Jn, )},

and the frozen transfer operator

LXY(t7 t) ~—1 ~

fr . fr fr
(110) T DI ) CE—E, TP = deYJHXy¢.

Proposition 11.12 (Finite-interval fractional representation of the frozen transfer). Assume
0< Hxy < Hy < 1, B := Hy — Hxy,
and fix t € (0,T). Then:
(i) for every ¢ € D(TL),

(111) Ly (t,)3my, (35¢) = Lxy (t,)Iry &;
(ii) for every ¢ € C°((0,1)),
(112) T =c, 07 10,

where ¢, is the coefficient from ;
(iii) if ¢ denotes the zero extension of ¢ € C((0,1)) to R, then

(113) Qé,ﬁb = (335%”(0,1)'

Proof. Part (i) is exactly the definition of T and injectivity of Jp, from Lemma [11.10
For part (ii), let ¢ € C2°((0,1)) and set

b=, D7 1.

Since ¢ is compactly supported away from the boundary, ¢» € E. Using (108)), the semigroup
identity (107]), and the left-inverse property

1B~ ~1 d .
J 1'8 ’ 1= 1 *%J—Jf =[f ae,

we obtain
H + H +1
M Q”Dﬁ 10 = XY 2.

Multiplying by the Gamma factors glves

1 H
Ly (t t),ijw Ly(t t)CtF<HY + 2) Y+2©6 1¢

I\ .H
= LXY(tat)F(HXY + 2> XY+2<Z5
= Lxy (t,t)Jnxy 9
By part (i) and injectivity of Jg, , this proves (112)).
For part (iii), if ¢ is the zero extension of ¢, then for u € (0,1),

1 o0 e 1 1 -
F(l—,@')/u (v—u) ﬁ¢(v)dv:r(l—ﬁ)/u(v_u) ’ng(v)dv

Differentiating yields (113)). O
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Proposition 11.13 (Weak local convergence under a uniform local bound). Assume Assump-
tions and letn>0, firt € (0,T) and a € (0,1), and suppose

0< Hxy < Hy < 3.
Let ¢ € C((0,1)). Assume that:
(i) ¢ € &5, for all sufficiently small h > 0;
(1) there exists Cy < 0o such that
(114) [Fthadlle < Cg
for all sufficiently small h > 0.
Then

(115) Tihat — T weakly in E = L*([0,1])
as h | 0.

Proof. Let hy, | 0. By (114]), the sequence (T, o¢) is bounded in E, so after passing to a
subsequence we may assume

Ct hna® — U weakly in
for some ¢ € F.
By Proposition [T1.§]
Ay t. 1o (Fthn,a®) = AXV b b0 ®-

The right-hand side converges strongly in F to

Lxy (£, 1) tyy ¢
by Proposition On the left-hand side, decompose

Q[Y,t,hn,oz (gt,hn,agb) = (QlY,t,hn,Oc - LY (ta t):sHy) (St,hn,ocqb)
+ Ly (¢, )31y (Tthna®)-

The first term tends to 0 strongly in E because (102)) gives operator-norm convergence and the
sequence (% p,. o¢) is bounded in E. Therefore

Ly (t, )3ty (Tt hy.a?) — Lxy (t,6)IHyy @ strongly in E.
Since Jp, is bounded on F, weak convergence of T, p,, ¢ implies
JHy (Tt,hn,oxﬁ) — Juy ¥ weakly in F.
Because the same sequence converges strongly, its weak limit must equal its strong limit, so
Ly (t,t)3my ¥ = Lxy (£, 1)IHyy ¢-
By Proposition (1) and injectivity of Jg, , this implies
Y =T
Thus every weakly convergent subsequence has the same weak limit, and follows. O

Definition 11.14 (Local and frozen graph norms). Assume Assumptions and let n > 0,
fix t € (0,7), let « € (0,1), and suppose

0< HXY < Hy < %
For h > 0 sufficiently small and ¢ € &3, define

2
n
(116) I1llG0e = 61IE + ~5 [Tt n,adllE-
t,h,a I/Y

For ¢ € D(TI), define

2
n

(117) H<Z>Hégr = gll% + 7 1T oIl
Vy
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Proposition 11.15 (Weak graph compactness of the exact local transfer family). Assume
Assumptions and let n >0, firt € (0,T) and a € (0,1), and suppose

0< Hxy < Hy < %
Let hy, | 0 and let
bn € G5
be such that

(118) sup ||on||goe < 0.

n>1 thn,o
Then there exist a subsequence, still denoted (¢y,), and some

¢ € D(T})

such that
(119) On — & weakly in E,
(120) T hnabn — TG weakly in E.
Moreover,
(121) |9llog < liminf 0u o

Proof. By (118) and Definition [11.14] both sequences (¢,,) and (% p, o¢n) are bounded in E.
Since E is a Hilbert space, after passing to a subsequence we may assume

On — @, Cthn,aPn — U weakly in F/
for some ¢, v € E.
By Proposition [T1.§]
Ayt b o (Tt hn,a®n) = AXY by .aPn
We claim that

(122) Axyithnatn = Lxy(t, ) IHyy @ weakly in F,

(123) Ayt ho(Tthn.aPn) = Ly (6, 8) I by weakly in F.

The first convergence is a direct consequence of Proposition [I1.6] The decomposition
Axythna = (Axvithna — Lxy(t,O)Imyy ) + Lxy () Iy

has an operator-norm error term tending to 0 by . Since (¢y,) is bounded in E, that error
contributes strongly, hence weakly, to 0; the frozen term converges weakly to Lxy (¢,1)Jmy ¢
because Jp,, is bounded on E. This proves . The proof of is identical.

Passing to the weak limit in the exact identity therefore gives

Ly (t,t)3my % = Lxy (t,t)JHxy ©-

Since Ly (t,t) > 0 by Assumption this shows that Jp,, ¢ € Ran(Jpu, ), hence ¢ € D(TI) by
Definition [11.11} By Proposition [11.12(i) and injectivity of Jp,, ,

v =0
This proves (119)) and ((120]).

Finally, weak lower semicontinuity of the norm in E yields
.. £ ..
Il < limint ooz, [SF6]z = 4]z < liminf [T,n, 0dale.
Squaring both inequalities, adding them with weight 7?/v%, and using
117111_1)101.}1?(% +b,) > hgr_l)gf an + hggggf by,
for nonnegative sequences gives
2 . 2
||¢”Q5£r < hnrll)g.}f ||¢n”q51togna

Taking square roots proves ([121)). O
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Corollary 11.16 (Unit local graph balls converge to the frozen graph). Under the assumptions
of Proposition let hy | 0 and let

bn € B,
satisfy
Hqﬁ””@ﬂ’ﬁn,a <1 for every n.
Then some subsequence converges weakly in E to an element
¢ € D(T))
with
ol < 1.

Proof. Apply Proposition [11.15| to the sequence (¢,,). The unit bound gives weak compactness
of the graph pairs in £ x F, and the liminf inequality in that proposition places the weak limit
in the frozen graph with frozen graph norm at most one. (]

Definition 11.17 (Local graph recovery core). Assume Assumptions and let n > 0, fix
t€(0,T) and a € (0,1), and suppose
0< Hxy < Hy < %
A linear subspace
Cro C D(TT)

is called a local graph recovery core if:

(i) Ciq is dense in D(T) with respect to the frozen graph norm || - H@?;

ii) for every ¢ € C; ., there exists hy € (0,t] such that

b ¢
¢ € B forall 0 < h < hy;
(iii) for every ¢ € Cya,

(124) |Zihat — 0l — 0  ash]O.

Theorem 11.18 (Recovery sequences from a local graph recovery core). Assume the hypotheses

of Proposition and suppose that there exists a local graph recovery core Cy o in the sense
of Definition|11.17. Let h, | 0, and let

¢ € D(TY).

Then there exists a sequence
near
an € th,hn,a

such that
(125) l¢n — ¢lle — 0,
(126) |tk 0 — 6l — 0,
and consequently
(127) H(b”H@i‘fﬁn,a — |8l gt
Proof. By Definition (i), choose a sequence
Ym € Cras m > 1,
such that
(128) [dm = ¢lle + 1T dom — Tid|e <27™  for every m > 1.
For each m, Definition [I1.17{ii)(iii) yields a number n,, € (0, ] such that for every 0 < h <y,
(129) Um €1 and [ Typatm — Tbmlle <277

After shrinking if necessary, we may assume that (7,,) is nonincreasing.
For each n, define
m(n) :=max{m € {1,...,n}: h, <nn}.
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This set is nonempty for all sufficiently large n because h,, | 0 and 71 > 0. Moreover, m(n) — oo:
for every fixed M, one has h,, < ) for all sufficiently large n, hence m(n) > M eventually. Set

for all sufficiently large n, and define the remaining finitely many terms by ¢, := 0. By
construction, ¢, € G

b o for every n.
Using (129),
60 = SllE = [[Ymem) — ¢lle < 27™™ — 0,
which proves (125)). Likewise, by (129) and (128)),
1Zehna®n = Tl < 1Ttk 0¥im(m) — T mim |2
+ T Yy — Tl
< g7mm) 4 g=mn) 0,

which proves (126)).
Finally,
lonllz = Ille,  IFen,a0nle = ITF6lE,
by (125) and (126]). Substituting into Definition [11.14] and (117)) proves (127). O

Corollary 11.19 (Sequential Mosco convergence of the local transfer graphs). Assume the
hypotheses of Theorem [11.18. For h > 0, define the graph

T o = { (@ Tinad) : 6 € B} } C Ex B,
and define the frozen graph
rf = {(6,%F'¢) : € DI} -
Then along every sequence h, | 0, the graphs Fi‘?ﬁma converge to F? in the sequential Mosco
sense [19]:
(1) if (bns Tt hp,aPn) € F}f,‘fma s bounded in E x E, then some subsequence converges weakly
in E x E to an element of TTF;
(ii) every (¢, T ¢) € T admits a sequence (Dn, Tt b a®n) € F}fﬁma converging strongly in
E x E to (¢,%ro).
Proof. For item (i), boundedness in E x E implies boundedness of “¢””®i?ﬁn,a by Deﬁnition
Proposition therefore gives a subsequence and a limit ¢ € D(TI) such that
6=, Tenpadn = TP
weakly in F. This is weak convergence in F x F toward an element of F?".

Item (ii) is exactly Theorem [11.18 O

12. STRONG LOCAL CONVERGENCE ON THE SMOOTH CORE

The local graph limit must be populated by recovery sequences. For the exact Volterra
operators, strong local convergence can be verified on the smooth core C$°((0,1)). This does
not prove graph density of that core in the frozen graph norm. It proves the analytic part of the
recovery-core hypothesis: exact local solvability and strong convergence for fixed smooth profiles.

Proposition 12.1 (Conjugated target-side operator). Assume Assumption fizt € (0,7)
and o € (0,1), and set

1
For h > 0, define
ayth,a(u,v) = Ly(t — h%u,t — h%v), 0<u<ov<l.

Then there exists a bounded operator
%Y,t,h,a S E(E)
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such that:
(i) for every ¥ € E, the function I~ (QlYt hat) is absolutely continuous on [0, 1], and
L
130 I A o) = Rz
(130) 1“()\)@_’1( Yihat) = Byihat)
(ii) there exists C < 0o, depending only on t,«, such that
(131) 1Byt — Ly (65l gy < Ch®

for all sufficiently small h > 0.
Proof. For ¢ € E, set

In = Ay hat
Using (105 with order 1 — A, Fubini’s theorem gives for almost every u € [0, 1],
ER ) = s [ [ 020 =) aranaln0u) dodr

- / Fy (11, 0)8(0) dv,
where

1 r _
FY,t,h,oc(uav) = )\) /0 S /\(1 - 5)/\ laY7t,h,a(u + (v —u)s,v) ds.

NG
Since Ly is C', the function Fy i o is continuous on Aq, and

1 1 _a N
1“(1_)\)/0 571 = 8) O1ay ha(u+ (v —u)s,v)ds

exists and is bounded. Therefore u — (31:1)‘ fn)(u) is absolutely continuous and differentiation
under the integral sign yields

1
DN | () = T(Nay g pa (s u)h(u) — / Gyena(u, 0)(v) dv

for almost every u € [0, 1], where

1
)\)/ 51— 8) dray s pa(u+ (v —u)s,v) ds.
—A)Jo

N Fyihalu,v) =

Gyt ha(u,v) =

Define
(By,h,at)(u) —aYtha( ;u)P(u

T =) // At

X 81ay,t7h7a(u + (v —u)s,v)ds(v) dv
This proves .
To prove ([131]), note first that
layt.ha(u,u) — Ly (t,t)] < Ch* for 0 <wu <1,
because Ly is C'. Also,
Oray ¢ ha(z,v) = —h*01 Ly (t — h®z,t — h®v),

50 |O1ayth.a(z,v)] < Ch* uniformly on A;. Therefore Byt pa — ayiha(:s - )diaglE has integral
kernel bounded by Ch®1{g<y<y<1}- This kernel has Hilbert-Schmidt norm O(h®), which proves
(131). O

Corollary 12.2 (Uniform invertibility of the conjugated target operator). Under the assumptions
of Proposition there exist hy € (0,t] and Cy < 0o such that for every 0 < h < hy,

%y?tma :E— F
1s invertible and
(132) 1By hall ey < C.



38 J. VIDAL LLAURADO

Proof. By Assumption Ly (t,t) > 0. Proposition m gives
1 C
— = Bytha —IE <
H “ L(E) LY (t7 t)

Ly (t? t)
For h small enough the right-hand side is < 1/2, so the Neumann series gives invertibility and
(1132)). O

he.

Proposition 12.3 (Conjugated source asymptotics on the smooth core). Assume Assumption
fir t € (0,T) and a € (0,1), and suppose

O<ny<Hy<%.

Set
Ai:HY‘i’%, /«L::HXY"‘%, B:=Hy — Hxy.
Let ¢ € C°((0,1)). Then there exists Cy < 0o such that for all sufficiently small h > 0,
(133) Hr(lA):DA 1 (Axyienad) — Ly (t,6) T ‘E < Cyh®.
Proof. Define
axyitha(t,v) = Lxy(t —h%u,t — h%), 0<u<wv<l.

Using (105) and the change of variables r = u + (v — u)s, one obtains for almost every u € [0, 1],

1 d (1 _
(134) ngg(mxxt,h,a@(u) = —%/u (v = u) P genalu,v)p(v) dv,
where
1 v -
Gt.ha(U,v) = F()\)F(l_/\)/o s M1 —8)" axyna(u+ (v —u)s,v)ds.
Because Lxy is C1, one has
(135) Igena — 9t lcr(ay) < CRY,
where
o Ly (0T
" T(r - p)
Now write
1
Ry pp() = W@i 1 (@Axyitnat) (u) — Ly (t, )T d(u).
Using (134)), the constancy of ¢if, and Proposition [11.12[(ii), this becomes
d ! _ .
Renao() = =3 | (0= 07 (gunalu,r) - o)) do.
Since ¢ is compactly supported in (0,1), the boundary term at v = 1 vanishes, and the

substitution v = u + r yields
1—u
Renaol) == [ 777 [0+ 02) (na = 9F) (4 1) 6+ 1)
+ (gt,h,a - g?) (uv u+ T’) d)/(u + T’)} dr.
By (135), the bracketed term is Og(h®) uniformly in w and r. Because 5 € (0,1),

1—u 3 1
rPdr < —— for0 <u<1.
sy frosus

Hence || Ry h,a.6ll Lo (0,1) < Cyh®, which implies (133)). O
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Theorem 12.4 (Strong local convergence on the smooth core). Assume Assumptions and
letn >0, fixt € (0,T) and o € (0,1), and suppose
0< Hxy < Hy < 3.
Then for every ¢ € C((0,1)) there exist hy € (0,t] and Cy < 0o such that for every 0 < h < hg,
¢ € Ofa

and
(136) ISunat — TFolls < Coh.
Proof. Set

)\Z:Hy+%, B:=Hy — Hxy.
Fix ¢ € C2°((0,1)). For h > 0 sufficiently small, define

t,hsa,p = 11(1)\)53/\,1<Q[XY,t,h,a¢) SO

By Corollary the operator By j,  is invertible for small A, so we may set
wh‘ = %)_/;,h,aq@h,a#ﬁ € E‘
Using Proposition [12.3] Proposition and (132)),
i — 6l < 1955 4 alle) (launas — Ly (. OFF6] 2

H(Ly (6, 6) 15 — By p0) T 6] 5)
< C¢ha.

Let
Th = Ayt ha®h — AXY,thad-
By the definition of vy, Proposition and the definition of g 4 .4,
’Di,lrh =0 in E.
Therefore Sl_fl’\rh is absolutely continuous with zero derivative, so it is constant. Since
(31:71)‘7“;1)(1) = 0, that constant is 0. By injectivity of ’J:f\, proved in Lemma |11.10]

rp, = 0.
Thus
(137) Ayt haVh = AXxv i ha®-
Now define
wy, = L6 € HI . wyy = hOL gy, € 1S

By Proposition and ([137)),
DI Ky eun = b= DI Ky 15w
= h=P Y Ay atn
= XY QU y i o)
= ,Dt(?}?ICXY,twh-
Both Ky up and Kxywy, are supported in [t — h®,t], so Lemma implies
Ky un = Kxygwp.
Hence wy, € D(S;) and Sqwy, = uyp,. By Definition m
¢ =D} wy, € G5,
and
Tynad = hPD) Spwy, = hPDG uy, = .
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Combining this identity with the estimate on 1, — ¢ proves (136]). O

Corollary 12.5 (Smooth core as a recovery core). Under the assumptions of Theorem the
space C2°((0,1)) satisfies items (ii) and (iii) of Definition|11.17. In particular, if C°((0,1)) is

dense in D(T) with respect to || - Hqsgr’ then it is a local graph recovery core.

Proof. Theorem [12.4] gives items (ii) and (iii) directly. If C2°((0,1)) is also graph dense, then
item (i) of Definition [11.17] holds as well. O

Definition 12.6 (Intrinsic exact local graph on the unit interval). Assume Assumptions
and[4.1] let n > 0, fix t € (0,7), a € (0,1), and choose i > 0 sufficiently small that Corollary
applies. Define

1
Iipa =1{(6,0) € EXE: Aypnath =Axvinad}-
Proposition 12.7 (Closed exact local solver on the unit interval). Assume the hypotheses of
Definition [12.6, Then:
(i) Fi?,izzx is a closed linear subspace of E x E;
(11) Ayt ho : B — E is injective;
(iii) there exists a unique closed linear operator
1 bl . 1 k)
T ‘DEGG)CE—E

. loc,ex
whose graph is Lyl -

Proof. Since Uy ¢ .o and Axy ¢ 4. are bounded on F, the map
(6, 9) — Ayt nath — Axvithad
is bounded from E x F to E. Therefore FLO;ZX, being its kernel, is a closed linear subspace. This
proves (i).
To prove injectivity, let ¢ € E satisfy
Ayt hath = 0.
Proposition gives

1 1
Byt hat = ngg(mxt,h,a?ﬁ) =0, A= Hy + 5

By Corollary By tha is invertible, so ¢ = 0. This proves (ii).

Part (iii) now follows exactly as in Proposition by (ii), for each ¢ € E there is at most
one ¢ € F such that (¢,v) € Fioﬁ’zx. Hence the closed linear subspace I’ }to,i’zx is the graph of a
unique closed linear operator. o o U

Proposition 12.8 (Intrinsic and transfer-defined local graphs coincide). Assume the hypotheses
of Definition[12.6. Then
1 1
(138) D(Tt?,izzx) = 6.5 ‘Zt?,fzzx¢ =T ha® for every ¢ € G5,
In particular,
1
e = {(6,Tunad) 6 € 815}
Proof. Let ¢ € &5, and set
Y= Tt,h7a¢-
Proposition [11.8[(ii) gives
2yt hat = Axvthad,
s0 (¢, 1) € T°0°%. Hence
bt € DT
and
‘Iio,fZXQS =%t hat for every ¢ € &}57,.
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Conversely, let
1 X
¢ € D(Tyye)

and set
=T
Then
Ayt hath = Axy,iha®-
Define

wi= Lo e BN, wi=hmoUy ) o)y, o posar,
Applying Proposition [I1.6] to both sides of the exact local 1dent1ty gives
( )’CYtU _ h—a(HY—HXY)DE,O]‘L)KKtLE?;L)w
— polfy—Hxy)talyq Y.
= hHXY Uyt hoath
= Dg’o}{L)ICXY,tw.
Both Kyu and Kxy+w are supported in [t — h®,t], so Lemma implies
/Cxtu = ICXY’tw.
Hence w € D(S;) and S;w = u. By Definition [11.7]
0 ="Di5w € SIS,
and
Typad = WY I gy = potHy ~Hx) D)y =y,

This proves ([138)). O

Proposition 12.9 (Conjugated local commutator operators on the unit interval). Assume
Assumptz’on firt € (0,T7), a € (0,1), and suppose

0<ny<Hy<%.

Let
xeCc=([0,1), 0<x<l,
and define
X(U)—X(U)7 0<u<v<l,
Oy (u,v) == v—u
X' (u), 0<u=v<1

For © € E, define

—

(139) (W5 1,0y ©) (1) : (v = (x(v) = x(w) Ly (t = h®u, t — h*v)O(v) dv,

1

(140) (WS hax®) (W) = | (v w7 (x(v) = x(u) Lxy (t — h%u,t — h*)O(v) dv,

where . )
)\:ZHy—|—§, M::ny+§.

Then there exist bounded operators
1 1
Q)(/)E,h,a,x? Q)%CY,t,h,mX S E(E)

such that for every © € E,

1 .
(141) W@)\ (inYO,(é,h,a,x )= Q%(’),(é,h ax© in E,
1 .
(142) m@ (m{)o(%/’ah’a’){@) = Q})%%Ct,h,ogxe) in E.



42 J. VIDAL LLAURADO

Moreover, there exists Cy < oo such that
1 1
(143) [P nan] o + [ 2Rt

for all sufficiently small h > 0.

H»C(E) SCt”(SXHCl(Al)) Al = {OSUS'US 1}’

Proof. For the target side, write
1
(05, . O)(u) = / (0 — u) 8, (u, ) Ly (t — h%u, t — h®)O (v) do.

Exactly as in the proof of Proposition [I9.8] Fubini’s theorem gives

1
~1=X (g 1
T W 01 0) () = [ (0= W) F 0 (0,0)O(0) do
u
where Fﬂl}’fh ay 18 C' on A;. Differentiating under the integral sign yields

1 1
B 2 (00 O) (1) = Y (0 0)O(0) — [ K (0,0)O0)

for almost every u € [0, 1], where

1 1 1
Kﬁg,h,a,x(u? U) = Sﬁ?lf,h,oz,x(u’ v) + (U - u)alFY?tC,h,a,x(u7 U).

This defines the bounded operator Qlﬁ‘; haox:
Because Ly is C! and §, € C*(A;), the same Beta-integral formula shows

!
1 5% haxllcray < Cilloxlleray)

uniformly for small h. Since A; has finite measure, the corresponding multiplication term and
integral term are bounded on E, with norm bounded by Ct[|dy[lc1(a,)-
For the source side, write

1
(W55 01,0 (@) = [ (0= 05, (0,0) Ly (¢ = B, t = h0)(v) do.
u
Exactly as in Proposition [I9.8] one obtains
1-X (gl ! 1-8
T ey @) W) = [ (0= 1) P (1,0)0(0) do

where 8 := Hy — Hxy and F)l?;t hoa,y 18 C' on A with

1
IEXY 2 haxllcran < Celldxlleray-

Since 1 — 8 > 0, differentiation under the integral sign gives

1 ocC ! - ocC
mgi,l(wIXY,t,h,a,X@) (u) =—(1— /3)/ (0 =) PFR, gy (1, 0)O(v) do

u

1
[ 0= ) POF g (0 0)O() do
Because 8 < %, the kernels
(v —u) P14, (u,v), (v —u)P1a, (u,v)

are Hilbert—Schmidt on A;. Hence the right-hand side defines a bounded operator QI)%CY,t,h,a,x €
L(E) with norm bounded by Ct|[dylc1(a,)- This proves (142) and (143)). O

Theorem 12.10 (Smooth localization of an exact local pair). Assume Assumptions and
letn >0, fixt € (0,T), € (0,1), and suppose

0< HXY < Hy < %
Let h > 0 be sufficiently small that Corollary applies, let
x € C=([0,1]), 0<x<1,
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and let
(6.9) €T30
Define the conjugated local defect

(144) }50}3 a,x<¢ w) %%;,h,a,xw - Qg%%ﬂt,h,a,x(ﬁ € E?
and the corrected output
(145) WY = XU = By g 0Bk o (6 0).
Then:
(i)

1 1 ) .
(X8, ¥y) €T s
(ii) there exists Cy < oo such that

(146) 1 = xvlle < Celléillovay (Il + 1]5);
(iii) consequently,
ocC T’
(147) Il + 1l < Colt+ 18 loxan) (19l + = lolle)

Proof. Because (¢,1) € T'°“®*_ one has

t,h,a
Ayt ot = Axv,thad-

Multiplying by x(u) and subtracting gives, for almost every u € [0, 1],

Ay, t,h,a(XV) (W) — Axyha(xP)(u / Ky (u,v) dv — /1 Kxy (u,v) dv,
where
Ky (u,v) := (v —u)* " (x(v) = x(u)) Ly (t = h%u, t — h®0)(v),
Kxy (u,v) := (v —u)" " (x(v) — x(w)) Lxy (t — h%u, t — h®v)p(v).
By the definition of the local commutator operators, this identity can be rewritten as
Ayt na(XV) = Axvina(XO) = WY 40 — WS 11 an®-
Applying Proposition [12:9) and then Proposition [12-]] yields

1
Byt ha(XV) = mgi,l(mXY,t,h,a(Xﬁb)) + 3% an (@) in E.

By the definition of 77Zjloc

1 .
%Yt h, Oﬂ/JlOC = m@i,l (Q[XY,t,h,a(X¢)) in E.

Applying Proposition [12.1] again shows that
Qi7l(mY,t,h,awi€C - Q[XY,iE,}7,,<;v(X¢)) =0 in F.

Exactly as in the proof of Theorem injectivity of 31:71)\ implies
Wyt hatC = Axvina(XP),
so (xo, @ZJIOC) € I’io,f ¥, This proves (i).
For (ii), Corollarym and m 143) give
1 1
140~ xtlle < 185} ey [ 8500,

< Cilldylleran (10l + 1Ylle),
which proves (146)).
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Finally, |x| <1 and (146) imply
n n n
Ixlle + ——Wle < gl + —IIxvlle + —— [l — x¢l e
vy vy Vy

n
< C(1+ [I0xller(an) <\¢||E + W||¢||E> ,
which is ((147)). O

Corollary 12.11 (Smooth cutoffs preserve boundary-supported local graph elements). Assume
the hypotheses of Theorem [12.10). Let
xe€C>(0,1]), 0<x<1,

and define
Xenals) = x() Benea(e) 0= <t
Then for every
we &N Hy,
one has
Xt,how € & N HGY,

and there exists Cy < 0o, independent of w and h, such that
(148) Xt h,0w|l H, + %ha(Hy*HXY)HSt(Xt,h,aw)HHt < Ci(1+ Ioylleran) lwlls, -

Proof. Set
¢ :=DYwedi™, =T q0c€E.
By Proposition [12.8]
loc,ex
(.9) €Ty
Apply Theorem [12.10] to obtain
1 X
(X, ¥) €T,
and
n n
el + -l < Cult+ 16, loxan) (19l + = lvlle)
Now define
@i L (o), @ bl i) pfo) g
By Proposition the exact local pair relation implies
w e &N Hyp'e,

= Uu.

1%
S

Since

. o t—s t—s
w(s) =h /2X< o > ¢<h0‘> 1y—_pe g (8) = Xt,ha(s)w(s),
we have W = x4 pqw. Finally, Lemma [TT.2] gives

@ = lIxélle, 1Sl = kW )| g,
while
lwlla, = l¢lle,  ISwlm, =h =) || .
Therefore the preceding bound is exactly . O

Proposition 12.12 (Slow variation of a fixed time-side cutoff on the micro scale). Fiz o € (0,1),
let
x€C™([0,1]), 0<x<1,
and assume that for some d, € (0,1),
X=1o0n[0,1-04,].
For h € (0,1], set

Eha = hl_a, )Zh,a(r) = X(5h,a7")1[0,5;2](7")a r > 0.
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Define, on

-1
AE;’L ={0<r<qg<e,},

the quotient kernel

Xh,o(q) = Xn,a(r)

, 0<r<qg<e,,

O (124) = q-r
, -, -1
Xho(T), 0<r=q<¢e,,
Then:
(i)
0<Xha<1, Xha =1 on [(), (1-— 5*)5,;(11] , SUpPP Xh,a C [O,sg’a];

i) there exists Cy, < 00, depending only on X, such that
X
(149) ||5§h’a||01(A571 ) < Cxéna for every h € (0,1].
h,a

Proof. Ttem (i) follows from the definition of Xp, 4.
For0§r<q§5f:}1,set

€ = €ha-
Then
5 (ra) = x(eq) = x(er) _ _x(eq) = x(er)
h,a q—r eq—er
Hence, if
x(y) — x(@) 0<z<y<l,
Oy (2,y) = y—a
X' (@), 0<z=y<l,
then

03, . (ra) =cdy(er,eq)  on A
Since x € C*°([0,1]), one has &, € C*(A;). Therefore
105, o1z (a,—1) < €lloxllzoe(an)-
Differentiating the identity above yields

0,03, (ryq) = 2010y (eryeq),  Dgby, (r,q) = €*(D2d))(e7, £q),

and thus

Hva;{h,aHLm(Ag—l) =< 52HV5><HL<><>(A1) < el VoyllLee(ay),

because € < 1. This proves ((149). U
Proposition 12.13 (Frozen domain as a fractional-integral range). Assume
0<Hxy <Hy <3,  f:=Hy—Hxy,

and fix t € (0,T). Then
(150) D(T}) =37 ,(B).
The range identity has the following two forms.

(i) if ¢ € D(TI), then
(151) ¢ =c; '3 (ZFg);

(ii) if g € E and

¢ = C;ljégga
then ¢ € D(TI') and

(152) =g
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Proof. Set
1 1
)\ = H - = H —
y + 9’ 2 Xy + 9’
so that A =y + . Let ¢ € D(TI), and write
g9:=T0.

By Proposition [11.12i) and Lemma
Ly (¢, )T'(N)J2 19 = Lxy (¢, )T (1) 16
= Ly (t,t)T(M\)c; 3% 1 ¢.
Hence
’Jli,l(qj - ct_ljé,lg) =0,
because J* 1’3’? 1= g 1. Since gt 1 is injective by the same argument as in Lemma this

proves ((151]).
Conversely, let g € F and set ¢ := ¢, 158 19- Then

o= C;IJiJQ-
Multiplying by the Gamma factors built into c; gives
LXY(tv t)F(u)jli,l(ﬁ = LY(ta t)r()‘)ji,lga
that is,
Lxy (¢, )30y ¢ = Ly (¢, )1y 9-
Therefore Jpy, ¢ € Ran(Ju, ), so ¢ € D(TF) and (152) follows from Proposition [11.12(i) and
injectivity of Ja, . O
Definition 12.14 (Finite-interval fractional Sobolev space). Let 3 € (0,3). The notation
H?A((0,1)) denotes the Bessel potential space on the interval (0,1), endowed with its Hilbert
norm.
Theorem 12.15 (Density of the smooth core in the frozen graph). Assume
0<ny<Hy<%, B:=Hy — Hxy,
and fiz t € (0,T). Then:
(i) D(TI) = HP((0,1)) as sets;
(ii) the frozen graph morm is equivalent to the H?((0,1)) norm;
(iii) C((0,1)) is dense in D(TI) with respect to the frozen graph norm.

Proof. By Proposition [12.13
D(T) =37 ,(B).
For g € (0, %), the classical finite-interval Riemann—Liouville isomorphism theorem identifies
3° 1(E) with the right-sided fractional Sobolev space Hg ((0,1)), and the inverse is the right-sided
derivative ©° 1 in the L? sense. Since 8 < %, one has
Hg ((0,1)) = H((0,1)),

so item (i) follows. This finite-interval fractional-Sobolev identification is used here as an analytic
input; see [I8, Ch. 13] and [20, Ch. 2].
Let ¢ € D(ZM), and set g := T¢. Proposition [12.13| gives
¢=cy 13@,19 .

Applying the inverse ol 1 on the range 3° 1(F) therefore yields

Qé,ﬁf’ =c'g.
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By the same classical isomorphism, there exist constants ¢y, co > 0, depending only on 3, such
that

cr(lolle + 197 16llE) < Illusory < c2(lglle + 197 16l8).
Since ©° 10 =c; I‘I,ffrgb, this is equivalent to

16115 (0.1) = Il + TSl = (19l

where the implicit constants depend only on 3, /vy, and |c;|. This proves item (ii).

Finally, because § < %, the density theorem for Bessel potential spaces on bounded intervals
yields
Faorra T 2P (0)
C((0,1)) = H7((0,1)).
See [20, Ch. 2]. By item (ii), this is equivalent to density in the frozen graph norm, proving
item (iii). O
Corollary 12.16 (Smooth core as a local graph recovery core). Assume Assumptz'ons and
letn>0, firt € (0,T) and a € (0,1), and suppose

0< Hxy < Hy < %

Then C°((0,1)) is a local graph recovery core in the sense of Definition|11.17.
Proof. By Theorem [12.15] C2°((0,1)) is dense in D(ZI") with respect to the frozen graph norm.
By Theorem it also satisfies items (ii) and (iii) of Definition[11.17, Hence it is a local graph

Tecovery core. U

Corollary 12.17 (Smooth-core local recovery and Mosco convergence). Under the assumptions

of Corollary the conclusions of Theorem and Corollary hold without any

additional recovery-core hypothesis.

Proof. Apply Corollary [12.16] inside Theorem [I1.18] and Corollary [I1.19 (]

13. FROZEN BUFFERED LOCALIZATION

The frozen right-sided fractional transfer has exact locality. Its action inside a boundary
layer depends only on the input on a slightly larger boundary layer. On the frozen side this
localization is exact, not asymptotic.

Proposition 13.1 (Global fractional representation of the frozen transfer). Assume
O<ny<Hy<%, ,Bi:HY_HXYa

and firt € (0,T). Then for every

¢ € D(T}),
one has
(153) o=c¢,0" ¢ mnE.
Proof. Let
g:=3%o.
By Proposition
¢ = Ct_ljlj,lg-

Applying ol 1, which is the inverse of 39 .1 on its range by the finite-interval Riemann-Liouville
isomorphism used in Theorem [12.15| gives

@é,ﬁf’ =c'g.
Multiplying by ¢; proves (153]). O
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Definition 13.2 (Buffered cutoff pair on the unit interval). Let 0 < pin < pout < 1. A pair
(Xin, Xout) € C*°([0,1]) x C*°([0,1])

is called a buffered cutoff pair with inner radius pi, and outer radius pous if

(154) 0 < Xins Xout <1 on [0,1],
(155) supp Xin C [1 = pin, 1], supp Xout C [1 — pout, 1],
(156) Xout = 1 on [1 — pin, 1].
Proposition 13.3 (Smooth cutoffs preserve the frozen graph space). Assume
0< Hxy < Hy <1, B := Hy — Hyy,
and fiz t € (0,T). Let x € C*°(]0,1]). Then multiplication by x maps
D(T)
into itself, and there exists C, < oo such that
(157) Ixdlle < Culldlleg  for every o € D).

Proof. By Theorem one has
D(T}) = H7((0,1)),

and the frozen graph norm is equivalent to the H?((0,1)) norm. Since x € C*([0,1]), the
smooth-multiplier theorem on Bessel potential spaces gives

X817z ((0,1)) < Cill@llmaoayy — for every ¢ € HP((0,1)).
See [20, Ch. 2]. Returning to the frozen graph norm via Theorem ii) proves . O
Lemma 13.4 (Terminal vanishing propagates to the frozen transfer). Assume
0<Hxy <Hy <%,  B:=Hy—-Hxy,
and fir t € (0,T). Let ¢ € D(T), and suppose that for some a € (0,1),

=0 a.e. on la,l1].
Then
(158) e =0 a.e. on [a,1].
Proof. Set
g:= c;l‘IﬁrgZ).
By Proposition [12.13
¢ = jﬁ,lg‘

Applying the semigroup identity gives
1— ~
j—,iB¢ = J£,19‘

Now fix u € [a,1]. Since ¢(v) = 0 for almost every v € [u, 1], the integral formula for 51:1’3¢
yields

Hence
Lg)( / g(v for every u € [a, 1].

The function u +— JI,J g(u) is absolutely continuous, so differentiating almost everywhere on
[a,1] gives g = 0 almost everywhere on that interval. Multiplying by c; proves (158]). O

Theorem 13.5 (Exact buffered localization for the frozen transfer). Assume
0< Hxy < Hy < 3, B:=Hy — Hxy,
fix t € (0,T), and let (Xin, Xout) be a buffered cutoff pair in the sense of Definition . Then:
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(i) for every ¢ € D(TI),
Xoutq5 € D(T?),
(ii) there exists Couy < 00 such that

(159) IXoutdllgsr < Coutl|@llgn  for every ¢ € D(T});
(#ii) for every ¢ € D(‘I{r),
(160) Xinﬁrﬁb = Xinzgr (Xout¢) in E.

Proof. Parts (i) and (ii) are exactly Proposition with x = Xout-
For part (iii), set
¥ = (1 = Xout) 9
By (156)), one has ¢ = 0 on [1 — pin, 1]. Since Xout¢ € D(TI) by part (i), also
Y= ¢ — Xout® € ,D(Sgr)
Lemma with @ = 1 — pj, therefore gives
Ty =0 a.e. on [1 — pin, 1].
Because supp Xin C [1 — pin, 1], this implies
XinT{' = 0.
Since

Y = ¢ — Xout®,
we conclude that
Xinﬁrﬁf) - Xinzftr(XothS) = Xingir@b = 0,
which is exactly . O

Corollary 13.6 (Inner-supported frozen graph functionals reduce to buffered profiles). Assume
the hypotheses of Theorem [15.5. Let a,b € E satisfy

supp a C Supp Xin;, supp b C supp Xin,
and define
A¢) == (a,d)p + (b, T d)p, ¢ € DE}),
Then A is continuous on 6?, and for every ¢ € D(T?),

(161) A() = Alxout®)-
Consequently,
(162) Al < Comsup {[AW)] : ¥ € DTE), suppw>  supp xour, [y < 1}

where Coyt is the constant from ((159)).

Proof. Continuity follows from Cauchy—Schwarz and Definition Since a and b are supported
in supp Xin, one has

<CL, ¢>E = <(I, XOut¢>E7
because Xout = 1 on supp Xin, and Theorem m(iii) gives
XinTH'¢ = XinTH' (Xoutd)-

Therefore
<b7 ‘I?gb)E = <b7 ‘Zgr(Xoths»Ea
because b is supported in supp xin. Hence holds. For ¢ € D(Z¥) with H(;SHair < 1, set
¥ 1= Xout®- Then supp C supp Xout, and by Theorem (ii),
6l < Cos.
Hence

A()] = [AW)] < Cousup {[AW)]: 9 € DT, suppd € supp xouts V] < 1}
and taking the supremum over graph-unit ¢ proves (162)). U
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14. TWO-SCALE FACTORIZATION OF THE SINGULAR FUNCTIONAL

The local transfer family on the unit interval captures graph geometry at the coarse scale h®.
The gain functional is more singular. After restriction to that boundary layer, the increment
profiles still concentrate on the smaller micro-scale

5h,a = hl_a

near the endpoint © = 0. A second dilation identifies the exact micro-local operator induced
by the local transfer family and recovers the same universal half-line profiles as the original
h-dilation.

Definition 14.1 (Micro-dilation and micro-lift on the unit interval). For ¢ € (0, 1], define
0 B LARy),  (0:9)(r) i= ' 2g(er) 1 -y (r),
for ¢ € E = L%(]0,1]). Also define

[.: L*(Ry) — E, (I.®)(u) := 5—1/2q><7:> , 0<u<l,
for ® € L2(R, ). Finally, let
pe : L*(Ry) — L*(Ry), (pe®@)(r) := @(r) L —1y(r),
denote truncation to the interval [0,e71].

Lemma 14.2 (Micro-dilation isometry and truncation identities). Let € € (0,1]. Then:
(i) 0. : E — L?>(R,) is a linear isometric embedding;
(ii) for every ¢ € E and ® € L*(R),

(163) (0:0, @) r2(ry) = (&, D) B;
(iii)
(164) 0. = Ig, 0.l = pe..

Proof. For ¢ € F,

e~ 1 1
el = | cloenfar= [ lo(u)du = ol

which proves (i). Likewise, for ¢ € E and ® € L?(R,), the change of variables u = er gives

e~ 1 1
(0:6, ) 12,y = /O 12 g(er)d(r) dr = /O d)(u)El/Q(I)(Z) du = (6, LB g,

which is . Finally,
(1eg)(u) = e 2! Pg(u) = p(u), 0 <u <1,
while
(0:L®)(r) = 2 2D(r) 119 1) (r) = (pP)(r).
This proves . (]

Proposition 14.3 (Second dilation inside the h® boundary layer). Fizt € (0,T), o € (0,1),
and h € (0,t], and set
Eha = hl=e.
Then:
(i) for every f € He

(165) Dinf =0, (Dt(f}?f );
(ii) for every ® € L*(R,),
(166) L, @ = Loppe, , ;
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(iii) if ® € L*(R..) satisfies
e, @ € Gﬁ?%ag,
then
(167) 6§,aa€h,a (Tt,h,oé[%,a (I)> - hﬂDt7h8t£t7hp€h,aq>v
where §:= Hy — Hxy .

Proof. For f € Hy}; and r > 0,

=h'2f(t - hr) L et (1)-

Because f is supported in [t — h®,¢], the right-hand side vanishes for r > egfx = h*~ !, Hence it

equals Dy f(r), proving (165]).
For ® € L2(Ry) and 0 < s < t,

a —a/2 —1/2 t—s
(Eg,h) [Sh,a(p) (S) =h /zgh,oc/ (I)<h04{—:h ) 1[t7h0,t](s)

_ t—s
= h 1/2©( h ) 1[t_ha,t](8).

On the other hand,

_ t—s
(Lenpe, o ®)(s) =h 1/2@(h> 1{0§(t75)/h§5;’1a}(3)1[0,t]<3>'

But
t—s -1 o
OSTgsh’a@)t—h <s<t,

so the two expressions coincide. Therefore (166 holds.
For part (iii), Definition [11.7] gives

Tynale, . ® = KD S
Applying 5§,absh,a and using and yields
€ odn (zt,h,argh,a@) = &) JHP DSt Lenbe, , P
= h’BDt,hStﬁt,hPeh,a‘I’v
because 527 aho‘ﬁ = hP. This proves . O

.

€h,a

Definition 14.4 (Micro-dilated exact and frozen Volterra operators). Fix t € (0,7), o € (0,1),
let i € {Y, XY}, and let h > 0 be sufficiently small that A% <t. Set

Eha i= hl=e.
The micro-dilated exact Volterra operator is
e s LP(Ry) = LA(Ry),
defined by

571
(168) (V5.0 ®)(r) == / "(q =)Lt — hrot — hq)®(q)dg, T > 0.
Also define the frozen half-line Volterra operator
P, : C((0,00)) = L*(R+)
by

(169) (BL2)(r) := Li(t, 1) /f(q —nHi3e(g)dg, >0
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Proposition 14.5 (Second blow-up of the localized Volterra operators). Assume Assumption .
Fizt € (0,T), a € (0,1), and let i € {Y,XY}. For every sufficiently small h > 0 and every
o e L2(Ry),

(170) 0, o Hithaley o @ = €, U5 0@ in LP(Ry).
In particular,
(171) supp (U745, o @) C [0,8};}1] for every ® € L*(R,).
Proof. Fix h > 0 sufficiently small and abbreviate € := ¢, . For r > 0,
(ORAitn,ale®) (r) = €2 (Ui n,ale®) () Lo,y (r)
1
= 51/2/ (0 — er)" =3 Li(t — h%r,t — h®v) e 2P (v/e) dv 1 .1)(r).
Er

With the change of variables v = €q, and using h® = h, this becomes

—1

- [E 1
(0:W; ¢ pale®) (r) = / (q— )72 Li(t — b, t — hq)®(q) dg 1jg —1)(r)
'
= (BT, ®) (1),
which proves (170)). The support statement (171)) follows from (168)). O

Corollary 14.6 (Exact micro-transfer identity through the micro-Volterra pair). Assume
Assumptions and letn >0, firt € (0,T), and let o € (0,1). Then for every sufficiently
small h > 0 and every

® € D(Th),
one has
(172) TV .0 (Tiha®) = TRV 5.0 ®-
Proof. Set € := €p, o. By Definition
TP = 70Ty ol P.
Hence, using [0, = Ig from Lemma [14.2
P o (T,0) = e V0 Uy ale (70T ol ®)
= e T Ayt haTinale®.
By the exact local transfer identity ,
Ayt naZinale® = Axyinale®.
Since § = Hy — Hxy, it follows that
P (THC,®) = e XY Axy s hal®
= %En(iYC,t,h,a‘I),
where the last step is Proposition O

Proposition 14.7 (Frozen half-line limit on compactly supported profiles). Assume Assump-
tion[3.1 Fizte (0,T), a € (0,1), leti € {Y,XY}, and let ® € C°((0,00)). Then

(173) MG a® — VHD  in LA(Ry)

as h | 0.

Proof. Choose R > 0 such that supp ® C [0, R]. For h sufficiently small one has 6,;; > R and
hR <t,sofor0<r <R,

; R 1
(W25, ®) (1) = [ (a =) Lalt — byt — h)@(q) da,
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while %ﬂiﬁl’a@(r) =0 for r > R. Likewise,

R 1
(W) () = Li(t.1) [ g/ i@)dg, v 20

r

Since L; is continuous near (¢,t), one has pointwise convergence
( ﬂif,L?(X@) (r) — (‘Zl%@) (r) for every r > 0.
Moreover, for 0 < r < R,

) R 1
(075, 2) ()| < € [ (a =R () da.
T
with C independent of h. The right-hand side belongs to L?([0, R]), because the kernel (g —
T)Hi_%l {o<r<q<r} is Hilbert-Schmidt. Therefore dominated convergence gives (173]). O

Definition 14.8 (Micro-dilated local profiles and transfer family). Fix ¢t € (0,T), a € (0,1),
and h € (0,¢], and set
Eha 1= hl=e.
For ¢ € {Y, XY}, define the micro-dilated local increment profile
(174) 050 = epn v, (RO DIIL ™ gi,) € LA(Ry).
Also define the micro-dilated local transfer operator by
(175) Irfr,liiz(,:a : D( ?,1}11(,:04) - LQ(R-F) - Lz(R+)7 zglfl:aq) = ‘Sgﬂash,a (‘Zt,h,a[ah,a Q))?
with domain

D(THL) = {@ € L2(Ry) - b, € B0}

Proposition 14.9 (Exact micro-local identities). Assume Assumptions cmd let p > 0,
fixt € (0,T), and let a« € (0,1). Then for every sufficiently small h > 0:

(i) forie {Y,XY},
(176) gglti,%,a = Git,h 1[0,5;1&} in L* (Ry),

where g; 11, s defined in ;
(ii) for every ® € D( in;fa),

(177) T, ® = hPDy pSiLypbe, P
(iii) for every ® € D( ?,lfa),
(178) thXY‘F (E @) — mic (p _ mic Tmic @
t,h tleEh,a 9XYth,os L2(Ry) Y t.has *t,ha 2Ry

Proof. For i € {Y, XY}, IL""%g; 1 1, is supported in [t — h*,t], so Proposition W(l) gives

(&) rynear,a near,o
DS;L,a(Dt,th,h Gith ) = Deplly " gith-

Multiplying by e, /h=oHi = h=H: yields

0 = b DI gi e
Because
supp (I15 % gir.n) C [t — R, 1],
its h-dilation is supported in [0, Egi] Therefore
_Hl s o~
h 'DchH?’%ar agz’,t,h = Git,h 1[075;2]7

which proves (176)).
Part (ii) is exactly Proposition [14.3[(iii).
For part (iii), set
Vp = ACt’hthya(I).



54 J. VIDAL LLAURADO

By (166)), one also has
Vp = ﬁ(a)[ d.

t,h Eh,oz

Since ¢ € D( ;?,ifa), the right-hand side belongs to &;, so F; (vy) is well-defined. By Defini-
tion Lemma Lemma and part (ii),

WY By (on) = KXY gy, o), — B (gyn, Stondm,
= (Gxvith Pen o @2 ) — vtk T ®) r2(R -
The first term is applied to p., ,®. For the second term,

—H _ /y-H 3
=X gy tn, Ston) 1, = <h Y Dihgyith h Dt,hStUh>L2(R+) ;
and then applies (177). Because gxy,, and g%?t’h,a agree on [0,6;’2] by (176)),

~ _ mic
<gXY,t,h7 th,a(I)>L2(R+) - <gXY,t,h,a7 (I)>L2(R+) )
and the same argument with : =Y gives

mic

@on Tiia®) 1) = (Fna Tha®) g

This proves . O
Theorem 14.10 (Micro-profile limit inside every h® layer). Assume Assumption . Fix
t€(0,7), let « € (0,1), and let i € {Y,XY}. Then

(179) e — Li(t.)n,  in L*(Ry)

as h 0.

Proof. By Proposition (i),

mic o~
Git,ho = gz,t,hl[o et
“h,a

sby

Hence
Jotiso = Litt 0| | < WGien = Lilt 0o o,
+ |L'(7f,t)| H¢H11 -1 .
l Cra o,
The first term tends to 0 by Proposition Since 5,?3 = h*"l = oo and g, € L*(Ry), the
second term also tends to 0. This proves ([179)). O

Remark 14.11 (Interpretation of the two-scale analysis). The exact local transfer family on
the unit interval is an intermediate asymptotic object for the gain functional. After the first
localization to a boundary layer of width A%, the singular coeflicients still collapse onto the
smaller internal scale € o = h'~® near v = 0. Proposition identifies the micro-dilated family

mic

th.oo rather than Ty p o alone, as the operator governing the singular gain. Corollary m

identifies that family with the micro-dilated Volterra pair %g}“tch o I)n(lf,t ha- The argument then
compares fﬁca with the half-line fractional model ’72%“ on graph-bounded families and lifts
that micro-local control to the global supremum in Proposition

15. STRONG MICRO-LOCAL CONVERGENCE ON THE SMOOTH CORE

The second blow-up produces the half-line tangent problem. That tangent problem controls
the exact micro-transfer family on fixed smooth compactly supported profiles. This is the
half-line analogue of the unit-interval smooth-core theorem from Section

Definition 15.1 (Half-line right fractional integral on compact support). For A € (0,1) and
f € L?(Ry) with compact support, define

(180) (9 F)(r) = F(&) [T @de o
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Lemma 15.2 (Half-line semigroup and injectivity on compact supports). Let A\, u € (0,1) with
A+p <1, and let f € L*(Ry) have compact support. Then:

(i)
(181) P =M
(ii) if X f = 0, then f =0 almost everywhere.

Proof. For almost every r > 0, Fubini’s theorem gives

LD = sy [ e a9 w dads
1 <[

- F(A)F(u)/ (/ (5= g =9 ds) flayda

With s = r 4+ (¢ — r)0, the inner integral is
A1 LMD (p)

(g—r) Tt )’
which proves .
For injectivity, assume J* f = 0. Applying with p =1 — A yields
Jtf=o.
Since

@ = [ ~ Fq)da,

the function J! f is absolutely continuous with derivative —f. Hence f = 0 almost everywhere.

O

Proposition 15.3 (Conjugated target-side micro operator on fixed compact supports). Assume
Assumption[3.1], fixt € (0,T), a € (0,1), and R > 0, and set

1
Ai=Hy + 3 € (0,1), Er := L*([0, R)),
identified with its zero extension to L*(Ry). Then for all sufficiently small h > 0 satisfying
hR < t, R<enb,

there exists a bounded operator .
Yinanr € L(ER)
such that:
(i) for every U € Eg, the function J7( }Hfl,it(fh,a\l’) is absolutely continuous on [0, 00), and

1 mic mic .
(182) mgi (VY na¥Y) = BYinar? in ER;

(i) there exists Cy p < 0o such that
(183) | B9 0 — Ly (6,0 |
for all sufficiently small h > 0.
Proof. For 0 <r < g < R, define
ay,th(r,q) == Ly (t — hr,t — hq).
Let ¥ € Er. Because ¥ is supported in [0, R] and R < EEIQ, gives

< C, ph
oS

_ R
(WP, V)0 = [ (0= N avanlr U@ dg, >0,

with the understanding that the right-hand side is 0 for r > R.
Set

L mic
fh = Y,t,h,alll‘
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For 0 < r < R, Definition |T5_T| and Fubini’s theorem give

0 = i [ == 9 vl v dyas
= [ F atr e ) do

where .
FS p(r,q) = bt 571 —8)* Layn(r+ (g —r)s,q) ds
thR q F(l—)\) 0 Y.,t,h q »q .

mic

Since Ly is C!, the function FYthR is continuous on Ar := {0 < r < g < R}, and its first

derivative in 7 is bounded. Therefore 317 f, is absolutely continuous on [0, R], vanishes on
[R,0), and differentiation under the integral sign yields for almost every r € [0, R],

D2 fi(r) = T(Nay,n(r,7) / GYen r(r,q)¥(q) dg,
where
Gmic ( L F(A) L - 1— /\8 _ d
Y,t,h,R\T) q) T F()\)F(l — )\) 0 S ( S) 1aY,t,h(T + (q T)S7Q) S.
Define

(BYEha,rY) (r) = ayn(r, T)‘I’(
TOVT =N / / AL — s) Ovay e pn(r + (g —1)s,q) ds U(q) dg

for 0 < r < R. This proves .
To prove , note first that
lay.n(r,7) — Ly (t,t)| < Ct.gh for 0 <r <R,
because Ly is C'. Also,
Ovayyn(z,q) = —h01Ly(t — hz,t — hq),

so |O1ay ¢ p(z,q)| < Cpgh uniformly on Ag. Set

Dyip,g = grfl,it(jh,a,R —ayn(s, ) diag B -
Then Dy j g has integral kernel bounded by Cy rhla,. Its Hilbert-Schmidt norm is Oy r(h),
which proves (183)). (]

Corollary 15.4 (Uniform invertibility of the conjugated micro target operator). Under the
assumptions of Proposition there exist hg € (0,t] and Cpr < oo such that for every
0 < h < hy,

‘B%C,h ar:ErR— ER

1s inwvertible and

mlC
(184) H VihaR) HE(ER) < CyR.
Proof. By Assumption Ly (t,t) > 0. Proposition [15.3] gives
mic Cth

h.

B, A — <
HLy(t,t) Ykt EER | T Ly (61)

For h small enough the right-hand side is < 1/2, so the Neumann series gives invertibility and
(1184)). O

Proposition 15.5 (Conjugated micro source asymptotics on the half-line smooth core). Assume
Assumption fixt € (0,T), a € (0,1), and suppose

0<ny<Hy<%.
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Set
1 1
)\::Hy+§, M:Zny+§7 68:=Hy — Hxy.
Let @ € C°((0,00)), and choose R > 0 such that
supp® C [0, R).

Then there exists Cp ¢ r < 00 such that for all sufficiently small h > 0 with hR <t and R < E;le,

1 .

(185) DN (URY o ®) — Ly (6,0 TF0P < Cot,rh.
L'(A) L2(R,)

Proof. Define
axy+n(r,q) = Lxy(t — hr,t — hq), 0<r<g<R.

For 0 <r <R,

. R
(85 a®)() = [ (0= 1) axvan(r,0)2(0) da

and the left-hand side vanishes for r > R.
Using Definition and the change of variables s = r 4+ (¢ — )0, one obtains for almost
every r € [0, R],

1 mic d R — mic
(186) m@)ﬁ( XY,t,h,a‘I’)(T) = —%/ (q—r) 6gt,h,R<Ta q)®(q) dg,

where )

mic 1 — —
9inr(rq) == I‘()\)F(l—)\)/o 01— 0)" axyu(r+ (g —1)0,q) dob.
Because Lxy is C1, one has
(187) ||ggl}1L?R - g?IHCl(AR) < Ct,Rh,

where
w Lxy (& 0)(u)  Ly(t,t)e

BT TN -p8) C TA-p)

mic 1 mic o
thao(r) = mgi( Xviha®) () = Ly (6, 1)T 5 19(r).

Using (186]), the constancy of g/, and , this becomes
. d (R L
Pa(r) =~ [ (@ = 0 GiR(r.) — g 2(0) da.
T
Since supp ® C [0, R), there is no boundary term at ¢ = R. With ¢ = r + u,
. R—r )
Qipe(r) = — /0 uP [(81 + ) (gffﬁfR — g?l)(r, r+u)®(r +u)
+ (gg}i‘fR — g?l) (ryr +u) ®(r + u)} du.

By (187)), the bracketed term is Og ¢ r(h) uniformly in 7 and u. Since 5 € (0, 1),

Now write

R—r 1-8
/ u*ﬂduSL for 0 <r <R.
0 1-5

Hence ||Q§l}i£q>||Loo([OyR]) < Cg,rh, which proves ((185]). O
Theorem 15.6 (Strong micro-local convergence on the half-line smooth core). Assume Assump-
tions and letn>0, firt € (0,T), a € (0,1), and suppose

0< Hxy < Hy < %

Then for every ® € C((0,00)) there exist Ry < 0o, he € (0,t], and Cy < oo such that for
every 0 < h < hg, .
supp ® C [0’ R‘I’)’ S D( ?}fa)’
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Tmic @ s supported in [0, Re], and

(188) Hz;?;;acb - T30

1y = OON

Proof. Set
1
)\::Hy+§, B :=Hy — Hxy.
Fix ® € C2°((0,00)), and choose Rg < oo such that
supp® C [0, Rg).
For h > 0 sufficiently small, define
. 1 _
Thie = iy 2 (VR una®) € Bry.
By Corollary the operator ?B“tch a.Re 18 invertible for small A, so we may set
i =1 _mi
Up = BV hars) Uha € Ery,

again identified with its zero extension to L?(R.).

Using Proposition [15.5] Proposition and (184]),

H\I’h B %OdCDHER@ = H( ?i"/c’h:a’R@)_ch(E%) O

+ H(LY(tat)IER¢ - ?Eh,a,Rq)%Odq)HE%)

ahs — Ly (LD T30
Ry

< Cgh.
Since 72%‘”1(1) is supported in [0, Rg], this already gives

(189) |, - ol

gy = O20

Now set
.__ ¢yymic mic
rp = Q]Y,t,h,oijh - %XY,t,h,a(I)'
mic

Because both ¥, and ® are supported in [0, Rg], so is r;,. By the definitions of ¥}, and &hos
together with Proposition [15.3

1 - i .

F()\)Qirh - SBI;%II"CﬂhvafR@\IIh B qf,lff@ = O m ER<I>'
Hence, by Proposition [I5.3] for the first term and the proof of Proposition [I5.5] for the second,
317*r, is absolutely continuous with zero derivative, so it is constant on [0,00). Since 7, is

C(;mpactly supported, one has
(32m) () =0 for r > Ry,
and therefore 3", = 0. By Lemma this implies
rp, =0,

that is,
(190) Pinaln = TR, 0.

Set € 1= €p, 4. Since Rg < e~ ! for h small, Proposition and give

0yt hale ¥ = SHYW?itfh,a‘I’h =0 AxvipnalD.

Applying I. and using [.0. = I from Lemma yields
(191) Wyt hale V) = Ay palD.

Now define

wy = L@ € HESS wy = h L) (e70Lwy,) € B
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Using Proposition and (191)),
Dy Ky pun = h=P My o (7P1W))
= hHXY QU ey ol D
= Dﬁ)ICXy,twh.
Both Ky up and Kxywy, are supported in [t — h®,t], so Lemma implies
Ky un = Kxygwp.
Hence wy, € D(S;), Stwp, = up, and
D = D} w, € IS,
Therefore ¢ € D( fl;fa), and by Definitions m and
zgllil(:a = Eﬁaezt,h,aleq)
= o (e7P1Lwy,)
=0V = pa\IJh =V,
because supp ¥j, C [0, Re] C [0,71]. Combining this identity with (189) proves (188]). O

16. FIXED-WINDOW MICRO GRAPH THEORY

The half-line micro family remains globally nonlocal because the right-sided transfer law
depends on the full future tail. On each fixed window [0, R], the exact micro family closes: inputs
supported in [0, R] produce outputs supported in [0, R]. The problem becomes a finite-interval
graph convergence problem. Tail leakage is the only nonlocal obstruction to a global theorem.

Corollary 16.1 (General support preservation near the terminal time). Assume Assumptz'ons
and[{.1, let n >0, fixr t € (0,T), and let a € (0,t). If w € &, satisfies

supp(w) C [a, ],
then

supp(Siw) C [a,t].
Proof. The argument is identical to that of Proposition applied to the truncated operator
Ky.aq- O
Definition 16.2 (Fixed-window half-line Volterra model and graph norm). Assume

0<ny<Hy<%, B:=Hy — Hxy,

fix t € (0,7), and let R > 0. Set

Eg = L*([0, R)),

identified with its zero extension to L*(R,). For H € (0, %), define

1
2
R H_1
Jir:Er—En, Q)= [q-n"he@d,  0<r <R
T
Define the fixed-window model transfer domain
D(S?,IR) = {(I) € Er: 3HXYJR(I) € Ran(\?H%R)}v

and the corresponding transfer operator

Lxy 1,t) . — ~
TR D(T'R) C Er — Er, TR = Ly(ftt)) i mIHxy RO

For ® € D(‘ZER), define the fixed-window model graph norm

2
n hl
(192) 1@lGn = 12l%, + 5 TR,
R VY
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Theorem 16.3 (Fractional-derivative representation of the fixed-window half-line model).
Assume the hypotheses of Definition[16.3 Then:

(i) for every ® € C°((0, R)),

(193) TR = T30 in Eg;

(ii) D(Z}}’IR) = HP((0,R)) as sets;

(iii) the graph norm || - ||®?,1R is equivalent to the HP((0, R)) norm;

(iv) C((0, R)) is dense in D(T?}R) with respect to || - H@?}R'
Proof. Define the unitary scaling map

Ur: Egr — E=1L1%*[0,1)),  (Ug®)(u) := RY?®(Ru), 0<u<l.

For H € (0, %) and ® € Eg, a change of variables gives
(194) UrdnrUp" = R" 335,

In particular, Jg g is injective because Jy is injective by Lemma (11.10, Hence ¢ € D(‘I?}R) if
and only if Ur® € D(ZM), and in that case

(195) UrTyRUg" = RP)
Now let ® € C2°((0, R)). Then Up® € C2°((0,1)), so Proposition [I1.12]ii) gives
TH(URD) = ;D7 | (Urd).

Because ® vanishes near R, a direct change of variables in the definition of the right-sided
derivative yields

D7 | (Up®) = R*T3UR(D° ®).
Combining this with (195)) gives
UR‘I?}R@ = R—ﬁctﬁél(UR(b) = CtUR(@é(I)) — UR(%OCI(I))’

which proves (193).
Items (ii)—(iv) follow from ([195), Theorem [12.15] and the fact that Ug is a topological
isomorphism between H?((0, R)) and H?((0,1)). O

Corollary 16.4 (Fixed-window model functional vanishes on the full graph domain). Assume
the hypotheses of Theorem[16.3. Define

APR(®) i= Ly (8, 6) (Vry , ) p2m ) — Ly (t,1) <¢HY?§?,1R(I)> ® € D(TP'R).

L2(Ry)’
Then A?}R is continuous on QS?,IR, and
AER(CI)) =0 for every ® € ’D(Q?}R).

Proof. Continuity follows from Cauchy-Schwarz, ¥, € L?(R;), and (192). By Theorem m(iv),
choose ®,, € C2°((0, R)) such that

H(I)n - (I)H@?}R — 0.
By Theorem [16.3(i), one has
TR, = T30,

so Corollary gives A?}R(@n) = 0 for every n. Passing to the limit by continuity proves the
claim. O
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Definition 16.5 (Exact micro graph space on a fixed window). Assume Assumptions and
let n >0, fixt € (0,7), a € (0,1), R >0, and h > 0 such that

hR<t, R<e,..
Define the exact micro graph space
Mok = {® € D(THS,) 1 supp® C [0, R]}.

For ¢ € ;n;fa R, define
2 2 n* i 2
(196) 19l o= 191, + I T,

For ¢ € {Y, XY}, define the fixed-window exact micro Volterra operator
ithanr' Er— ER
by

. R
(U5 n®) () = [ (q= P 3Lft — bt~ h)®()dg,  0<r <R

Proposition 16.6 (Exact micro transfer closes on every fixed window). Assume the hypotheses
of Definition . Then for every ® € &%°, -

(i)
(197) supp (T, ®) C [0, R];

(i)
(198) VP h0,r (T a®) = VXY, 10 R in ER.
Proof. Set € := g}, o, and define

wy, = Ly pP.
Because supp ® C [0, R] and R < £~ !, one has
pe =20

and therefore, by ,

wy, = Lip® = LG)1.0.
In particular, wy, € &, and

supp(wp) C [t — hR, t].
Corollary with @ =t — h R therefore gives

supp(Siwp,) C [t — hR, .

By Proposition [14.9[(ii),

TP, @ = WDy Spwp,.
Since Sywy, is supported in [t — hR, t], its h-dilation is supported in [0, R|, proving .

Corollary [T4.6] gives
Viha(Tiha®) = 0%, 1 a®  in L2(Ry).

Because both ® and Tﬁl,ifaq) are supported in [0, R], the operators on both sides coincide with
their fixed-window restrictions on E'r, which proves . O

Proposition 16.7 (Operator-norm freeze of the exact micro Volterra pair on fixed windows).
Assume Assumptz’on firte€ (0,T), « € (0,1), and R> 0, and let i € {Y, XY}. Then there
exists Cy p < 00 such that for all sufficiently small h > 0 with hR < t,

(199) |05, . — Lt t)ﬁHi,RHﬁ(ER) < Cy gh.
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Proof. The difference kernel is
et r(ra) = (g = )2 (Li(t — hr,t — ha) — Li(t, ) 1o<r<q<ry-
Because L; is C! near (t,t), one has
|Li(t — hr,t — hq) — Li(t, t)| < Ct.rh for0<r<¢<R
when AR < t. Hence

| err

1
K r(r @) < Corh(q —m)" 21 o< cqeny-

Since this majorant is Hilbert—Schmidt on Ag, the Hilbert—Schmidt norm of the difference is
O¢,r(h), which proves (199). O

Proposition 16.8 (Weak graph compactness of the exact micro family on fixed windows).
Assume Assumptions and[{-1, let n >0, firt € (0,T), a € (0,1), R > 0, and suppose

0< Hxy < Hy < %
Let hy, } 0 with hyR <t and R < e,jnla for every n, and let
P, € BT R
satisfy
igli HCI’ansg,iﬁha’R < 0.

Then there exist a subsequence, still denoted (®,), and some

o € D(TR)
such that
¢, ~ P weakly in ERg,
P aPp — TR® weakly in ER.
Moreover,

[y, < liminf |2allope .

Proof. By Definition m and Proposition [16.6{(i), both (®,) and ( g‘é‘:“a@n) are bounded in
FE'r. Passing to a subsequence, assume

®, — 9, P o®n =¥ weakly in Eg
for some ¢,V € ER.
By Proposition |16.6(ii),

%ltc,hn,a,R< gl}lzi,a(bn) = %gs,t,hn,oz,R(bn'

Using Proposition [I6.7] exactly as in the proof of Proposition [I1.15] one obtains
?iic/,t,hn,a,R(I)n — ny(t, t)JHXy,R(I) Weakly in ER
and
mirgl,ltc,hn,a,R( ?ﬁi’a@n) — Ly(t, t)GHy,R‘IJ Weakly in ER.

Passing to the weak limit in the exact identity gives

Ly (t,t)3my rY = Lxy (t,t)Jtyy RO
By Definition this means ¢ € D(T?}R), and by injectivity of Jm, g,

U =30

Weak lower semicontinuity of the norm in Eg then yields the graph-norm liminf exactly as in
Proposition |11.15 U
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Corollary 16.9 (Fixed-window micro Mosco convergence). Assume the hypotheses of Proposi-
tion . Let hy, | 0 with hyR <t and R < E}:nla for every n. Define

P = { (@, 500 @) : @ € & 1} C Bp x Ep,
and define the fized-window model graph
Iy = {(®,50) 1 @ e D(p) |-
Then le,il‘jl’a’R — FJEIR in the sequential Mosco sense.

Proof. The weak-compactness direction is Proposition [16.8] For the recovery direction, Theo-
rem [16.3(iv) gives density of C2°((0, R)) in the fixed-window model graph norm, while Theo-

rem |15.6[ gives strong convergence of ?ﬁca to 72%001 on that smooth core, which coincides with

‘Z?}RIby Theorem [16.3(i). The same diagonal argument as in Theorem |11.18 and Corollary [11.19
therefore yields the Mosco recovery property on EFr X ER. [

17. BUFFERED MICRO TAIL FORCING

Fixed-window theory isolates the remaining nonlocal obstruction. Truncating a global micro
pair at an outer radius R breaks the exact Volterra identity on an inner window [0, Ry] only
through the tail beyond R. The defect is written exactly. After the same right-sided fractional
conjugation used in Section the resulting forcing is quantitatively small.

Definition 17.1 (Buffered micro tail operators). Assume Assumption fix t € (0,7),
a € (0,1), and suppose
0< HXY < Hy < %

Set

1 1
>\2=HY+§, M3:HXY+§7 p:=Hy — Hxy,

and let 0 < Ry < R. For h > 0 sufficiently small that hR < t and R < 5};2, define
Fnr = L*([R,e,.));

identified with its zero extension to L?(R4.). For © € F, g, define the target-side and source-side
buffered micro tail operators on L?(R ) by

1

) €ha
00) (WO )= [ (@ (et ha)O() da
-1
. € NeY _
00 @ ansO) )= [ (@ (bt = he)Bla) dy

for > 0. On the inner window [0, Ry], these reduce to (200]) and (201]) with lower limit R, since
Ry < R.

Proposition 17.2 (Conjugated target-side buffered tail forcing). Assume the hypotheses of
Definition [17.1. Then for every sufficiently small h > 0 there exists a bounded operator

tail
QYatvhﬁa,RO,R E ‘C(Fh,R7 ERQ)

such that for every © € Fy, g,

L ox il il ,
(202) WQ_ (W, 10 R0, RO) = Q34 10, Ro, RO in ER,.
Moreover, there exists Cyp, < oo such that
il -1 Lo
(203) HQ?t,h,a,Ro,RHL(Fh oEn) < Crrohy/€p o — R < Crpoh >
;R 0

for all sufficiently small h > 0.
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Proof. For 0 <r < Ry and g € [R, 5}7,104]7 define

ay,n(r,q) == Ly (t — hr,t — hq).
Since ¢ — r > R — Ry > 0, the function

kyng(r) = (¢ =) laya(r,q)

is C! in 7 on [0, Ro]. The same computation as in the proof of Proposition now with fixed
upper endpoint ¢, gives

1 al
m@ik‘y,t,h,q(ﬂ = Kg/tlh(r q) for 0 < r < Ry,

where

1

1
tail _ A1 _ o\ _
KYI0) = ~mrgmr g f 870 =) avenlr + (g =r)s.a)ds.

Hence Fubini’s theorem yields

1 ai ai
mgi(wgﬁtl,h,a,}%o, / Kf/tlh (r,9)©(q) dq

for almost every r € [0, Rg]. This defines the bounded operator

(Qg/altlhaRo R / - Kﬁlh (r,9)©(q) dg, 0 <r < Ry,

and proves (202)).

Because Ly is C1,
oayp(z,q) = —h 01 Ly (t — hz,t — hq),

so |O1aytn(z,q)| < Cih uniformly on {0 <z < ¢ < 5}72} Therefore
K@)l < G for0<r<Ro, R<q<e,

The kernel is Hilbert—Schmidt, with

< -1 _
L2([07R0]><[R,5;L]) - Ct’ROhma

which proves the first bound in (203]). Since E}:i = b1, one also has

tail
Y.t,h

hferl — R< hyfeyl =
which proves the second bound. O

Proposition 17.3 (Conjugated source-side buffered tail forcing). Assume the hypotheses of
Definition [17.1. Then for every sufficiently small h > 0 there exists a bounded operator

tail
QXY thoro.r € L(Fh R, ERy)

such that for every © € Fy, g,

(204) DN (W, 10 ro.2©) = Q1 0o RO in ER,.

I'(A)
Moreover, there exist Cy r, < 00 and Ci gy.o < 00 such that

1+a

S Ct,R()(R_RO) +Ct ,Ro, Ozh 2

tail
(205) HQXY,t,h,oc,RmR ‘E(Fh Rr.ERy)
[Ea%) 0

for all sufficiently small h > 0.
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Proof. For 0 <r < Rpand q € [R,E}:}X], define
aXY,t,h(’ra q) = LXY(t - h’l“,t - hq)
Exactly as in the proof of Proposition [I5.5, but with fixed upper endpoint ¢, one obtains

7©A ((q — ) laxyen( Q))(T) = K§a(r,9), 0 <7 < Ry,

I'(A)

where
K n(rq) o= Blg =)' (r,a) — (a = ) Pongi3 (r, )
and
gta};l( q) := - /1 0721 — 0)* Laxyn(r + (g —17)8,q) db.

t (N1 =) Jo o ’

Therefore Fubini’s theorem yields
1 ai ai
mgi(ﬂngﬂl/,t,h,aﬁo, / Kgﬂl’,t,h L q)@( ) dq

for almost every r € [0, Ro]. This defines the bounded operator

(Qg?iil/,t,h,a,Ro,R@)(T) = R Ktailt h(7" Q)@(Q) dg, 0 <r < Ry,

and proves (204)).
Since Lxy is C', one has

|gta11 ’l“ q)| < Ct, lalgtaﬂ 7“ q ‘ < Cth
uniformly for 0 <r < Ry and R < ¢ < sh . Accordingly, write
1 1 2
Kg?i/,t,h = Kg(z/,t,h + Kg{%ﬂt,hv

with
1 - 2 _
K n(ra)| < Cla—r) Y, K, 1(r )| < Cihlg —r) .

For Kgg,’t’h, Schur’s test gives

—1

€hia 1
sup [ (=) dg < S(R— o)
0<r<Ro /R B
and
Ro 1
sup / (q—r)_ﬁ_1 dr < —(R—Ro)_ﬁ
R<q<e; 1, 70 B
Hence
_ -8
(206) HKXY’t’hHL(Fh,R,ERO) = C't,Ro(R Ry)

For Kgg/,t,hv use the Hilbert—Schmidt bound:

2 9 Ry 5}7,}1 25
§ o
r(o Rolx ety = Ol / / (g =r)"dqdr

1-2
< Ct7Ro,ah2€hEX 5)7

|75
XYith

because 23 < 1. Since €y o = ',

1-26 1_(=a)(1-28) lta

hs}:cf =h" 2 <hz for 0 < h <1.
Therefore
(2) < 1ta
(207) HKXY,t,th:(Fh,R,ERO) < Cuomoah 2

Combining (206 and (| proves | -
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Theorem 17.4 (Buffered truncation defect for a global exact micro pair). Assume Assump-
tions and letn>0, firt € (0,T), a € (0,1), and suppose

0< Hxy < Hy < %
Let 0 < Ry < R, choose h > 0 sufficiently small that hR <t and R < ag}l, and let

S D( Elliz?oz)v U= zzlilz(,:a :

Define

<R ._ R ._ <R ._ R ._

=T =Dly g, BT i= Loy, VST i= Ul g, gt = VL)
Then:
(i) the windowed truncation defect satisfies
1 mi mi i i

(208) ng (mY,tfh,a,R‘I’SR - mX)g,t,h,a,Rq)SR) = O ha ko r® = QW o ReRTTH

mn ER() 5

(1) there exists Cy ry.o < 00 such that

1 i .
HF()‘)QA ( Vinar V= - QT?Yc,t,h,a,z%‘p<R)‘

Eg,
1+«

(209) < Curpa (B~ Ro) 107 ayy + 05 (197 ay + 1072 12qx,)) -
Proof. Because ¥ = Zglfil‘fa@, Corollary m gives
VYol =V, a®  in L(Ry).
Set € := ep,4. By Proposition [14.9(ii),
U = hPDy ,SiLippeP.

Since p.® is supported in [0,e71], the lift £;,p.® is supported in [t — he™1 t] = [t — h%,t].
Corollary therefore implies

supp(SeLi ppP) C [t — h*, 1],
and hence
supp(¥) C [0,
Splitting the exact Volterra identity at ¢ = R therefore gives, in Epg,,
i <R i <R il R il R

r)?,lt(,:h,a,R\IJ_ - m%?’,t,h,a,}%q}_ = Q:BBZ(MY,t,h,a,RO,R(I)> - m?;,h,a,Ro,R\I’> :
Applying Propositions and proves (208]). The norm estimate (209)) follows by applying
(203) and (205)) to the two tail terms and then using the triangle inequality. O

18. INTRINSIC EXACT FIXED-WINDOW SOLVER

The fixed-window graph spaces from Section [I6] were defined by restricting the global micro
transfer to compactly supported inputs. The exact finite-window problem can also be formulated
intrinsically. The windowed Volterra relation determines a unique closed solver, and that intrinsic
solver coincides with the supported-global graph.

Definition 18.1 (Intrinsic exact fixed-window graph). Assume Assumptions and let
n>0,fixte (0,T),ac(0,1), R>0, and choose h > 0 such that

hR<t, R<e,..
Define the intrinsic exact fixed-window graph by

P = {(®,) € Ep x Eg : DR, pU = V%5, 50.2® -
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Proposition 18.2 (Closed exact fixed-window solver). Assume the hypotheses of Deﬁm’tz’on
and suppose in addition that h > 0 is small enough for Corollary[15.4) to apply on the window
[0, R]. Then:
(1) TP a.r s a closed linear subspace of Ep X ER;
(ii) the operator th har Er = Eg is injective;
(iii) there exists a unique closed linear operator
;);L,CM,R : D( te,);z,a,R) C Er — Ep
whose graph is I'}}, |, -
Proof. The map . .
(@, 9) — VY1 0 Y — VXYt ha P

is bounded from Er x Er to ER, because both fixed-window Volterra operators are bounded.

Therefore I'y R being its kernel, is a closed linear subspace. This proves (i).
To prove 1nJect1v1ty, let ¥ € Ep satisfy

mic _
mY,t,h,a,R\Ij =0.

Since ¥ is supported in [0, R|, Proposition gives

. 1 . .
BYiharY = in(m%fh,a‘l’) =0  in FEg,
where A\ = Hy + % Corollary implies ¥ = 0. This proves (ii).
Part (iii) follows from (ii): for each ® € Epg there is at most one ¥ € FEpr such that
(®,¥) € I'y, ‘ha.r- Hence the closed subspace I'f}, | p is the graph of a unique closed linear
operator. U

Proposition 18.3 (Intrinsic and supported-global exact graphs coincide). Assume the hypotheses
of Proposition[18.2. Then

(210) D(TPha.r) = Olhia s Thar® = Tiha®  for every @ € B5°, p.
In particular, the graph of T ha.r is exactly
Tpier = {(2.T0®) : @ € &7, 1| C Bg x Br.
Proof. Let ® € ?;‘fa Ry and set
U= T;?,fa
By Proposition m(i), ¥ € FER. By Proposition m(ii),
Yenar? =T har® in Ep.
Hence (@, W) € I'}3, , g» SO
iho.r C D(Tih.a.R)

and ) )
f?}ha’R(I) = in;fa for every ® € ?,lilL?a,R‘
Conversely, let
S D( t, h QX R)
and set
\P = 1?270[7]{@ € ER
Then
(211) Yenar? =T har® in Ep.

Since ® and V¥ are supported in [0, R] C [0, 5,;3], one has
pé:h,oé(b = ¢7 th,a\Il = \II
Set € := €. By Proposition
0 Q[Yt haleV = sHYQJ%Ch o DEQ(XY,t,h,O([E(p = 5nym§i}9,t,h,aq>'
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Multiplying ([@211]) by v, using f = Hy — Hxy, and then applying [, together with [0, = I
from Lemma [14.2] yields
(212) Ayt hale PLT) = AxyspalP.
Now define
L ﬁ(a)[ o near L h—aﬂﬁ(‘l) —6[ i} near
Wh, = t,h € € t.h,a Up = t,h (6 € ) € t,h,a"
Using Proposition and (212)),
IDQO;L)KY,tuh = h_aﬁ—i_aHYQlY’t’h’a (8_5[5\1’)
= XY Uy o le®
= Dt(:J];)ICXY,twh-
Both Ky up and Kxywy, are supported in [t — h®,t], so Lemma implies
Ky up = Kxyiwp.
Hence wy, € D(S;), Stwy, = up, and
D = D wy € GBI,
Therefore ® € G}, . Moreover, by Definitions and
Tglliz(:oz = Eﬁaszt,h,a [sq)
= 5505(5_5[5\11)
=0V =p.V =10,
because supp ¥ C [0, R] C [0,e!]. This proves the reverse inclusion and completes (210). O

Corollary 18.4 (Intrinsic exact fixed-window graph norm). Under the hypotheses of Proposi-
tion define

2
n
[ @0 = B3+ T r®lB ® € DT 0n)-
s, o I/Y

Then D(T7}, o r)s equipped with this norm, is a Hilbert space, and the identification in (210)) ds

isometric:
mic

| P || @ex = ||<I>|]Q5;,’1;LC’Q’R for every ® € &7}, p.

t,h,a,R
Proof. Since T, a,R 18 closed by Proposition its graph norm defines a Hilbert space. The
isometric identification is exactly Proposition together with Definition [16.5 O

19. EXACT FIXED-WINDOW REGULARITY

The intrinsic windowed solver requires a domain description. This is the only point where
the argument uses an additional derivative of the slowly varying amplitudes. With that extra
regularity, the source-side conjugated operator splits into a diagonal multiplier times the fractional
model derivative plus a bounded lower-order remainder.

Definition 19.1 (Extra amplitude regularity on a fixed time horizon). We say that Assump-
tion holds with second-order amplitude regularity if each

L;, ie{Y, XY},
extends to a C? function on a neighbourhood of Ar.
Lemma 19.2 (Distributional model derivative on a fixed window). Assume
0<Hxy <Hy <3, [(:=Hy— Hyxy,
firt € (0,T), and let R > 0. For ® € Ep = L*(|[0, R]), define

R
@rr®)r) = [ (@=nPlg)de,  0<r<R
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and let
d

@dlst
Cdr

—J8,RP
in D'((0,R)). Then:
(i) ® € HO((0, R)) if and only if DFH® € Eg;
(ii) in that case,
(213) TR® = 7@“ in Eg,

I'(1—5)
where c; is defined in .

Proof. The equivalence in item (i) is exactly the classical finite-interval Riemann—Liouville
characterization of H?((0, R)) by the right-sided derivative, i.e. the rescaled version of the
analytic input invoked in Theorem [12.15] In particular,

H((0,R)) = {® € Ep : D@ € Eg},

and the map ¢ — ©d15t<1> is bounded from H?((0, R)) to Eg.
For @ € C2°((0, R)) Definition [8.1 and the proof of Theorem [16.3 give

TR = ¢, @——Ctd/R( —r)Pd(q)d
= ¢ ri_pyar ) @ q) dg,
which is exactly (213)) on the smooth core. Since C°((0, R)) is dense in H”((0, R)) by Theo-
rem (iv), Z?}R is closed with domain H?((0, R)), and ® @%ﬁ%@ is bounded on H?((0, R)),
the identity extends to every ® € HA((0, R)). This proves item (ii). O

Proposition 19.3 (Source-side conjugated decomposition on a fixed window). Assume Assump-
tion with the extra regularity from Definition . Fizt e (0,T7), « € (0,1), R > 0, and
suppose

0< Hxy < Hy < %

Set
1 1
>\2:HY+§, Mf:HXY+§7 p:=Hy — Hxy,

and define on Ap := {0 <r <q< R}

. 1 1

win = [ 01— Lxy(t—h —1)8),t — hq) db.
gt,h,R(rv q) F(A)F(l — )\) /(; ( ) XY( (T + (q ’f’) )’ q)

Also define

it Ly (OT() Ly (t,t)e
POT(1=-8)  T(1-5)
Then there exist hg € (0,t], Cy r < 00, a multiplier
Vrar € L(ER), (O, g®)(r) == mypa,r(r)®(r),

and a bounded remainder operator

'ﬁ'tw;Lnoz R € ‘C(ER)7
such that for every 0 < h < hyg:

(i)

(214) [mepar = Uleoio,r) < Crrh;
(i)

(215) IRl c(Er) < Crrb;

(iii) for every ® € C°((0, R)),

(216) mg)—\(m§§,t,h,aﬂq>) = Ly (t, )M} TR + & gD in ER.
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(iv) for every ® € ER,

1 mi LY (t7 t)Ct in i in .
(217) m@i (VXY 1. h.0.r®?) = TO-3) TR ROTR® + AT, gD in D'((0, R)),
Here the left-hand side denotes the distributional derivative of I~ )‘(mr)n(i}‘ii’h’aﬁ@).
Proof. Because Lxy is C2, the function gfv,iLnR is C2? on Ap, and
(218) lgi'r — 9" llc2(an) < Ctrh

for all sufficiently small h > 0. Define

WIin r r
My ha,R(T) = gtL(), 0<r<R.

gt
Then (214]) follows from (218).
For 0 <r <q<R,set
Gemr(m @) — ginR(r)
bt ha,r(T,q) = - ;

and extend continuously to the diagonal by
bt ha,R(T,T) = 3293#,113(7": r).
By , one has
(219) 1bt.h0,rllct(Ag) < CtrM.
Now let ® € C2°((0, R)). The proof of Proposition [15.5] gives

R
I‘(l)\)@)—\( §1}c/thaRq))( ) = —(Z,/T (q—r)” 69?}2113(7“ q)®(q) dgq

for almost every r € [0, R]. Decomposing

G R(rq) = g R (rr) + (@ = 7)bppa,r(r, q),

we obtain
1 A mic win d B —B
mg—(mXY,t,h,a,Rq))( r) = gthR(T' T)dr/ (q—r)""®(q) dg
, R

~ (@) ) [ (@ =)0 da

= [ =) b ar(r ) ®la) g
Since Ly(t.8

win _ hl _ Lyt t)e
gt,h,R(Ta T) = Gt mt,h,a,R(r) - F(l — ﬁ) mt7h,a,R(T)7

Lemma [19.2] yields

~gtialrr) o [ )P0l dy = Ly (OB TR0

Define &)}, g by

, R
(B, r®)(r) == — (D1g8'R) (r,7) /r (¢ —7)"®(q) dg

_ 4 / (@ — ) Pbopar(ra)®(q) da.

This proves (216)) on the smooth core.
It remains to show that 8"}, p extends boundedly to Er with norm O(h). For the first term,

([218) and the Hilbert-Schmidt property of the kernel (g —r) 5?1,  give an O(h) operator bound.
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For the second term, the lower endpoint contributes no boundary term because 1 — § > 0, so
differentiation under the integral sign yields

d R — rem
—%/ (q—7)""Pbpar(r,q)® dQ—/ thor(T,0)®(q) dg,
where
K9 (rq) = —(1=B)(q—7) Pbinar(r.g) — (@ — 1) " 01bypa,r(r,q).
By (219),

K5t m(r @)l < Corh((a—r) "7+ (a =)' )1AR(7“ Q)
and the right-hand side is Hilbert—Schmidt on A because § < 5. Hence follows.

To prove (217)), first note that the same Fubini computation as above shows that for every
® € Fp,

. R
TPV 10, r®) (1) = / (=) Pglir(r,)®(q)dg,  0<r<R

win

Because the kernel (¢ — r)_ﬁgt Py r(7,0)1a, (7, q) is square-integrable on Ag, the map
®— IR o 0@

is bounded from ERr to ER, hence the left-hand side of (217 defines a continuous linear map
Er — D'((0, R)) after distributional differentiation. By the boundedness of Jg r on Eg, the
definition of @%{St, and (215)), the right-hand side of (217)) is also continuous from Ep to
D'((0, R)). Since C°((0, R)) is dense in Er and (217) coincides with (216)) on the smooth core
by Lemma the distributional identity extends to every ® € Eg. O

Theorem 19.4 (Fractional Sobolev characterization of the exact fixed-window solver). Assume

Assumptions and and suppose that Definition holds. Let n > 0, fixt € (0,T),
€ (0,1), and R > 0, and suppose

0< HXY < HY < %
Then there exist hy € (0,t] and Cy g < 0o such that for every 0 < h < hy with

hR < t, R<enn,
the following hold:
(i)
(220) D(T5a,r) = H (0, R));

(ii) there exist bounded operators
thia, R Reha,r € L(ER)

such that Qlwm R is invertible,

win win
(221) H thaR ~ LEr HL(ER H t’h’o"RHL(ER) < Ct.gh,
and
(222) ?,);’L,O!,R(b = Z‘,]/ilr,la,R{Z?}Rq) + EYiiLr,la,R(I) fOT‘ every S HB((Ov R)),

(iii) the exact graph norm is uniformly equivalent to the H B norm:

(223) Ct_,}}i”q)HHﬁ((O,R) <@g < Cy RHq)HHﬁ ((0,R)) for every ® € HP((0, R)).

t,h,o,R —

Proof. Let hy be small enough that Proposition [19.3] and Corollary both hold for every
0 < h < hg. For such h, define

w i -1 wi w i W
t, lllna R ( ?ltc,h,oz,R) LY (t) t) t,;Lr,la,R) t, lllna R (%?ltc,h,a,R) ‘Rﬁf ;Lna R
By (183]), (184)), (214), and (215]), one has

|25 = Loy, < Crmhe | REak] ) < Cone

len
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after possibly shrinking hg. In particular 2[?;{1& p is invertible with uniformly bounded inverse,

which proves (221]).
Now let ® € C¢°((0, R)), and define

Uy, = A0, RTR® + R gD € ER.

By construction and Proposition [19.3

mic _ win hl win _ A mic
BY 0 rYh = Ly (6, )M RT R® + B0 r® = D2 (VXY 1402 P)

I'(A)
in Er. Exactly as in the proof of Theorem [I5.6] both
VY i hanPh and VRV, o n®

are compactly supported in [0, R], have the same conjugated A-derivative, and therefore coincide.
Hence
(q)7 \Ijh) € F?E,a,R’
so by Proposition [18.2]
Thar® =Y for every ® € C2°((0, R)).

Thus (222)) holds on the smooth core.

Since C2°((0, R)) is dense in H?((0, R)) and ‘Z?}R is closed with domain H?((0, R)), (222)
defines a closed operator on H?((0, R)). Passing to the limit along smooth approximations and

mic mic

using the boundedness of VY ihar and Dy, p, o g, we conclude that
HP((0,R)) C D(3F},0.5)

and holds for every ® € H?((0, R)).

For the reverse inclusion, let

® € D(Thar) =37 . r® € ER.
Then (@, ¥) € IT'{, , g, s0
YnarY =% har®  in Eg

Proposition [15.3](i) and Proposition [19.3(iv) therefore give
LY (t, t)Ct
I'(1-p)
in D'((0,R)). Since BY[, , gV € Er and 8}, z® € Eg, the multiplier M3, gy being
boundedly invertible for small A, shows that @dl&tCD € Er. Lemma then yields ® €

H?A((0, R)). This proves ([220), and (222) follows from the uniqueness part of Proposition m

Finally, (222), (221), and the boundedness of ( zv}lna R)_1 imply

155 0.2l 2r < Cor(1TRP e, + 12 EL),
1TV 2l 2 < Cor(1F55 0P ER + 1®lER)

for every ® € HP((0, R)). Combining these bounds with Theorem m(iii), which identifies the
model graph norm with the H”((0, R)) norm, proves (223). O

mic _ win dist win
ByiharY = tha,ROBRP + R har®

Proposition 19.5 (Conjugated characterization of the exact fixed-window graph). Assume the
hypotheses of Theorem [19.4. Then for every

e H((0,R)), Ve Eg,

the following are equivalent:

(i) (2, %) € TP, o RS
(i)
(224) P harY = Ly (6, )05, RT ® + /750, g in Ep.
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Proof. If (®,¥) € I'f}, , g, then
U= SthaR

by Proposition 2l Applying (2 from Theorem and then the definitions of SZKWlna R and
-D

Wma R gives (

Conversely, suppose ([224)) holds. Since ® € H?((0, R)), Theorem yields

\I/* : t h a, R(I) S ER

and
Ve har Vs = Ly (6 O gTERD + &Y 1D

in Fr. Subtracting from (224)) gives

B ar(Y — V) = 0.
Corollary [15.4] therefore implies ¥ = W,. Hence

((I)7 \I/) € te,};z,oz,Rv

which proves (i). O

Theorem 19.6 (Stable correction of a full-window conjugated defect). Assume the hypotheses
of Theorem[19.4 Then there exists Cyr < 00 such that for every

(I)EHB((OaR))7 \I’EERa
the conjugated defect

(225) Fohar(®, W) = BEL, o gV — Ly (8, )M, g TP — RT3, gD € ER
satisfies the exact correction formula
i -1
(226) thor® =Y = BV hanr) Sihar(®¥),
and the stability estimate
(227) | —<han®|, <Cin|88an@ )],
Proof. Let

=3 har(® ¥) € ER,
and define
V=W — (BYS,  p) [ €ER.
By construction,
PharY = Ly (6 OMI, pTR® + R0 g ®  in Ep.
Proposition therefore implies

((I) \II) thaR7

hence
I, _ ex
U= t,h,Oc7Rq)‘

This proves ([226]). The bound (227)) then follows from ([184)). O

Definition 19.7 (Smooth buffered cutoff on the micro half-line). Let 0 < Ry < R1 < Ry < 0.
A function

X € C%([0,00))
is called a smooth buffered cutoff with radii (Ry, Ry, Rs) if

0<x<1 on]l0,00), x =1 on [0, Ry], supp x C [0, Rs].
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Proposition 19.8 (Full-window commutator forcing for a smooth cutoff). Assume Assump-
tion fixt € (0,T), a €(0,1), and suppose
0< Hxy < Hy < 1.
Set . .
)\3:HY+§, Niszy+§, B:=Hy — Hxy.
Let 0 < R1 < Ry, let
x € C7([0,00)), 0<x<1,  suppxC[0,Rs],
and choose h > 0 sufficiently small that
hRy <t,  Ry<e,..

For © € L*(Ry), define on Eg, = L?([0, Ry]) the commutator Volterra operators

229 (R0, O)0) = [ (a1 (0) X)) Lyt et ha)O(a) da,

Eh,a _
(229) (WY 1,y ©) (1) 1= / (=" (x(q) = x(r)) Lxy (t = hr,t — hq)O(q) dg
for 0 <r < Ry. Then there exist bounded operators
CY?;?h,a,x’ g??t,h,a,x € E(L2 (R+)’ ERQ)

such that for every © € L*(R.),

1 .
(230) 72 (W en®) = Qifhan® 0 B
1 " . .
(231) mgi( Yt nax®) = QX4 hax© in Eg,.

Proof. Set € :==¢p,o. For 0 <r < ¢ < e, define
x(q) — x(r)
1) ==
X(T) Q) qg—r
and extend continuously to the diagonal by d,(r,r) := x’(r). Since x is smooth and compactly

supported in [0, Ry], the function &, is C* on
Ap,. ={0<r<qg<e'}

)

with finite C'' norm.
For the target-side commutator, write

-1

(W50 @) (1) = [ (0= 1), )Ly (¢ = hrt = hg)Oa) da

Exactly the same Fubini computation as in Proposition [I7.2] now with exponent ) instead of
A — 1, shows that

—1

TN W00 () = [ (@ 1)Frana(r0)Ola) da

where Fy; . is C' on A R,,e- Differentiating under the integral sign therefore yields

—1

1 COIM c com
B0 2 (0050, 0) () = Franar.1)0(r) = [ K§if (r.0)0(a) dg

for almost every r € [0, Rz], with bounded kernel
Kg/?t%,x(rv Q) = FY,t,h,x(Tv Q) + (q - T)alFY,t,h,x(rv Q)‘

Since Ag, . has finite measure, this defines a bounded operator Q% | € L(L*(Ry), ER,),

proving (230).
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For the source-side commutator, write
571

(WR0ar®) () = [ (@ =10, 0) Ly (t = bt — ha)Ola) da

Exactly as in Proposition [15.5] the same Beta-function computation gives

-1

€
P @) = [ g 1P Exvanadr, )00 do

where Fxytp,y is C'on A R, Because 1 — 3 > 0, differentiation under the integral sign yields

—1

F(l)‘)gi( g??t,h,oe,x@) (T) = _(1 - ﬁ) /: (q - 7")_,BFXY,t,h,X("47 q)@(Q) dq

—1

- / (g —7)"P01 Fxyny(r,q)O(q) dg

for almost every r € [0, Ra]. Since 8 < % and Apg, . has finite measure, both kernels are square-
integrable on Ap,.. Hence this defines a bounded operator QY , ., € L(L*(R,), Eg,),

proving (231)). O
Theorem 19.9 (Smooth buffered localization of a global exact micro pair). Assume Assump-
tions and letn>0, firt € (0,T), a € (0,1), and suppose

0< Hxy < Hy < %

Let 0 < Ry < Ry < Ra, let x be a smooth buffered cutoff with radii (Ro, R1, Rg), and choose
h > 0 sufficiently small that

hRy <t,  Ry<e,..
Let
® e D(TNS,), W= TPC,0.
Then:
(i) x® € HP((0, Ry)), and the localized pair satisfies the full-window defect identity

(232) S??;L,a,Rg (XCI)v X\Il) = CY(?IIfl,lh,a,X\IJ - S??,th,a,xq) in ERz;

(ii) on the inner window [0, Ry, the full-window defect reduces exactly to the buffered tail
forcing:

(233) 1[0,Ro]3§,)2,a,32 (x®,xV¥) = Qt)?i)lf,t,h,a,Ro,R1 ((1—X)‘I’) _Qg/a,g,h,a,Ro,Rl ((1—X)‘I’) in ERy;

(ii1) there exists Cy Rry.o < 00 such that

[t60808780 00 30|

Er,
_ lta
(234) < Crroa((Ri—=Ro) P+ 172 ) (I[(1 = )@ 2,y + 11— )Pl 2r.));
(iv) defining
T mi —lhex
(235) T = X — (BY i hars)  Sthars X2 XP),
one has

(X®, ¥3™) € I Ry -
Proof. Set € := €}, 4. Since x is supported in [0, Ra], one has
x®,x¥ € ER,.
By Corollary
VinaV? = 0%, 0P  in L2(Ry).

Multiplying by x(r) and subtracting from the Volterra operators applied to x® and xV gives,
on [0, Ry],

mic mic _ com com
mY,t,h,a,Rz(X\II) - mXY,t,h,a,Rg (x®) = wY,t,h,a,x‘lJ - wXY,t,h,a,X(I)'
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Applying Proposition and the distributional source-side decomposition (217)) from Proposi-
tion [19.3] therefore yields

: LY (t t)Ct 5 dist
mic \Ij — Y WIin @ 1S’ @
Y,t,h,a,Rg(X ) 71“(1 —B) t,h,a,R2~ B,Ro (x®)

win com com
+ ’ﬁ‘t,h,a,Rg (XCD) + QY,t,h,a,x\IJ - QXY,t,h,a,x(I)

in D'((0,Rz)). Since the rightmost two terms belong to Eg,, Lemma implies x® €
H?((0, Ry)). This proves the regularity claim in (i), and is now exactly the definition of
the defect 37, , g, (X®, xP).

For 0 < r < Ry, one has x(r) = 1. Since x =1 on [0, R1], (1 — x)O vanishes on [0, R;] for
every ©. Therefore

—1

(W20 W)0) == [ (a= 1P Lyt~ hryt = ha)(1 = x(0)W(a) dg

and similarly

6—1

(0L an®) (1) = = [ (g = Ly (t = bt = ha)(1 = x(0)) () da.

Because ® and ¥ are supported in [0, the functions (1 — x)® and (1 — x)¥ belong to Fj, g, .
Thus, on [0, Ry,

gf:;lh@XW = _mg%g,h@ﬁo,}%l ((1 - X)\Il)’
and likewise for the source side. Applying Propositions and proves (233). The bound

(234) follows from (203)), (205]), and the triangle inequality.
Finally, part (iv) is exactly Theorem applied with ® replaced by x® and ¥ replaced by

xV. O

20. QUANTITATIVE FIXED-WINDOW LOCALIZATION

Localization needs a reusable fixed-window estimate. The smooth-buffer theorem starts from
a global exact micro pair and produces an exact corrected pair on the localized window. On a
finite window, the commutator created by a smooth cutoff is controlled quantitatively by the
width of the transition layer. Exact fixed-window graph elements can therefore be localized with
an explicit loss.

Lemma 20.1 (Quantitative smooth buffered cutoffs). There exists a universal constant Cy < oo
such that for every

0< Ry < Ry <@

there exists a smooth buffered cutoff

XRi1,Rs € COO([Oa OO))

with
0 < XRi,rRs < 1, XRi,R, =1 on [0, Ri], SUpp X gk, C [0, Ral,
and
Cx Cy
(236) HX;?LRQHLOO(RH S Ry — Ry’ ||X/1,%1,R2HL°°(R+) < m
If
6R17R2 (Tv Q) = A (q; : ;(RLR2 (T)u 0<r<q< Ry,

with continuous extension dg, r,(r,7) = X, r,(T), then

1 1
@7 mmlooe <O g+ mogE)  Am=0<r<a< )
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Proof. Choose ¥ € C*°(R) such that
0<9<1, Y =1on (—o0,0], Y =0 on [1,00).
For 0 < Ry < Ro, define
r— Ry
XR17R2(T) = ﬁ(M) y T Z 0.
Then xr, R, is a smooth buffered cutoff with the required support and plateau properties, and
(236]) follows by the chain rule.
For 0 < r < g < Ry, the mean-value theorem gives
10k, R2 (1, @) < IXRy ol Lo R4
so the first term in (237)) follows from (236]). Moreover,

I _ / r .
0,01, 1y (1 q) = XRi1,R2(4) le,Z(j)TPxRL&( )(q )’

and the analogous formula holds for d,0r, r,. Taylor’s theorem therefore implies

1
1070 Ry, Ry (1, @)| + |00 Ry, Ry (1, @)| < 9 ”Xy%l,Rz HLN(RJr)v
which extends continuously to the diagonal. Combining this with (236)) proves (237]). O

Proposition 20.2 (Quantitative commutator control on a fixed window). Assume Assump-
tion fizt € (0,T), o € (0,1), and suppose
0< HXY < Hy < %

Then for every Ry < oo there exists Cy g, < 0o such that the following holds. Let x be a smooth
buffered cutoff with support in [0, Ra], define

x(q) — x(r)
ox(r,q) == qu Ay Ry = ||5x||cl(AR2),
and choose h > 0 sufficiently small that
hRy <t,  Ry<e,..
Then for every © € Eg, = L*([0, Rz)),
(238) [28cn®] , + [Q%Fen0x®], < CrmdrslOlnn,

Proof. Let © € Eg,. Since O is supported in [0, Rz], the formulas in the proof of Proposition
reduce to integrals over the fixed triangle Ag,.
On the target side, the kernel Fy; ; , appearing there depends linearly on d, and its first
derivatives, multiplied by bounded C' coefficients coming from Ly (t — hr,t — hq). Hence
HFY,t,h,xHC’l(ARQ) < Ct,R2AX,R2v

and therefore the kernel Ky%", | from (230) satisfies

1BV bl (A ry) < CrraAx Ry

Since Apg, has finite measure, the corresponding integral operator is bounded from Eg, to itself
with norm at most Cj r, Ay R,.
On the source side, the proof of Proposition [19.8] gives a conjugated kernel of the form

(q - r)_BFXY,t,h,X(Tv Q) + (q - T)l_ﬁalFXKt,h,x(ra Q)v (Tv Q) € ARza
with
IExvithllorag,) < Crre Ay R

Because § < %, the kernels

(q - T)_ﬁlARQ (T’, Q), (q - r)l_ﬁlARQ (Ta q)
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belong to L*(Ag,). Hence the source-side conjugated commutator operator is Hilbert—Schmidt
on Eg,, with norm bounded by Cy r,Ay r,. Combining the two bounds proves (238). O

Theorem 20.3 (Quantitative smooth localization of an exact fixed-window pair). Assume the
hypotheses of Theorem [19.4 Then for every Ry < oo there exists Cy g, < 0o such that the
following holds whenever h > 0 is sufficiently small and

0<R <Ry<e,,,  hRy<t.
Let x be a smooth buffered cutoff with support in [0, Ra|, and let

((I)v \I/) € ?ﬁz,a,Rz'

Define
x(9) = x(r)
5x(7"7 q) = ?a Ay R, = H5x||Cl(AR2)-

Then:

(i) x® € HP((0, Ry)), and the localized pair satisfies

(ii) the corrected output

X i —1loex
(240) U = XY = (BYihar) Sthar (X2 XY)
satisfies

(X®, UF) € I}, 0,R,5

(iii) one has the quantitative correction bound
(241) oz =], < Curatr (1@, +12]s,)
(iv) consequently,
(242) IX®llogs, 0 < Crro (L4 Ay ro) [ @log, -
If X = XR,,R, s chosen as in Lemma then

1
(243) "I’?;lﬂz - XRl,RQ‘I/HER2 < CyR, (

1
+
Ry— R (Rg— 31)2)

12l oe

t,h,a,Ro '
Proof. By Proposition [18.3
Qe nglliz(,:a,Ry V= ‘I?ilz(,:a ’

with both ® and ¥ supported in [0, Rg]. Repeating the proof of Theorem M(i), but now with
no outer tail contribution because ®, ¥ € Eg,, yields x® € H?((0, Rg)) together with the defect

identity (239)).
Part (ii) is exactly Theorem [19.6| applied to the pair (x®, xV). For part (iii), combine the
correction estimate (227)) with (239) and then invoke Proposition
§ohas (02X D) |
Ro

< Crra A ry (|9l gy + ¥R, )-

o - xal,,, < on

This proves ([241)).
Finally,

Toha,ry (XP) = UF
by part (ii), so using |x| < 1 and (241) gives

Ui
Il 0, < 190n, + 2 (D, + 195 = ¥, )
n
< Cuny 1+ Ayes) (1205, + 21, ).

which is exactly (242)).
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If X = XRy,R, is the cutoff from Lemma [20.1} then (243|) follows from (241)), (237)), and the
elementary bound

1PN ry + 1R, < Croy [|@llee O

t,h,a RQ
21. FIXED-WINDOW DUAL COLLAPSE AND ABSTRACT GLOBAL REDUCTION
The local estimates reduce global collapse to a localization passage from the global micro

graph to exact fixed windows. Two consequences have already been proved:

(i) on every fixed window, the exact micro dual norm collapses to 0 as h | 0;
(ii) any global localization principle reducing graph-unit micro sequences to fixed windows
forces the full observable micro dual norm to collapse as well.

Definition 21.1 (Global and fixed-window exact micro functionals). Assume Assumptions
and let n >0, fix t € (0,7), a € (0,1), and suppose

O<ny<Hy<%.

For .
® € D(Tha):

define the global micro graph norm

2
mic
(244) H@H@mw =2l em,) + 2 H‘Ztha ‘Lz(ﬂh)’

and the global exact micro functional
(245) P (@) = (0% ha ®) )~ (OFEha THE®) -
For R > 0 with hR < t and R <&, and

® € D(%th,a,r);

define the fixed-window exact functional

(246) Phar(®) = (080 ®) )~ (e Thar®) L
Finally, define the corresponding dual norms

(247) e = sup {| ATI(®)] : @ € D(TTIL), |®llggye <1},
(248) Par = S { A 0 p(®)] : @ € DT 0p), [®lless, <1}

Proposition 21.2 (Continuity of the global and fixed-window exact functionals). Assume the
hypotheses of Definition|21.1. Then:

mic mic .
(i) APC, is continuous on BY5C,;

(i) if R > 0 with hR <t and R < Ehoﬂ then A, , g 1s continuous on &7 | g.

Proof. Since g%‘;t o g%ch o € L*(Ry), Cauchy—Schwarz gives

mic

mic
t,h,a

AT (@) < 1% 2 .

which proves item (i) via (244). The fixed-window statement is identical, using (246 and
Corollary [18.4] O

Theorem 21.3 (Fixed-window exact dual norms collapse). Assume Assumptions and[4.1]
letn >0, fixte (0,T), a€(0,1), R> 0, and suppose

0< HXY < Hy < %
Then
(249) thar — 0 ashlO0

along every sequence with hR <t and R < z—:;}i.
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Proof. Suppose the claim fails. Then there exist ¢y > 0, a sequence h,, J. 0 with
hoR < t, R<ep!,,

and elements

(I) € D( thn a, R)
such that

|@alless, o <1 |AP0r(®0)] = .

By Corollary [18.4] and Proposmon we may regard ®, as elements of m‘C " o.p With the
same norm bound. Proposition [16.8 _ therefore yields a subsequence, still denoted ( ) and some

® € D(TR)
such that
(250) I weakly in Eg,
(251) Thna,R® T weakly in Eg.

By Theorem [14.10
gintl(}zn o — Li(t, t)¢m, strongly in L*(Ry)
for i € {Y, XY'}. Since ®,, and T 0, R®n are supported in [0, R], the pairings in (246]) may be
taken over E. Combining the strong profile convergence with - gives
At,hn,a,R((I)n) — LXY(t7 t) <wHXY7 (I)>L2(]R+) - LY(t7 t) <wHyv(Zt,R >L2(R+) :
The right-hand side is exactly A?II{(CI)), which vanishes by Corollary Hence
A 0.r(Pn) = 0,
contradicting [Af}, , z(®Pn)| > €o. O

Theorem 21.4 (Abstract global reduction from exact fixed-window localization). Assume the
hypotheses of Definition [21.1] Suppose the following localization property holds:

for every sequence hy | 0, every sequence
0, DT L) with  [Duflgme <1,
and every € > 0, there exist R < 0o, ng € N, and elements

o, € D(T,0r)  (n>no)

such that

(252) 1@nllees, < 1+e,

(253) ’A?ﬁi’a(fﬁn) - ?,);Ln,a,R(¢n)’ <e for every n > nyg.

Then

(254) O, — 0  ashlO.

Proof. Suppose fails. Then there exist ¢g > 0 and h,, | 0 such that
?l,ll‘;a > 4ey for every n.

By Definition choose '
@, € DT} )
with
[@nllgme <1, AT o(®0)] > 2€0.
Apply the localization property with € = ¢g. Then there exist R < oo, ng, and
&, € D(T5, 0r) (> o)

such that
@y |

t,hn,o,R

<1+ e,
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and . N

AT o(®0) = AT, o r(®0)| < o,
Hence, for every n > ny,

A, (®n)] > €.
After normalizing by 1 + €, this implies
€0

1+¢
which contradicts Theorem RT.3 O

F s, R 2 for every n > ny,

22. UNIFORM PROFILE TAILS AND BUFFER SELECTION
The unresolved global step is localization of graph-unit micro sequences on one common finite
window without losing the functional. Two preparatory facts follow from the existing theory:

(i) the micro profiles are uniformly tight in L?(R,) as h | 0;
(ii) every graph-unit sequence admits, after subselection, one common annulus on which
both the input and output masses are arbitrarily small.

Proposition 22.1 (Uniform tail tightness of the micro profiles). Assume Assumption fix
te€ (0,T) and a € (0,1), and let

ie{Y,XY}.
For every e > 0, there exist R. < oo and he > 0 such that

< < .
LRy = € for every 0 < h < h,

Moreover, R. and he may be chosen simultaneously for i =Y andi= XY.
Proof. Fix ¢ > 0. By Theorem [14.10}

Oitha — Lit,)Ym,  in L*(Ry)
as h | 0. Since L;(t,t)¢y, € L*>(Ry), there exists R. < oo such that

S
|0 Lit 0y < 5

mic ’

(255) Hl(Rs,oo)gi,t,h,a

Then choose h. > 0 such that
‘ gzr'?ti,ch,a - Lz(ta t)sz

Therefore, for 0 < h < hg,

<&
L2Ry) ~ 2

for every 0 < h < h,.

mic
H]'(Rg,oo)gi,t,h,a’ L2(Ry)

L2(Ry) = ‘ g?l,tl,(;l,a — Li(t, t)Ym,
+ Hl(REvOO)Li(t’t)wHi L2(Ry) se

This proves (255)). The simultaneous statement for i = Y and i = XY follows by taking the
larger of the two radii and the smaller of the two h-thresholds. O

Proposition 22.2 (Annular low-mass buffer selection for graph-unit vectors). Assume the
hypotheses of Definition let
P € D( gliiz(:a)> U= fﬁliifa )

and suppose
[Pllgpe < 1.

Fir A>0,0>0, and M € N, and define the disjoint annuli
Ii:=[A+(j —1)¢, A+ jt], j=1,...,M.
Then there exists j. € {1,..., M} such that

1

2
2 Ui 2
(256) 1@ 72(r,,) + gH‘I’HLQ(@*) S
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Proof. Summing over j = 1,..., M and using the disjointness of the I; gives
> (100 + 2190 ) < W0l + I e, = 0, <3
jZ::l @721,y + V}z/\ rary) ) S 1Pl + oz 1Y) e <1
Hence at least one summand is at most 1/M, which is exactly . (]

Corollary 22.3 (Common low-mass buffers along graph-unit sequences). Assume the hypotheses
of Definition|21.1. Let hy, | 0, and for each n let

¢, € D(T?,l;ii,a), U, = ‘3?1}1;; a ||<I>n||q5gj;5“a <1
Fir A>0,0>0, and M € N, and define
Ii:=[A+(j —1)¢, A+ jt], j=1,...,M.
Then there exist an index j. € {1,..., M} and a subsequence (ny) such that

2
2 n 2 1
(257) [Pr 727,y + g”‘l’nkﬂy(zj*) <qf Joreveryk.

Proof. For each n, Proposition [22.2] gives an index

gn€{l,...,M}

such that
@ nlBags, ) + 1Pl < 77
L (IJn) y}% L I ) - M
Since {1,..., M} is finite, one index j, occurs infinitely often. Passing to that subsequence gives
(1257)). O

Corollary 22.4 (Profile-tight common buffers). Assume the hypotheses of Definition |21.1. Let
h, 1 0, and let

Q€D L), W= T By [ Buflgme < 1.
Fize>0,0>0, and M € N. Then, after passing to a subsequence, there exist finite radii
0< Ro < Ri1 < Ry

such that
Ry — Ry > ¢, Ry — Ry = ¢,

and:
(i) forie {Y, XY},

(258) 0,001 8855 0]

(ii) the common transition annulus satisfies

<e or every n;
R v

2
n 1
(259) H(I)”H%Q([Rl,RQD + gH\II”H%Q([RLRQ]) < M fOT’ every n.
Proof. By Proposition after discarding finitely many indices there exists Ry < oo such that
(258) holds for both i =Y and i = XY for every remaining n. Set
A:= Ry+ L.

Applying Corollary with this A, the same K, and the same M, and then relabeling the
resulting subsequence, yields an index j* € {1,..., M} such that

||‘I)n||%2(1j ||\I’ HL2 ) < Vi for every n,

where

= [A+ (e = 1)t A+ 5]
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Now define

Ry := A+ (5. — 1)¢, Ry = A+ j.L.
Then Ry — Ry =4, Ry > A = Ry + ¥/, and therefore Ry — Ry > £. The annulus estimate is
exactly the displayed bound above. O

23. NON-ESCAPING SEQUENCES AND FUNCTIONAL CONCENTRATION

Common low-mass buffers do not by themselves localize every sequence. If a graph-unit micro
sequence escapes to infinity, the micro functional vanishes because the profiles are uniformly
tight. The remaining regime is the non-escaping one, where a fixed amount of graph mass stays
on some common finite window.

Proposition 23.1 (Escape to infinity forces functional collapse). Assume the hypotheses of

Definition (21.1. Let h,, | 0, and let

Cn € D(Thna)  Uni=Tha®n  [Calleme <1
Assume moreover that for every R < oo,
(260) [®nllz20,r) + I¥nllz2o,ry — 0 asn— oo
Then
(261) AT (@) — 0 asn — oo.

Proof. Fix ¢ > 0. By Proposition there exist R. and n. such that for every n > ng,
(262) 152 00) 875, | <e forie{Y.XY}.

L2(Ry) ™
By (260)), after increasing n. if necessary, we may also assume that for every n > n.,

(263) [Pnllz2(0,r.)) + ¥allz2(0,R.)) < &
Using ([245)), split both pairings at R.. For n > n.,

ATE o (@0)] < |10 218%5 0| 190l 20,121

+ Hl(Rg,oo)QI)n(in,t,hn,a’ o [®Pnll2ey)

| 110,288 o | o 10l 2207

+ Hl(Re,oo)El?i{fhn,a‘ Lo Walleey)-

The full L? norms of the micro profiles are uniformly bounded for large n by Theorem [14.10

Also,
vy
[®Pnll2ryy <1, 1Wnllr2@,) < —

because ||¢n‘|®;n}ilc < 1. Combining these bounds with (262 and (263) yields

)

lim sup ’Afl;llia(@n)) < Cinaye.

n—oo

Since € > 0 was arbitrary, (261)) follows. O

Corollary 23.2 (Non-escaping alternative for nonvanishing functional sequences). Assume the
hypotheses of Definition [21.1] Let h, | 0, and let

O, €D(TPC o)y Wn =T Dy, [@nllgme <1
Suppose that
(264) lim sup A7 (@,)] > 0.
n—oo

Then there exist Ry < 00, 6, > 0, and a subsequence, not relabeled, such that

(265) 1Pnllz2(0,r.)) + [¥nllr2(o,ra) = 0« for every n.
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Proof. 1f no such R, and . existed, then after passing to a subsequence one would have (1260))
for every R < oo. Proposition would then imply A% o(®5) — 0, contradicting (264]). O

Corollary 23.3 (Structured reduction of the global localization problem). Assume the hypotheses
of Definition [21.1]. To verify the localization hypothesis in Theorem [21.7]), it is enough to treat
graph-unit sequences

@, € D( gr,lfi;,a)v vy, = T?fﬁ o ||‘1>n||6;“;fna <1
for which, after passage to a subsequence, there exist:
(i) a finite radius Ry < oo and a constant §, > 0 such that
[@nllz2(jo,r.)) + [[¥nllL2(0,RM)) = 0x for every n;
(ii) for every prescribed € > 0, £ > 0, and M € N, finite radii
0<Ry<R; <Ry

such that
Ry — Ry > ¢, Ry — Ry = ¢,
and the profile-tail and good-buffer bounds (258) and (259) hold.

Proof. If A]{n}f a( n) — 0 already, then the localization hypothesis in Theorem is already

satisfied: for any ¢ > 0, taking ®,, :=0 on any fixed window gives
[Pnllogs  ,=0<1+e

and, for large n,
AT o n> — AT ar(@n)| = A o (@)] <.
Thus only sequences satisfying (264]) need to be considered. For such sequences, Corollary

gives the non-escaping head bound, and Corollary 22.4] then gives the common profile-tight
buffers after passing to a further subsequence. O

24. LOCALIZATION FROM FULL-WINDOW DEFECT CONTROL

The final global reduction has a definite form. A smoothly truncated global exact micro
pair must have a small full-window conjugated defect on one common finite window. The
correction theorem and the profile-tightness estimates then upgrade the truncated pair to an
exact fixed-window approximant with small norm loss and small functional loss.

Theorem 24.1 (Exact fixed-window localization from a small full-window defect). Assume the
hypotheses of Definition |21.1] Let h, | 0, and let

D, € DTV o)y V=T Oy, | @nlgme < 1.
Fiz radii
0< Ry < Ri < Ry < 0,

and let x be a smooth buffered cutoff with radii (Ry, R1, R2). Assume that for some e > 0 and
all sufficiently large n,

(266) 1 (81.0) 885 | gy € Jorie XY
(267) 555 @ x )| <
Ra
Define
~ . -1 -

(268) Uy, = x¥p — (%?Itc,hn,a,Rz) %’;hn,a,RQ (X(I)n, X\Iln)’
and set _

P, = xD,.

Then there ewists Cy gy, < 00 such that, for all sufficiently large n,
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(i) o
(B, W) € T, o’
(ii)
(269) |@allegs,. .o, < 1+ Crmanane:
(i)
(270) A (@) = AT .y ()| < Cmppame.

Proof. Part (i) is exactly Theorem applied to the pair (x®,, x¥p).
For part (ii), |x| < 1 gives

1®nllEp, < ®nll2@,) <1

By Theorem and (267)),
9, — X\I/nHER2 < Cipye.

Since |x| < 1 and H‘I’ans?;f <1

Vy
||X\I’n||ER2 < Wnll2gy) < S

Therefore using ||<I>n||2®mic <1,
thn,a

1alI3e

t,hp,a,Ro

T2 772 T2
= Hq’nHER2 + VTH‘I’nHER2
%
2
n 2
<Pl Zow,) + ~r (Wallz@y) + Crpec)
Y

2
2 Ul 2
< 1®nllze@.) + 5 1¥nllz2,) + Crhomove
Y
S 1 + Ct7R27n7VY€'
After enlarging the constant if necessary,
[Pnllee o <1+ ChRronuye

which proves 269
For part (iii), using -, and part (i), one has

P a(®n) = AP, a.ry (Pn) = <g%thn,a,<1fx>@n>
— (0¥h (1 =) Tn

— (¥, 00 Un — XV,

L2 (Ry)
>L2 R4)

>Lz’(R+) .
Because (1 — x) is supported in [R;, 00), the first two terms are bounded by

1100 085 | @02y + |11 00088 | 1902 -

Using (266]) and

vy
[®Pnll2ryy <1, 1nllr2m®,) < rE

these terms are at most (), ,, €. For the correction term, the full L?-norm of g%“fhn o, 1s uniformly
bounded for large n by Theorem (14.10, while Theorem and (267)) give

”\i’n - X\I/nHER2 < Ct,Rrye.
Hence the third term is also bounded by C g, 5. €, which proves (270). O
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Corollary 24.2 (Reduction of abstract localization to full-window defect control). Assume the
hypotheses of Definition[21.1l To verify the localization hypothesis in Theorem [21.7), it is enough
to prove the following statement:

for every sequence hy | 0 and every graph-unit sequence
@, € D( ?fi,a)? Uy, = ?fﬁ,a@na ||(I>n||®§“;f o <1,
which satisfies the structured reduction of Corollary[23.3, and for every e > 0, there exist common
radii
0< Ry<Ri <Ry <0
and one smooth buffered cutoff x with radii (R, R1, R2) such that, after passing to a subsequence

if needed, (266|) and (267)) hold.

Proof. By Corollary [23.3] it is enough to treat non-escaping sequences with a common head
window and common profile-tight buffers. For such sequences, if and hold, then
Theorem produces exact fixed-window approximants on the common window [0, Rg] with
arbitrarily small losses in both graph norm and functional value. This gives the localization
property required in Theorem [21.4 O

25. ANNULUS-OUTER SPLITTING OF THE FULL-WINDOW DEFECT

The full-window defect has two sources: the transition annulus and the outer tail. Because
the cutoff is constant on [0, R;], mass below R; does not enter the commutator. The annulus
[R1, Ry] is therefore the only local contribution, and its size is reduced to an explicit quantitative
bound. The complementary contribution is the outer tail (Rg, 00).

Proposition 25.1 (Annulus-outer decomposition of the full-window defect). Assume the hy-
potheses of Definition |[21.1). Let

0< Ry < Ri < Ry < 00,
let x be a smooth buffered cutoff with radii (R, R1, R2), and let
S D( ?,%?a)? U= ir,llilc,oz

Assume in addition that

hRy <t,  Ry<e,..

Define

O™ = DR, Ry PO = DL (p, ), U = UliR, Ry U = Ul (p, «)-
Then
(271) S r (XD, X)) = AT, (B, 0) + A4, (2, ¥)  in Ep,,
where
(272) Q‘?,I}l:a,x(q)a \Ij) = g’?zlh,a,xq’ann - g??t,h,a,xq)anna
(273) Q‘?,lllzt,a,x(q)’ \Ij) = gﬁfh,a,x‘l’om - S?lr}l,t,h,a,xcbom‘

Moreover, there exists Cy g, < 00 such that
(274) [ @0 < Comom, (19 2y o + 1] 22 ).
2

where
—x(r
AXRQ = HX(Q)X() s ARQ = {OSTSQSRQ}
q—T C1(AR,)
If x = XR, R, 15 the canonical cutoff from Lemma then

(275)
1 1

[ @ D), < Cos (g + G e) (1N + 1 )
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Proof. By Theorem [19.9(i),
g?ﬁl,a,Rg (Xq)7 X\Ij) = gzofhayx\ll - QCXO)I?mh,a’X(b in ER2~

Since
P = (I)]-[O,Rﬂ 4 (I)ann 4 (I)out7 U = \Ill[O,Rl] 4 \Ilann + \IIOUt,
linearity gives
855 (X2, ) = (D528 0 (W0, 21)) = Qe (PL0.1))
+ AT (2, 0) + AT, (D, 9).

It therefore remains to show that the first bracket vanishes.
Let © € L?(R,) be supported in [0, R1]. If the integrand in (228) or (229) is nonzero, then

r<q<R.
Because x = 1 on [0, R;], one has x(q) — x(r) = 0. Therefore
%fglh’a’XG = Qﬂ%?%’h,mx@ =0 on [0, Ra].
Applying and gives
O hax© = QXY 1.h,0,O =0 in Fg,,

which proves (271]).
For (274), note that 2™ Ww2" ¢ Ep . so Proposition applies:

N o
< Crro Ay, (V™| By + 197 4, )

which is exactly (274). The width estimate (275]) follows from (274) and Lemma [20.1] O

Proposition 25.2 (Uniform control of the annulus commutator). Assume Assumption fix
t€(0,T7), a €(0,1), and suppose

Er,

0< HXY < Hy < %
Fiz £ > 0. Then there exists Cyy < oo such that the following holds. Let
0< R < Ry < 0, RQ—Rlzf,

let x := XR, R, be the canonical cutoff from Lemma and choose h > 0 sufficiently small
that
hRy <t,  Ry<e,..

Then for every © € L*([R1, Ra)),
(276) [asx®],, +[a8nan®],, < Cuel®lan my

Consequently, for every

® € D(Tiha)s U= T%5,9,
one has
(277) ‘

iax (@0 < Corll @l + 1902 r a2
2

Proof. Let
So:=(R1—0)4, J =[S0, Ra).
Then |J| < 2¢, and the support of every © € L?([Ry, Rz]) lies inside J.
We first control the output on the local strip J. Since © is supported in [Ry, Ro] and x = XR, R,
satisfies the derivative bounds , the proof of Proposition restricted to the strip J,
gives

(278) HlJQCY?EIh,a,x@HERZ + ‘)1J’33??t,h,a,x@HER2 < Cral®ll 217y, o))
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because the output interval has length at most 2¢, the input interval has length ¢, and the
singular integrals in the source-side estimate are therefore taken over a set whose size is controlled
solely by ¢.

It remains to control the far-left part [0,Sp]. If Sy = 0, there is nothing to prove, so assume
So > 0, equivalently R; > ¢. For 0 <r < Sy and ¢ € [Ry1, Ra], one has x(r) = 1, hence

x(q) = x(r) = =(1 = x(q))-
Therefore, for every © € L?([Ry, Rs]), defining
6 := (1—x)© € L*([Ry, Ry)),

the commutator Volterra terms reduce on [0, Sy] to

com _ tail Pl
Yihax© = =W¥t ha,50,7, O

com _ tail
WYt hax© = = WXVt ha,50,R O

The proofs of Propositions and now apply with the additional information that 8
is supported in the interval [Ry, Ro| of length ¢. On the target side, the conjugated kernel is
uniformly O(h), so

“1[0750]93;;321}17&’X@HER2 S Cth\/ Sof HGHLQ([Rl,RQ])'
Since Sy < Ry < 5,:}1 = h*~1, this gives

(279) Hl[ovso]QCY??h,a,x@HERQ = Ct’EHGHLQ([RLRz])'

On the source side, the proof of Proposition yields a decomposition of the conjugated
kernel into a main term bounded by Cy(q —7)™#~! and an error bounded by C;h(q —r)~#. Since
r < Syp=R; —{and q € [Ry, Ry], one has

q—r >4
Schur’s test therefore bounds the contribution of the main kernel by
Crell®ll L2 1Ry, Ra))-

For the error kernel, the Hilbert—Schmidt estimate gives

1_
Ceh/So 027710 L2 ((ry ) < CollOll 2[Ry Ra)) -

Hence
(280) | 1050288 n.0n® ., < Crell@ll2m o).
2
Combining (278]), , and (280)) proves (276)). The pair estimate (277) follows from the
definition (272) and the triangle inequality. O

Corollary 25.3 (Good buffers imply annulus control). Assume the hypotheses of Definition |21.1].
For every € > 0 and every £ > 0, after passing to a subsequence, there exist common radii

0< Ry < Ry < Ry < o, Ry — Ry =14,

such that:
(i) fori € {Y. XY},
Hl(RLOO)gﬂiﬁlma‘ () <e for every n;
(ii) for the canonical cutoff XRr, Ry
(281) HQ[;%?MQ,XRDRQ (D), \Iln)HE <e  for everyn.

Ro
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Proof. Let Cyy be the constant from Proposition [25.2) and choose M € N so large that
v
Ctj (]. + Y) M_1/2 <e.
n

Applying Corollary 22.4] with this M, with this ¢, and with the same ¢, and then relabeling the
resulting subsequence, yields common radii

0< Ry < R1 < Ry < o0, R — Ry > ¢, Ry — Ry =14,
such that the profile-tail estimate beyond Ry holds and

n 1
H‘I)””%?([Rl,Rg]) + VTH\IITLH%%[RLRQ]) < i for every n.
%

Since Ry > Ry, the same profile-tail bound holds beyond R;, which proves (i). The annulus
mass bound implies

vy Lo
[Pl 22((R1,Ro)) + 1WnllL2(Rry Ry < (1 + 77) M2,

and after discarding finitely many terms we may also assume

hnRo < t, Ry < 5,::’ o for every n.
Proposition then gives (281)). O

Lemma 25.4 (Uniform separated buffered tail bounds). Assume the hypotheses of Defini-
tion[I71. Then there exist constants

Ct < o0, Ct,a < 0
such that for every sufficiently small h > 0,
tail «a
<
(282) HQY,t,h,a,RO,R ‘L(Fh,RaERO) < Cih?,
(283) HQE?%’t’h’a’RO’RHE(F; 2 Fn) < Ct(R — Ro)fﬁ + Ct,ahourﬁ*olﬁ.
1, Ry 0

Proof. The target-side estimate follows from (203) and the proof of Proposition since
Ry<R<eyt

o

henh —R< hyJeyh=h's <h®  (0<h<1),
which proves (282)).
For the source side, the main term is exactly (206]), hence bounded by C;(R — Ry) ™. For the
error term, the proof of Proposition [17.3] gives
<8l

< On2p. o~ (1-28)
XYt 20, Ro xRy 1)) = Cih”Roey, .

[0}

Since Ry < 5,:10[, one obtains

%55l e

which proves (283)). U

< Cyh 8}:7(1_6) _ Ct’ahoﬂr/ﬁfaﬁ’

«

Proposition 25.5 (Separated part of the outer-tail commutator). Assume the hypotheses of

Definition (21.1, Let
0<R1<R2<OO, E::RQ—Rl,

let X := XR,,R, be the canonical cutoff from Lemma and let
® € D(TPC,), U= TP, 9.
Assume
hRy < t, Ry < 5;?;-
Then

out tail out tail out .
(284) Lo, 7y A7 hax (22 ) = QXY 1 by R @™ — Q¥ has Ry Ry ¥ in ERy,
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and there exist constants Cy < 0o and Cy .y, < 00 such that

(285) 10 R 25 (@, )| < Gl 4 Crapan b

2

Eg

for all sufficiently small h > 0.

Proof. For 0 < r < Ry and ¢ > Rs, one has x(r) = 1 and x(¢q) = 0. Hence
x(q) = x(r) = —1.

Therefore, on [0, R;],

com out __ tail out
Y:t,h»a:X\IJ - _Qﬂy7t7hvo‘7RlzR2\I/ !
and similarly 1
com out __ tai out
XYt hax® " = ~WXviha R RD -

Applying (230), (231)), (202]), and (204]) yields (284)).

Now use Lemma 25.4 with Ry = Ry and R = Rs:
t tail t
|t r @ (@ 0|, < | Q8 0 m P

‘2

< (Gl + Crah® 7 0) || 2, ) + Coh® ([ L2 g, .

tail out
+ HQYth Ri,R, Y
ERl ZUZIC PP a5 RY 2 5] ERl

Since
v

Y
10 2ry ) < 1@l r2my) < 1, 1 2y < ¥l p2ry) < o
and hotA—aB < he for 0 < h < 1, this proves (285)). O

Corollary 25.6 (Localization reduces to boundary-strip outer-tail control). Assume the hy-
potheses of Definition [21.1]. To verify the localization hypothesis in Theorem it is enough
to prove the following statement:

for every sequence hy, | 0, every graph-unit sequence
Cn € D(Thea)  Uni=Tha®n  [Calleme <1,
which satisfies the structured reduction of Corollary[23.3, and every € > 0, there exists £ > 0
such that after passing to a subsequence and fixing the common radii
0< Ry < Ry < Ry < o0, Ry — Ry =Y,
and the canonical cutoff X = XR, R, supplied by Corollary one has

(286) HI[RI,RQ]Ql?},‘fn’a’X(@n, \IJN)HER <e  for everyn.
2

Proof. Choose ¢ > 0 so large that

Cit™? <e,
where C} is the constant from Proposition By Corollary after passing to a subsequence
we may assume that the common profile-tail bound holds beyond R; and that

HQ[;?LI:W’X(@”, ‘I’n)HER <e for every n.
2

After discarding finitely many terms one also has
h,Ro < t, Ry < 5};17& for every n,

and
Cramuyhn <€ for every n.
Hence Proposition gives

Hl[ole]Qla‘,‘;’mX(@n, \IJn)HER <2 for every n.
2

If (286]) also holds, then

HQL?L;: anx (Pns ‘I/n)H < 3e for every n.
PRSI0 el ER2
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Together with the annulus bound and Proposition [25.1] this gives

|

The profile-tail bound beyond R; and Theorem therefore give exact fixed-window approxi-
mants with arbitrarily small losses in norm and functional value. By Corollary this verifies
the localization hypothesis in Theorem O

Fh o Rs (x®n, X‘I/n)H < 4e for every n.
yHm ER2

Remark 25.7 (Explicit form of the annulus term). Proposition removes the annulus contri-
bution from the list of hidden unknowns. It is the explicit operator AP« and Proposition
and Corollary now show that this annulus term can be made uniformly small along structured
non-escaping sequences. Thus the remaining global work is reduced to the strip contribution
1ig,, RQ}Q[?}}I:, ax: As Section [28| shows, this is no longer a tail-driven quantity once the exact micro

transfer identity is used.

26. FLAT OUTER-EDGE STRUCTURE OF THE CANONICAL CUTOFF

The boundary-strip term is created where the canonical cutoff meets the outer edge Ro. The
needed property is stronger than C?. Because the profile used in Lemma is identically zero
on [1,00), the rescaled cutoff is flat to every order at Ry. This flatness softens the conjugated
commutator kernels in the strip analysis.

Lemma 26.1 (Arbitrary-order flatness at the outer edge). For every pair of integers m > 0
and k € {0,1,2}, there exists a constant

Cx,m,k < o0
such that for every 0 < Ry < Ry < 00, the canonical cutoff xr, r, from Lemma satisfies
(k) (Ry —r)™
(287) ’XRI,RQ(T)‘ < CX’m’kW for every r € [Ry, Ra).

Proof. Recall from the proof of Lemma [20.1] that

r— R
XR1,R, () = T9(RQ_R1> ) r >0,

for some fixed ¥ € C*°(R) such that
v =1on (—o0,0], ¥ =0 on [1,00).

Hence, for every k € {0, 1,2}, the derivative 9(*) vanishes identically on [1,00), and therefore all
one-sided derivatives of 9(¥) at 1 vanish. Since 9*) is smooth on a neighborhood of 1, Taylor’s
theorem at the point 1 shows that for every m > 0 there exists C ,, » < oo such that

’19(’“) (u)’ < Cymp(l—uw)™ for every u € [0, 1].

Now let R
r— Iy
= ——¢€/0,1].
Then )
k k
and
|y f2—r
- Ro— Ry’
Substituting these identities into the previous bound yields (287)). U

Corollary 26.2 (Boundary-strip decay of the cutoff quotient). Let 0 < R; < Rp < oo, set
¢ := Ry — Ry, and let x g, r, be the canonical cutoff from Lemma|20.1, For r € [Ry, Ra] and
q > Ry, define

XR1,Rp\4) = XR1,Rp T XRy, Ry (T
6R17R2<TaQ) = L 2( ) 1 2( ) __ AR 2( )
q—r g7
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Then, for every integer m > 0, there exists C\y n, < 00 such that

(Rg —m)™
< -
(288) |5R1,R2(T7 q)| <C ,1M gm(q _ T) ’
(Bp—m)™ | (Ro—1)™
@9 1m0+ 10,0m )] < Com (g ST,
Proof. The identity
XRy Ro (T
ORy,Ry (15 Q) = —ql_zr()

follows because xg,,r,(q) =0 for ¢ > Ry. The bound (288)) then follows from (287)) with k& = 0.
For the derivatives, direct differentiation gives

X,k (1) XRiRo () XR1,Rs (T)
.6 _ _\Ri,R . LA S LR\
9 R1,R (Ta Q) qg—r (q — T)Q 8 R1,R2 (7’ q) (q _ T)Q
Applying (287) with £ =0 and k = 1 yields (289)). O

27. CROSSING-SEGMENT GEOMETRY AT THE OUTER EDGE

The remaining boundary-strip term comes from Volterra segments that start at r € [R1, Ro]
in the transition annulus and end at ¢ > Rs. The canonical cutoff vanishes once the segment
crosses Ro, so each weighted Beta-average samples only the initial fraction
R2 - T

PR1,Ry (T’ q) = € [Oa 1]'

The strip analysis combines this truncation geometry with the exact conjugated Volterra formulas.

Lemma 27.1 (Weighted segment truncation across the outer edge). Leta < 1, b > —1, m € Ny,
and k € {0,1}. Then there exists a constant

Ca,b,m,k < 00

such that for every 0 < Ry < Ry < oo, with ¢ := Ry — Ry, the canonical cutoff xXr, r, from
Lemma satisfies

(290) / 671 — 6)° ‘X%?,FQ(T + (¢ — 7“)9)‘ d0 < Copm.k TR (Ry — )™ PRy Ry (T gt
for every r € [Ry, Ro| and every q > Ra.
Proof. Fix r € [R1, Rp] and ¢ > Ry, and set p := pr, r,(7,¢). Then
r+(qg—r)0 > Ry whenever 6 > p.
Because xR, g, vanishes identically on [R2, 00), the integrand in is zero for 6 > p. Hence

/ oo g}RZ(r+(q—7«)0)(d9:/()p9a 0) |\l + (a —)60)| do.
For 0 < 6 < p, the point
r:=r+(qg—r)f
lies in [R1, Rs2], and
Ry—x=Ry—1r—(q—r)0=(q—1)(p—0).
Therefore Lemma [26.1] gives

K (Rg — )™ (q—r)"(p—0)"
‘X(Rl),RQ (.’L‘)‘ S CX’m’kW = Cvavk €m+k

for every 0 <6 < p. Hence

m m+1 a

q—r L .
x,m,k( g)mfk /Ou (1= pu)*(1 = u)™ du.
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If b> 0, then (1 —pu)’ < 1. If =1 <b < 0, then 1 — pu > 1 — u, hence (1 — pu)® < (1 —u)’. In
both cases

1
/ w1 = pu)’(1 — u)™ du < Cypm < 00.
0

Since (¢ — r)™p™ = (Ra — )™, this proves (290). O
Proposition 27.2 (Outer-edge Beta averages for the canonical cutoff). Assume Assumption
fixt € (0,T), and suppose
0< HXY < Hy < %
Set
1 1
)\::HY‘f'ia N::HXY‘f‘i'

Let 0 < Ry < Ry < 00, let xr,,r, be the canonical cutoff from Lemma set £ := Ry — Ry,
fix m € Ny, and define for r € [R1, Ra], ¢ > Ro,

edge 1 1 _
9y th iy o (T Q) 7= F()\)F(l—)\)/o 0~ (1 = 0) Xy, o + (g —7)0)
(291) «Ly(t — h(r + (¢ —1)8),t — hq) db,
edge 1 1 _ _
gXYt h,R1, 32(7“ q) = F(A)F(l—)\)/g 0 /\(1 —0)* 1XR1,R2(7“ +(g—1)0)
(292) - Lxy(t — h(r + (g — r)8),t — hq) db.
Then there exists Cy,, < 0o such that
edge

(293)

9y 1y (1 @) + |55 1y, (7 0| < Com €7 (B2 = )™ piy o (r,0)' ™

for every r € [Ry, Ro], every q > Ra, and every sufficiently small h > 0 such that hRs < t.

Proof. Because Ly and Lyy are continuous on compact subsets of {0 < s < u < T}, one has
|Ly(t — h(r+ (¢ — )0),t — hq)| + |Lxy(t — h(r + (¢ — r)0),t — hq)| < C}

uniformly for the indicated range of parameters. Apply Lemma with

a=A, b=\, m=m, k=20

o (291)), and with
a =\, b=p—1, m=m, k=0

to (292). Since A < 1 and p — 1 > —1, both choices are admissible and yield (293)). O

Proposition 27.3 (Derivative bounds for the outer-edge Beta averages). Assume the hypotheses
of Proposition . Then there exists Ct, < 00 such that for every r € [Ry1, Ra], every ¢ > Ra,
and every sufficiently small h > 0 such that hRs < t,

edge edge — -m m _
(294) 87”thgh JR1,Ry (r, Q)‘ + 8TgX1g},t,h Ri,Ry (r, Q)’ < Cm(l YR (R — 1) PR1,Ry (T Q)"

Proof. Differentiate (291)) under the integral sign. Since
Oh(r+(g—r)0)=1-06,

one obtains

aTg}e/dth Rl RQ (71 Q) 1 — / 0 )\+1 /1_21 RQ(T + (q —_ 7«)0)
- Ly(t — h(r + (g —1r)0),t — hq) db
- o T 0 il + (0= 0

- O1Ly(t — h(r + (¢ —r)8),t — hq) db.

Because Ly and 04 Ly are uniformly bounded on the compact set under consideration, applying
Lemma 27.1] with
a= A, b=X+1, m =m, k=1
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to the first integral and with
a =\, b=X+1, m=m, k=0
to the second gives
d - - _
arg;’EZ7R1,R2 (Tv q)‘ < Ct,m(é ! + h)f m(R2 - T)mpRth (Tv Q)l >\-

The source-side estimate is identical. Differentiating (292)) yields

d 1 L
aﬂ;%ﬁﬁﬂb“ﬂ)::Lﬂwﬂ;GAﬂ—QWM%&Q+%q—m®

ROV
- Lxy(t —h(r+ (¢ —r)0),t — hq) do
- o O+ 0= 10
TV =) Jo B

. 81ny<t — h(T + (q — 7“)9),75 - hq) de.
Now apply Lemma [27.1] with

a= A\, b=u, m=m, k=1

and

a=A, b=pu, m=m, k=0.
Since p > 0, both choices are admissible, and they give the same bound for 8rg§§1}g,et h.Ri Ry
Combining the two estimates proves ([294]). O

Proposition 27.4 (Exact strip kernel representation for the outer-tail term). Assume the
hypotheses of Definition |21.1. Let

0< R < Ry <00, f:= Ry — Ry,
let X := XR,,R, be the canonical cutoff from Lemma and let
Qe D( ?é?a)? U= (Zir,ll”ch,oz :
Fiz m € Ny. Assume
hRy < t, Ry < E};i.
Then there exist integral operators
d d 2 -1
Q;E;Rl,RQ’Qi(gg/?t,h,Rl,Rg € L(Fh,r,y, Er,), Fhr, = L*([Ra, €, ,])
such that
d d .
(095) Ly A (B 0) = O g U Q8 in B
Moreover, these operators admit kernels Kf,flf;Rl,Rz and K‘;gg,;h’RhRQ, supported in

{(r,q) : Ri <7 < Rz, ¢ > Ry},
such that for r € [Ry, Re] and q > Ra,

(296) ’K;?t%Z’R17R2 (7", Q)‘ < Ct,m(£_1 + h)ﬁ_m(R2 - T)mpRLRQ (7", Q)l_A7
edge —-m m —B— _
‘KXﬂg/,t,h,Rl,Rg (7’, q)‘ < Ct7m€ (R2 - 7’) (q - T) A 1pR1,R2 (Ta Q)l A
(297) + Com (0" + BY™(Ry — 7)™ (g — 1) P pry Ry (r0)'

Proof. For r € [Ry, R2] and ¢ > Ry, one has x(¢q) = 0. Hence

x(q) —x(r) = —x(r).
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Therefore, when restricted to the outer tail ¢ > Rs, the commutator Volterra operators from
Proposition [19.8 are exactly

( gg{?h,a,xqjout) (7’) = _/

Ry

—1
“hia - ou
(g —r)* "X (r)Ly (t — hr,t — hq)U°™(q) dg,

1

6;’“ - ou
(WP 1,0 @) (1) = — /R (g — )" 'x(r)Lxy(t — hr,t — hq)®°"(q) dg.
2

Applying (230)) and (231]), and then restricting to [R1, Ra], gives (295 with the corresponding
strip operators.

For the target-side bound, fix ¢ > Rs and set

d,
a;§Z7R1,R2 (’I’, Q) = _X<T)LY(t - th t— hQ)
The same fixed-q computation as in Proposition yields

1
Ky Ry (1) = —m /0 01— 0) 01055 o (r+ (q —1)8,q) db.
Since
81a§’/(71§;R17R2 (x,q) = =X (z) Ly (t — hx,t — hq) + hx(z)01 Ly (t — hx,t — hq),
Lemma applied with
a=A, b=\, m=m, k=1
to the first term and with

to the second, gives ([296]).
For the source side, the same fixed-¢ computation as in Proposition [17.3] gives

d —B—1 _ed - d
KXY pi,r, (1 0) = Bla—71) g IXY bRy Ry (T @) — (@ —7) Barggﬂg/?t,h,Rl,Rg (r, q).
Now combine Proposition with Proposition to obtain (297)). This completes the
proof. O

Remark 27.5 (Interpretation of the strip analysis). Proposition identifies the first unavoidable
geometric factor in every outer-strip computation:
R2 _ 7,,> 1-X

1-X
PR1,R2 (Tv Q) = ( q—r

Proposition 27.4] sharpens this reduction. After retaining arbitrary-order flatness, every strip
kernel carries the extra factor £~ (R —r)™, but the source strip kernel still contains the singular
prefactors (¢ — r)™#~! and (¢ — r)”. So the unresolved boundary-strip estimate is no longer
about cutoff regularity alone; it is about how that boundary vanishing interacts with those
source-side singularities and, ultimately, with the target/source cancellation inside the full defect.

28. EXACT STRIP REDUCTION TO ANNULUS DATA

The explicit edge kernels present the strip term as an outer-tail object. For a global exact
micro pair, the boundary-strip outer-tail contribution is determined entirely by the transition
annulus [Ry, Ra]. The true tail (Rg, 00) disappears once the exact micro transfer identity is used.

Definition 28.1 (Annulus-driven preconjugated strip discrepancy). Assume the hypotheses of
Definition RT.1l Let

0< R; < Ry < 00,
set

1 1
)\:ZHy+§, N::HXY+§-

Let X := XR,,R, be the canonical cutoff from Lemma [20.1} and let
Ox, Oy € L*([Ry, Ry)).
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Define the annulus-driven preconjugated strip discrepancy by

(298) (00,1, R, (Ox, OY)) (1) == x() /TRZ)(q — )M 'Ly (t — hr,t — hq)®y (q) dq

for r € [Ry, Rz, minus

Ry
xr) [ (=1 Ly (¢ byt~ hg)Ox(q) da
and set
321}1‘3&7R1’R2(9X, Oy)(r):=0 for r ¢ [R1, Ra].

Proposition 28.2 (Exact strip outer-tail reduction to annulus data). Assume the hypotheses of

Definition[21.1. Let

0 < R; < Ry < oo, X *= XRi,Ra»
and let
e D(TNS,),  Wi=TPC,0.

Define

O = LR, py, POt .= ¢>1(sz5;106],

U= Ulig, gy, O i= Vg, ety
Assume

hRy < t, Ry <&l

Then
(299)  Lryro) (WEhan U™ = WP nan @) = U0 gy, (B0, ™) in Ep,.

In particular, the boundary-strip outer-tail defect

1[R1,R2]Q[?,1;Lt,a,x(q), \I’)
depends only on the annulus restrictions ®*"™ and Wa™,

Proof. Set € := ep o. By Corollary [14.6]
VP oV = TR 0®  in L2(Ry).
Fix r € [Ry, Ry]. Since
U = \I/ann 4 \I,out and P = Jpann 4 (I)out
on [r,e71], and there is no contribution from [0, R;] because ¢ > r > Ry, the exact micro transfer
identity gives
Ro e~ 1
/ (g =) 'Ly (t = hr,t — hq) U™ (q)dg + | (q—r)* "Ly (t — hr,t — hq)¥°"(q) dg
r Ro

R>
= [ @=Ly (¢ Bt~ b (q) dg

5—1

- (q—r)r !
Ry

x Lxy (t — hr,t — hq)®*"(q) dg.
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Rearranging yields
-1

() /R (¢ — ) Ly (t — hr,t — hq)¥°™(g) dg

+x(r) /RE (¢ — )" ' Lxy (t — hr,t — hq)®°"(q) dq
Ro ’
= x(r) / (¢ — T’))‘_lLy(t — hr,t — hq)¥*"(q) dgq

R>
—x() [ g = ey (0= Bt — h) B ) do.
'
Because x(q) = 0 for ¢ > R, the left-hand side is exactly

(W?h,a,x\yout - CXOQt,h,a,XCEOUt)(T)a
while the right-hand side is
(UE R0, Ry, R (B, W) ().
This proves for almost every r € [Ri, Rg], and both sides vanish outside [R1, Rs] by

definition.
Finally, 1(r, g, ?‘;Lt ax (®; ¥) is obtained from the left-hand side of ([299) by the fixed conju-

gation formulas (230f) and (231)). Therefore it is completely determined by ®*"" and ¥"" as
claimed. ]

Corollary 28.3 (Reduction of the strip problem to annulus-local data). Assume the hypotheses
of Corollary[25.6. Then the localization hypothesis in Theorem [21.4) will follow once one proves
the following statement:

for every structured non-escaping graph-unit sequence and every € > 0, there exist common radii
0< Ry <Ry <Ry<oo

and the canonical cutoff xR, r, such that, after passage to a subsequence,

(300) Hl[Rl,RQ]QlZUt (P, \Iln)HER2 <e for every n,

hn7a»XR1,R2

with the understanding from Proposition [28.9 that the left-hand side is now a functional only of
the common annulus restrictions

@nl[Rth], \I/n]-[Rl,RQ}'
In particular, no genuine outer-tail degree of freedom remains in the final strip estimate.
Proof. Corollary combined with Proposition [28.2] gives the reduction. The exact micro

transfer identity changes the status of (286)): it is no longer a tail-forcing quantity, but an
annulus-local quantity. O

Definition 28.4 (Admissible annulus traces and exact strip operator). Assume the hypotheses
of Definition RI.1l Let
0 < R; < Ry < 00, X = XRi,Ro-
Define the admissible annulus-trace class
aryRs C L([R1, Ra]) x L*([Ry, Ra))
to consist of all pairs (O, Oy) for which there exists
S D( ?ii?oa)? U= (erfr,lilzc,a )

such that
@X = (I)]-[R1,R2]7 @y = ‘;[j]-[Rl,Rg]'
For every (Ox,0y) € tho.Ri Ry define
(301) ?,Iilzr,la,Rl,Rg (@Xv @Y) = 1[R1,R2]Qlallllt,a,x(q)7 \I/) € ER,,

where (®, V) is any global exact micro pair realizing the annulus traces (O x,Oy).
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Proposition 28.5 (Well-definedness of the exact annulus strip operator). Assume the hypotheses
of Definition W Then the definition (301)) is independent of the chosen realizing global exact
micro pair. In other words,

ann . gann
thyo,R1,Ry * At h,a,Ri,Ry — ERy

s well-defined.

Proof. Let (&M, ¥(M) and (3, ¥(?)) be two global exact micro pairs with the same annulus
traces:

@(1)1[R17R2] — (I)(Q)]-[Rl,Rg]a \11(1)1[R17R2] — \II(Z)I[RLRQ}'
Then Proposition [28.2) applies to both pairs and gives
gy Ro AT h o (@, OW) =90 o p (@R, Ry, O R, 1y),
LR, Ry A0 oy (@2, U)) =4 o e (@15, gy, WP (R, 1ry)-

The right-hand sides are equal because the annulus traces agree. Hence the two realizations of

(301)) coincide. O

Theorem 28.6 (Annulus-strip boundedness reduces the global problem). Assume the hypotheses
of Definition |21.1. Suppose that the following annulus-strip boundedness property holds:

for every £ > 0 there exists Cyy < 0o such that for every sufficiently small h > 0, every pair of
radii
0<R1<R2<OO, RQ—R1:€,
and every admissible annulus trace
(@X’ ®Y) € A?,IIIZI}CX,RLR27

one has

(302) & ok Ry (Ox, Oy) < Cre([1Ox Nl L2 (1Ry, Ra)) + 11OV [ L2([R1,R2)))-
Eg
2

Then the localization hypothesis in Theorem holds. In particular,
(303) P, — 0  ashlO.

Proof. By Theorem it is enough to verify the localization hypothesis. By Corollary it
is enough to verify the full-window defect control required there. By Corollary 23.3] it is enough
to treat structured non-escaping graph-unit sequences

P, € D( gliiz(;,a)v Wy o= ‘I?}izi,aq)na ||‘1>n||6§“;f N <1
Fix € > 0. Choose ¢ > 0 so large that
CitP <e,

where CY is the constant from Proposition Let Cy be the constant from the annulus-strip
boundedness hypothesis (302]), and choose M € N so large that

Ch (1 + ”Y) M2 <e
n

Applying Corollary with this M, this ¢, and this e, and then relabeling the resulting
subsequence, yields common radii

0< Ry < R < Ry < 0, Ri— Ry >¢, Ry — Ry =Y,
such that

15000088550, | g,y S forie (VXY
and

2
n 1
H(I)"H%Q([Rl,RQ]) + VTH\P"H%Z([RLRQ]) < H for every n.
Y
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Since R; > Ry, the same profile-tail bound holds beyond R;. Also,

10l iy + 2y < (122 ) D712
After discarding finitely many terms, we may also assume
h,Ro < t, Ry < 5}:;7&, Cranwyhy <€ for every n,

where Cy a5y 18 the constant from Proposition [25.5]
By Corollary

ann
Hmt,hma,xm,ﬁg (P, \Ifn)HER <e for every n.
2

By Proposition [25.5

t
Hl[o,Rl]ng,l;Ln7a,XR1,R2 (Pn, \Ijn)HER2 <2 for every n.

Finally, Definition Proposition and the boundedness hypothesis (302)) give

Wmﬂﬁmmm%m "”MWE —H?ﬁamﬂ2¢Hmﬂ¢Wﬂmumw%
2
< Cre([1®nll 2Ry, Ro)) + 1¥nll 2Ry, Ra))
<e for every n.
Therefore
Hm%tn,a,x,ﬁ,% (P, ‘I/n)H . < 3e for every n,
2

and Proposition [25.] gives

o.Ry (XR1,Ra®rs XRy R, V) HER < 4e for every n.
2

By Theorem [241] this yields exact fixed-window approximants with arbitrarily small loss in
norm and functional value. Hence the localization hypothesis in Theorem [21.4] “ holds, and ( .
follows.

29. FIXED-WIDTH NORMALIZATION OF THE ANNULUS PROBLEM

The strip quantity lives on one annulus of fixed width £ = Ry — Ry. After translation, it
becomes a single operator family on the fixed window [0, £].

Definition 29.1 (Translated annulus traces and fixed-width strip operator). Assume the
hypotheses of Definition Let

0< R < Ry <00, {:= Ry — R;.
For © € L?([R1, Rz]), define the translation isometry
(TR,0)(u) := O(Ry + u), 0<uc</.

Define the translated admissible trace class

AE3 om0 © LP([0,4]) x L*([0,4])
by

(éxa éY) € j?fﬁ}a,m,e

if and only if

(ThOx, T, Or) € ARy,
For such a pair, define
(304) Sk 0(Ox, Ov) 1= Tr, &I, k) 5, (Tri Ox, Ty Oy) € L*(([0,4]).

Proposition 29.2 (Fixed-width normalization of the annulus-strip problem). Assume the
hypotheses of Definition [29.1]. Then:
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(i) the canonical cutoff translates to the fized profile

- u
(W) = Xy o (B 0) = 0
where ¥ is the fixed template from Lemma |20.1);
(ii) fori € {Y, XY}, the translated coefficients

Lithpyo(u,v) :=Li(t — h(R1 +u),t — h(Ry + v)), 0<u<wv</,

), 0<u<t,

are uniformly C' on Ay := {0 < u < v < £}, with bounds depending only on t and ¢,
provided h(Ry + ) < t;

(iii) for every admissible translated trace pair
(©x,0y) € Ao Ry b5

the fized-width strip operator is given by the same change of variables applied to the
annulus-driven discrepancy:

N I ¢ _ N
(U ry 0(Ox,Oy)) (u) := ie(u)/ (v —u)*"' Lyt R, 0 (u, v)Oy (v) dv

4 - ~
(305) — Xg(u)/ (v— u)“*lLXy,nh’Rl’g(u, v)Ox (v)dv,

and proving either (302)) or (300) is equivalent to proving the corresponding statement
for the family &33", r, o on the fived window [0, 4].

Proof. Ttem (i) follows from the construction in Lemma [20.1}

B (R1+u)—R1)_ (u)
XR1,R2(R1+U) —19< R2_R1 —19 E .

For item (ii), the bounds on ELt’h’ Ry,¢ and their first derivatives follow from Assumption
the condition h(R; + ¢) < t, and the fact that (u,v) € A, ranges over a set of fixed diameter
£. Differentiation in w or v only produces one factor of h, which is uniformly controlled for
0<h<1.

For item (iii), let

g1l T N e
Ox = Tp, Ox, Oy :=Tg Oy.
By Definition [29.1]
(@X7 @Y) € A?’,Ifllr,la,Rl,Rz'

Applying Proposition on the annulus [R;, Ry, and then changing variables r = R; + u,
q = Ry + v, gives exactly (305). The operator identity (304]) is the same translation at the
conjugated level. Since Tp, is an L?-isometry, every estimate on S b .k R, 18 €quivalent to the

corresponding estimate on &§}", g ,, and likewise for the sequence-level condition (1300)). O

30. FROZEN LIMIT OF THE NORMALIZED ANNULUS DISCREPANCY

Fixed-width normalization removes the moving geometry. With £ fixed, only the slowly
varying coefficients Ly and Lxy still depend on the global location R; and on A. On common
finite buffers, those coefficients freeze to their diagonal values. The next theorem identifies the
corresponding constant-coefficient limit of the annulus-driven discrepancy.

Definition 30.1 (Frozen normalized annulus discrepancy). Assume the hypotheses of Defini-
tion and fix £ > 0. For

1 1
)\::Hy—|—§, M::ny+§,

and
(©x,0y) € L*([0,4]) x L*([0, 1),



DYNAMIC OBSERVABILITY OF LATENT CONTAGION 101

define the frozen normalized annulus discrepancy by

(4, (©x,0y)) (u) := Xe(u) Ly (t,t) /u K(U —uw)M 'Oy (v) dv

4 -
(306) = %aw) Ixy (t.8) [ (0= w1 Ox(v)do

for 0 < u < ¢, where Xy is the fixed cutoff profile from Proposition [29.2(1).

Theorem 30.2 (Strong freezing on each fixed annulus width). Assume Assumption fix
t€(0,T7), a €(0,1), and suppose

0< HXY < Hy < %
Fiz ¢ >0 and R, < co. Then there exist hg € (0,1] and Cy ¢ g, < 0o such that for every

OSngR*, 0<h§h0, h(R1+£)<t,

and every
(Ox,6y) € L*([0,4]) x L*([0, 1)),
one has
(307) ‘ﬁ?ﬁ%,gl,e(éxyéﬂ — 4, (6x,0y) Loy = Cro.r. h(19x]I22(0.9) + 1O¥ Il £2(po,0))-

In particular, for every fived (éX, éy) € L2([0,4]) x L3([0,4)),
(308) Sk, o(Ox,0y) — UF(Ox,0y)  in L([0,4])
uniformly for Ry € [0, R.].
Proof. Choose hg € (0,1] so small that
ho(R« +€) < t.

By Proposition [29.2[(iii),

bk, e(Ox, Oy) — Uiy (Ox, Oy)

= %0 [ 0= P i ln) — L (1) () do

50 [ 0= P Doy ale) — L ()8 (o) o
Since Ly and Lxy are C' on compact subsets of {0 < s <u < T}, and
t—h(Ry +u) €[t —ho(Re +0),t],  t—h(Ry+v)€[t—ho(Re+E),1],

the mean-value theorem gives

(309) sup | Ly e(u,0) = Ly (4)] < Crpoye b,
(U,U)EAZ
(310) P, Ly e(,0) = Ly (8,6)] < Copye b,
u,V)EAyY

Define Volterra kernels on Ay := {0 <u < v < ¢} by

Ky o(u,v) := Xe(u)(v — u)* ™, Kxyo(u,v) = Xe(u)(v — u)* 1.
Because
1 1 1 1
1 —Hy—=>—= 1 —Hyy—->—=
A Y5 > 5 ] XY ~ 3 > 5
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both kernels belong to L?(Ay). Hence the corresponding Volterra operators are Hilbert—Schmidt

on L2([0,]), and there exists Cy < oo such that
4

) [ =) do

(311) < Coll fll2(j0,0)

L2([0.])

4
(312) W) [y | < Callflagn
' L2([0,4])

Combining (309), (310)), (311]), and (312]) yields (307)). The convergence statement ([308)) follows
from the same estimates after letting the coefficient-freezing errors tend to zero. O

Remark 30.3 (Role of the frozen strip estimate). Theorem identifies the strip contribution
with a fixed constant-coefficient model on every common finite buffer, but only at the preconju-
gated level. The subsequent conjugated-strip analysis upgrades this freezing statement to the
functional needed for , where the exact admissibility of the annulus traces enforces the
cancellation used in the global collapse argument.

31. CONJUGATED FREEZING OF THE NORMALIZED STRIP OPERATOR

The observable strip term is the right-fractional conjugate of the preconjugated discrepancy
from Section [30] using the same conjugation that appears throughout the analysis. On a fixed-
width annulus this conjugated problem is stable: after freezing the slowly varying coefficients,
the exact strip operator differs from a frozen constant-coefficient strip operator by O(h).

Definition 31.1 (Normalized annulus Volterra pieces and frozen strip operator). Assume
Assumption fix t € (0,7T), and suppose

0<ny<Hy<%.

Set
1 1
\:= Hy + o = Hxy + 3 ¢ >0, Ey = L*([0,4)).
For Ry > 0 and h > 0 satisfying h(R; + ¢) < t, define on Ej
~ £ ~
(313) (VYR 0©)(u) == 9@(“)/ (v — W Ly py o (u,0)O(v) dv,
~ L ~
(314) (VXY 1.h,1, £O) (1) = Xe(u) / (0 = w)* " Ly, ry (1, 0)O(v) do,
and the frozen counterparts
- ¢
(315) (B9,10) (1) = Ly (1. )%e(w) [ (0= w10 (0) do,
- ¢
(316) (Tr00) (@) i= Ly (. )%e(w) [ (v = w)"'O(0) do.

Whenever the bounded operators

A A S i
VinRe QXVienre Qe Qxvie
are defined by right-fractional conjugation of these Volterra pieces, define the frozen normalized
strip operator by

(317) ége(éX, Oy) = ﬁ;t,ééY - ﬁgr(Y,t,é(:)X'
Theorem 31.2 (Conjugated freezing on each fixed annulus width). Assume Assumption
with the extra reqularity from Definition m Fizt € (0,T), a € (0,1), and suppose
0< Hxy < Hy < 3.
Fiz ¢ >0 and R, < co. Then there exist hg € (0,1] and Cy ¢ g, < 0o such that for every
0< Ry <R,, 0 < h < hyg, h(R1 +4) < t,
the following hold:
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(i) there exist bounded operators on Ej,

Sann

~ann
Y,t,h,R1,6> QXY,t,h,Rl,b QY,t,K: QXY,t,Ev
such that for every © € Ly,

1 yryann Sann

(318) m@i(mm,h,m,é@) = QV iR 0O

1 yyann ~Sann
(319) F(/\)@i‘( XY,t,h,Rl,KG) = QXY 1.1,r 0O
(320) W@A (DYV,.,0) = QF, (6,

1 Sir
(321) WQA (mXYtZ ) = Q%y.100:
(ii) these operators satisfy the uniform freezing bounds

(322) |98 re — D ) < Crtrah
(323) HQ%},t,h,Rl,e - Qgr(Y,t,eH oE) = < Cie.r. Iy

(iii) for every admissible normalized annulus trace pair

(@X7 @Y) € A?,rflLr,la,Rhﬁ?

one has
(324) |} p 0 (Ox.6v) ~ 6l (6x.0v)| . < Crenh(Ox e, + 16y ,).

Proof. Choose hg € (0,1] so small that
ho(Re+€) <t

Set
byt n,Ry,e(u,v) := Xe(u) Lyt p.ry 0 (0, v), b4 o(u,v) = Xe(u)Ly (t,t),
and N
bxvih,Ri (U, v) = Xe(w) Lxy,n Ry 0(u,v), WXyie(u,v) == Xe(u) Lxy (¢, ).
By Proposition m(n) and the smoothness of Xy, there exists Cy 4 g, < oo such that
fr
— <
(325) HbY,t,h,R1,€ bY,t,Z‘ oAy Cter.l,
fr

— <

(326) HbXY,t,h,Rl,Z bXY,t,é‘ 2y = Cte,r.h-

Item (i) for the target side follows by applying the proof of Proposition with R = ¢ and
coefficient by g, ¢, and again with the frozen coefficient bgﬁt,e. Because the difference of these

coefficients is O(h) in C*(Ay), the same proof gives (322))

For the source side, apply the proof of Proposition ith R = ¢, replacing Lxy (t—hr,t—hq)
by bxv..n Ry (7,q), and again with the frozen coefficient bgr(Yt Z(r q). The C? control yields
the operator-norm estimate (323)). This proves item (i) and item (ii).

For item (iii), let

(Ox,0y) € AW 0 Ry -
By Definition choose the corresponding unshifted traces
Ox = ‘Iﬁlléx, Oy = Slgiéy,
so that
(ex,@y) € ?2{10[71%171%2, Ry = Ry + 4.
Applying Proposition on [Ry, Ry], then translating to [0, ¢], shows that

~ann Q) Q) __ (~ann Q) Sann o
fha R1 (9X7 Oy) = Q¥ h ROy — QXY 1 h, R, (OX-

Subtracting (3 , using and -, gives | - O
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Remark 31.3 (Reduction to frozen admissibility). Theorem reduces the final step from the
exact normalized strip operator to a fixed frozen strip operator on [0, ¢]. Coefficient-freezing
is no longer the obstruction; the admissible trace class of the frozen model is. The subsequent
annulus and localization sections show that these frozen admissibility constraints are exactly
what drives the strip contribution to zero.

Corollary 31.4 (Boundedness of the frozen normalized strip operator). Under the assumptions
i

of Definition there exists Cffe < 0o such that
(327) |Sk6x.06v)|, < Cl6x]e, +16viE)
for every

(éx, éy) € Ey x Ey.

Proof. This follows from Definition and Theorem [31.2(i): the frozen strip operator is the
difference of two bounded operators on Ey. O

Theorem 31.5 (Bounded-buffer strip smallness). Assume Assumptions and[{.1, and assume
in addition the extra reqularity from Definition|19.1. Fizt € (0,T), o € (0,1), and suppose

0< Hxy < Hy < 3.
Let hy, 1 0, and let
Cn € D(Thea) =T a®n  [Pallgme <1
Then for every € > 0, after passage to a subsequence there exist common radii
0< Ry< Ri <Ry <0
and the canonical cutoff xR, Rr, such that
Ry — Ry > Ry — Ry,
and

o 8 O], <2 ooy
2

Proof. Fix € > 0, choose £ > 0 arbitrarily, and set
A:=20
Let C’tfff be the constant from Corollary Choose M € N so large that

CE, (1 T VY) M2 < £
’ n

fi— 4 .
Applying Corollary with this A, this ¢, and this M, and then relabeling the resulting
subsequence, yields one index j, € {1,..., M} such that for every n,
2 n? 2 1
[Pnllzoc,,y + @H‘I’num(zj*) <
where
L, =[A+ (Js — )0, A+ j.0).
Set
Ry = A+ (5. — 1), Ry = A+ 5.4, Ry:=A— /.
Then
0< Ry < Ri < Ry < 00, RQ—R1:£, Ry — Ry > /.
Also,
vy _
(329) [Pl L2((Ry,Ro)) + H“I’nHL?([Rl,Rz]) < <1 + 77> M2 for every n.
Set

R, := A+ M¢.
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Let Ct e R, be the constant from Theorem Since R < R, and h, ] 0, after discarding
finitely many more terms we may also assume for every remaining n that

3
hnRy <t,  Ra<e,'.,  Ciophn (1 - ”;) M2 < T

Define normalized annulus traces by

Oxm=Tr (Pnlir k) Ovim = Tr, (Yalir, ny) € Er.
By Definition [29.1
(@X,ru @Y,n) € Ata’r}li@’Rl’g for every n.

Moreover, gives
(330) 10xnll5, + 1Ovalle, < (1 + ”;) M2,
By Definition [29.1],
Hl[Rl,Rz}Ql?,‘;;,a,le’% (P, \Iln)HER2 = Héta,rllzi,a,}%l,e(éx,n, éYn)‘

Using Theorem [31.2(iii), Corollary and (330]), we obtain

>~ann P A
Hgt,hn,a,Rl,Z(GX,m @Y,r)‘

o

B,

E,

St (X Ovn) — S (Oxn Ova) |

< CE(10xnllE, + 1Ovnlle,) + Crer.hn(1Ox.mlle, + Oyl 2,)

This proves ([328)). O

Corollary 31.6 (Global micro dual collapse). Under the assumptions of Theorem the
localization hypothesis in Theorem holds. Consequently,

(331) P, — 0  ashlO.

Proof. Theorem furnishes the strip-smallness statement (300 required in Corollary
Hence the localization hypothesis in Theorem follows. The convergence (331) is then the
conclusion of Theorem 21.4] O

32. FROM MICRO DUAL COLLAPSE TO OBSERVABLE SCREENING

Micro dual collapse is a boundary-layer statement. Translated back to the original observable
functional F; p,, it identifies the global micro dual norm with the dual norm of F;j restricted
to one h® boundary layer. A cutoff-stability assumption then upgrades the boundary-layer
statement to the global screening statement for the observable gain.

Proposition 32.1 (Exact identification of the micro dual norm with the near-layer dual norm).
Assume the hypotheses of Definition |21.1. Fix o € (0,1). Then for every sufficiently small
h >0,

(332) mic, = sup {0 | F ()] v € 80 HERE, [ulle, <1}

Proof. Fix h > 0 sufficiently small.
Because
[Eh,apsh,a = [z-:h,m
the definitions of ftn;fa and Affn;fa imply that for every
@ € D(T)
one has
EhaPen . ® = T ®, Fhoa (Do o ®) = AL (D).
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Since pe, , is an orthogonal projection on L3(Ry),
Hpah,a@HQﬁgj}iLfa < H‘I)H@;I,I;fa'
Hence the supremum defining Y{n,lfa may be restricted to profiles satisfying
Pep P =

Let
® € D(T13,)
with pe, @ = @, and set
v = Lt ppe, P

Since
near
[Eh,aq) € 6t,h,0¢’

Definition and Proposition [14.3]ii) give
v=L1, ® e N HE,
By Proposition [14.9[(iii),
(333) h Y Fyp(v) = AP, ().
Also, by Lemma Proposition ii), and Proposition m(ii),
vl = 1Pep 0 ®lzzeyy = 1@l L2(ry )

while .
T, @ = hPDy S,
Because Spv € Hy'j,, Proposition W(l) and Lemma [7.4] yield

|z, = Sl

L2(Ry)
Hence
(334) 1llegic. = lello,-

Conversely, let
ve & NH,.

Set
¢:=DYvedist, =0, 6L (Ry).
By Lemma [14.2]
[5h7a® = ¢’
so ® € D( ;n,llca) Since ¢ is supported in [0, 1], one has
Pep P =2,

and Proposition [14.3]ii) gives
Lippe, @ = L{5)0=v.
Applying Proposition M(iii) therefore yields

(335) h Y Fyp(v) = A, ().
The same norm calculation gives
(336) [ lleme = oo,

The two constructions are inverse to one another, and (333)—(336) identify the two suprema.
This proves ([332)). O

Corollary 32.2 (Near-layer screening at every boundary-layer scale). Assume the hypotheses of
Corollary[31.6 Fiz oo € (0,1). Then

(337) sup { X | By (u)] sv € 8 N HES, Jolle, <1} -0 ash L0,
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Proof. Corollary gives @;n;fa — 0. Proposition [32.1|identifies this micro dual norm with the
displayed near-layer supremum for all sufficiently small h. The supremum therefore converges to
Z€ro. U

Definition 32.3 (h%*-stable boundary cutoffs). Assume 1 > 0, fix t € (0,T), and let « € (0,1).
We say that S; has h™-stable boundary cutoffs at time t if there exist

0 € (07 1)7 Cscut,a < 00, hO,a (S (O,t]
such that for every 0 < h < hg, there exists a cutoff
Xh,a - [O’t] - [0, 1]

with

0<Xna<1l, Xna=lon[t—(1-0)h%t,  suppxna C [t —h"1],
and such that for every v € &;,
(338) Xhot € & and  [[xnavlle, < Cscutallvlls,-

Remark 32.4 (Why the cutoff lives on [0,t). ] The cutoff is used only as a multiplier on
H; = L*([0,t]) and on the graph space &;. What matters in Definition is the boundary-layer
support, the plateau near ¢, and the graph-norm stability in . No ambient smooth extension
beyond [0, ] is needed for the screening argument.

Definition 32.5 (Far/strip localization on an h® layer). Fix t € (0,7), let a € (0,1), let
h € (0,t], and let 6 € (0,1). Define the orthogonal projections on H; = L%([0,t]) by

far
(339) (Ht?hﬂ )(s) == f(8)10, t—ney(s),
i I’ 76
(340) (ISP ) () = f(8)Ljp—po, t—(1—spha)($)-
Lemma 32.6 (Far-zone estimate on an h* buffer). Assume Assumption|[3.1, Fizt € (0,T), let
i €{Y, XY}, and let « € (0,1). Then
(341) 105 gs g nllr, = O(RT=2U=H)  as h L0,
Proof. Write H := H;. By Lemma |3.10| there exist constants C' < co and hy € (0,t]. After
shrinking h; if necessary, depending only on ¢, «, and the constants from Lemma [3.10] we may

assume h; < 1. Since h* > hfor 0 < h < 1land a € (0,1), every s € [0, — h*] satisfies s <t —h
for 0 < h < hy. Hence

gin(s)| < Ch((t— )72 4 (t—s)F2)  for 0< s <t—h°
Therefore

t—h*
I guall SH2 [ (=97 (0= 5

With v =t — s, this becomes

t
I gocalr, S 02 [ (@172 w2 du,

~Y ha
Since H € (0, §),
t t
/ w3 gy = O (h200-1)) / w1t du = 0(1).
Hence
I 0l = O(13200) + (42 = O (12-1-10)
and taking square roots proves ([341]). O

Lemma 32.7 (Old-edge strip estimate on an h® layer). Assume Assumption [3.1 Fizt €
(0,7), leti € {Y, XY}, let « € (0,1), and fir § € (0,1). Then the projection Hit,rllp’a"s from
Definition [32.5 satisfies

(342) I3 g i, = O(872R20=H0)  as b L0,
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Proof. Write H := H;. Lemma yields C' < oo and hy € (0,t]. After shrinking h; if necessary,
depending only on t, «, §, and the constants from Lemma [3.10], we may assume h; < 1 and
h%_o‘ < 1—4. Then for every 0 < h < hq,

h < (1—0)n".
Hence every
s € [t_ haa t— (1 — 5)ha]7
satisfies s <t — h, so Lemma [3.10] gives
19in(s)] < Ch((t — )72 + (¢ — 5)H2).

Therefore

strip,o,d 2 <12 t=(1=0)h* 2H-3 2H-1
I guanllt, B2 [ (= P (- )2 ds

~ _he

With u =t — s, this becomes

o

h
%, < b /( L T

Since H € (0, %), the second integral is O(6h?*H), while

i k) ,5
‘\H;t;?pa Git,h

@

/h W2H=3 gy = -20(1—H) /1 J2H=3 g O<5h—2a(1—H)) ’
(1-0)he 1-6

because 7273 is bounded on [1 — 4, 1] for fixed § € (0,1). Hence
157 g1l = O 20=1)
and taking square roots proves (1342)). O

Theorem 32.8 (Observable screening under h®-stable boundary cutoffs). Assume Assump-

tions and assume the extra reqularity from Definition let n >0, and fiz t € (0,T).
Suppose

0< HXY < Hy < %
Fiz a € (0,1), and assume S; has h*-stable boundary cutoffs at time t in the sense of Defini-
tion[32.3. Then

(343) [Fenlle; = o(hHxv) as h ] 0,
and consequently
(344) Gx oy (t,h) = o(R2HXY)  ash ] 0.

Remark 32.9 (Role of the cutoff hypothesis). Theorem is the screening statement once
h%-stable boundary cutoffs are available. The remaining sections verify that cutoff hypothesis for
the model classes covered by the exact-correction analysis. The theorem is therefore a conditional
screening result, not an isolated regularity assumption.

Proof. Let 0x, Cscut,a, and hg o be given by Definition 32.3] For 0 < h < hg and v € &; with
[vlle, < 1, define

W, = Xhat, =0 — Wwh.
Then
wy, € G N HY, lwhlle, < Cscut,as
and
Th € Gy, I7rlle, < 14 Cscutya-

Since Fy p, is linear,
| Fen (V)| < [Fep(wn)| + [Fen(ra)l-
Define
wa(h) = sup {h~Y | Fyy(u)] w € & 0 HESE, Julle, <1}
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Corollary gives wy(h) — 0. Since wy, € B, N Hy'p'e,, homogeneity gives

‘ft,h(wh” < wa(h)hHXYHwh”Qﬁt < Cscut,awa(h)hHXY-

Because xp,o =1 on [t —(1—6,)h%, t] and supp xp,o C [t—h",t], the remainder 7, is supported
in
[0, t — (1 —=0,)h*] =0, t—hY|U[t —h%, t— (1 —04)h"].
Hence )
rp = Ty + IG5,

Using Cauchy—Schwarz, Lemmas and we obtain

f ip,a.0
gxy,en ra)m,| < L “gxcyenllm rall m + ||Hit;blp’a’ “gxvnllm TRl H,

_ O(hl—a(l—HXy)> ,
because |74 ||g, < ||rhlle, < 1+ Cscut,a- Likewise,
|<9Y,t,h75trh>Ht| < ||9Y,t,h||Ht||St7‘h||Ht = O(hHY)v
using Proposition [3.§ and the graph norm inequality. Therefore
[Fon(ra)| = O(p=20=10)) L ORIy,
Combining the near and remainder bounds gives

sup |7 p(v)] < Coeut,awa(R)AXY 4 O(R1=00=H00) 4 oMY,

llvlle, <1
Because a < 1 and Hy > Hxy,
1—04(1—ny)>ny, Hy>ny,

so the two remainder terms are o(hHXY). This proves (343). Then Proposition gives
(1344]). O

Corollary 32.10 (Quantitative observable screening from a quantitative near-layer profile).
Assume the hypotheses of Theorem @ For 0 < h < hg,q, define the near-layer screening profile

wa(h) := sup {K=H | Fyp(0)] s v € &, 0 HESE, lolls, <1}
Suppose moreover that there exist p > 0, Cy o < 00, and 7L07a € (0, ho,a| such that
wa(h) < Cyoh? for every 0 < h < ?L07a.

Set
e:=min{p, 1 —a(l — Hxy) — Hxy, Hy — Hxy}.
If € > 0, then
(345) 1Fenlle; = O™¥*2)  ash L0,
and consequently
(346) Gx_y(t,h) = Oh2Hxy+2) 45 h | 0.

Proof. Repeat the proof of Theorem [32.8] but retain the explicit scale. For ||v|lg, < 1, the
near-layer term satisfies

|]:t,h(wh)| < Cscut,awa(h)hHXY < CSCut,aC(%ahHXY—Fp.
The same far/strip calculation used in Theorem gives the unchanged remainder estimate
[Fon(ra)| = O (R =e0=Hxx)) 4 O(pHY),

Therefore
|1 Finller < ChIxy+e 4 opt=eO=txy) o opHy

for some finite constant C, uniformly for 0 < A < EO,a- Factoring out hx¥ and using the

definition of € gives (345). Proposition then yields (346]). O



110 J. VIDAL LLAURADO

33. REDUCTION OF SMOOTH GRAPH LOCALIZATION TO EXACT MICRO CORRECTION

The last reduction is intrinsic to the micro analysis. A smooth time-side cutoff near ¢t becomes
a slowly varying cutoff on the moving micro window [0, 55&] Observable graph localization
is reduced to producing one exact corrected micro output on that window with the required
weighted boundary-layer control.

Proposition 33.1 (Exact full h-scale trace identity for a graph element). Assume Assump-
tions and letn>0, firt € (0,T), and suppose
0< Hxy < Hy < %
Set
p:=Hy — Hxy.
Fori e {Y, XY}, define the full h-scale Volterra operator

Vi LP(Ry) = L*(Ry)

by
t/h )
(347) (V5,0 (r) = / (¢ — )" 2Li(t — byt — hq)O(g)dg, 7> 0.
Then:
(i) for every f € Hy,
(348) DinKief = WG, (Denf)  in LP(Ry);
(ii) for every v € By, if
(349) @, 5 = Dy, U, 5 = h’Dy S,
then
(350) YUy, =B, P in LA(Ry);
(iii) if x € C*°([0,1]), 0 < x <1, and
X=1on[0,1—4,] for some 6, € (0,1),
then with Xp.o from Proposition
~ r r l—s
(351) Lan(Tna®un) =io, 9 (s) = x5 ) )

Proof. Fix i € {Y, XY} and f € Hy. For 0 <r <t/h,
t—hr
(Deplit f)(r) = hl/Q/ (t—hr— S)Hi_%Li(t — hr,5)f(s) ds.
0

With the change of variables s =t — hq, ds = —h dq, this becomes
t/h
(DenKisf)(r) = b / (q— )T =3 L;(t — hr,t — hq) K2 f(t — hq) dg

= n'ti (mzfﬁl,lh(pt,hf)) (7).
For r > t/h, both sides vanish. This proves (348)).
Now let v € &;. Since Ky Siv = Kxy, v, applying (348) with f = Syv and f = v gives

WY gl (D pSw) = WY DR, (D).

Since f = Hy — Hxy, this is (350]).
Finally, for 0 < s <,

- 1/9~ t—s t—s
(Le.h(Xn,a®Pop))(s) =h 1/2Xh,a( - ) UMY <h> Ljo,(s)

= Xha (T) v(s)L0,(8)-
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By Proposition [12.12]

. t—s t—s t—s
Xh,o h =X gh,aT 1{OSFTSS5;L} =X ho 1[t7ha,t}(s)‘
This proves (351)). U

Theorem 33.2 (Scaled exact micro-correction criterion for boundary localization). Assume
Assumptions and letn >0, firt € (0,T), and suppose

0< Hxy < Hy < %
Fiz o € (0,1), choose x € C*([0,1]) with
0<x<1, X=1on[0,1-4,]

for some 6, € (0,1), and let Xp, o be the corresponding moving micro cutoff from Proposition|12.12,
Assume in addition that there exist

Cmc,a < 00, h()’a € (O,t]

such that for every 0 < h < hg o and every v € &, setting
D, 1, := Dy pv,

there exists N
¥, € I2(Ry)

with
(352) supp(Wo) C (0,65 0], D¥ 0 Won = DR 4o (Xna®on)
and
- 2 ” s |12 2 2
(353) HXhu(I)v,hHLZ(RJr) + g H\Ijvah‘ L2(Ry) = CmC7O<||U||Q5t'
Then, with the time-side cutoff
bdr
Xha = Xpa
from (351), one has for every 0 < h < hg and every v € &,
(354) Xh,a¥ € & N HY
and
2
n
(355) Ixnavli, + 5 B S xnat)ll, < Che.allvllé,-

Y
Proof. Fix 0 < h < hg o and v € &;, and define

(I)v,h = th,aq)v,h-
Set

Sun = le, Pup €E,  Yypi=cphle, Vun € E.
Applying Proposition to (352), and using [, ¢, , = Ip from Lemma m gives
Ayt h.aVoh = AXYt h,aPuh-

Hence

1 K
(PohyPun) €T e
By Proposition [12.8]
Wy 1= EE?}?@),h € &N HY

Because &)v,h and \Alvlvyh are supported in [0, 5,;10[], Proposition M(u) gives
Eﬁf’,? Gon = LinPon,

so Proposition yields

= bdry
Wyh = Lt nPuh = Xp o V-
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By Proposition [12.8]

Swy,p = h_aﬁﬁﬁ)%,h = h LWy,
where we also used ¢y, o = h'=®. Lemma therefore gives

2 2
2 4 1 p28 2 _ |, g,
(356) lwoallh + SISl = |@on] o+ 02 [T,

Combining (353]) with (356) yields

bd
Gy € &, N HP,

and

2
bd n bd
IXpa vl + 72/123 I1S:(xna” ), < CreallvllG, -
Y

By construction,

bd l—s
Xh,;y(s) = X(h‘") 1[t—ha,t}(5),
S0
0< dery <1, Xl,'fofy =1on [t — (1 —d)h* ], suppxzfléy C [t = h*,t].

o
This proves (354]) and (355]). O

Remark 33.3 (Exact micro correction and smooth localization). Theorem supplies the
scaled boundary-localization mechanism used in the closing reduction. It already gives the
correct time-side cutoff in the boundary-layer norm, and isolates the only missing upgrade to
Definition the factor A% in front of ||S;(xn.av)|#,. By Proposition , the full-h trace
pair is exact before cutoff, so that upgrade is encoded entirely by the moving exact-cutoff defect.
The later sections resolve it by passing to the growing-window exact defect and comparing that
object with its frozen commutator model.

Definition 33.4 (Moving exact-cutoff defect for a graph element). Assume Assumptions
and [1.1] let n > 0, fix t € (0,T), let o € (0, 1), and suppose
0< HXY < Hy < %
Set
p:=Hy — Hxy.
Let x € C*°([0,1]) satisfy
0<x<1, x=1lon|0,1-4d]

for some d, € (0,1), and let xp, o be the associated moving micro cutoff from Proposition [12.12
For v € &, and h > 0, define the exact full-h traces

D, 1 = Dy pv, Wyp = hBDtvhStv,
and the corresponding moving exact-cutoff defect by
(357) mgl,lft,a = sn%iic/,t,h,a (ih,acbv,h) - )n},itc,h,a (%h,aqjv,h)'
Proposition 33.5 (Exact commutator-tail decomposition of the moving exact-cutoff defect).
Assume the hypotheses of Definition[35.4 Let v € &, let 0 < h <t satisfy h® < t, and set
£i=¢gpo=h'"%

With @4 1, Yy n, and Xpo as above, define
el 1
(358) (€ wna)(r) == / (¢ — )" "2 (Xn,a(q) = Xn,a(r)) Lxy (t — hr,t — hq) @y 4(q) dg,

-1

(359) (Q:g},lit),h,a)(r) = /: ((] - T)HY_% ()N(h,oc(Q) - )zh,oz(r))LY (t - h’l",t - hQ)\Ijv,h(Q) dQ>
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forr >0, and define the old-tail forcing by

t/h L
oy PRl Lo | la= ™2y = bt~ h)Wenta)
g
1
— (g =)™ T2 Ly (t = bt — ha)®, ()| dg.
Then:
(i) one has the exact decomposition
(361) mgl,llz,oc = ng}l{ﬁv,h,a - Q:%,l?t),h,a + X’Lagg{%,a in L2(R+);
(ii) defining the unit-interval traces
(362) o=y € BE, Y, =LV, € B,
and the rescaled old-tail source
(363) wol o =M% e E,
one has
(364) QlXY,t,h,a(ﬁg)’h - QlY,t,h,oc¢7ﬁ)’h = wgfgja mn EI7
(1i1) with the same cutoff x on [0,1] used to define Xp q,
(365) VLR 0 = WRS i handhn — W paxtin + XWilha  in E.

Proof. For r > ™!, all terms in (361]) vanish, so it is enough to work on 0 < r < e~!. There,
571 1
R o) = [ 0= 1) Ly (6 — bt = 1) Ko@) B0 (a) do
T

—1

c _1 -
~ [ @ ELy (= bt = h)Rnala) Vonla) da.
T
Adding and subtracting Xp «(r) inside both integrals gives

mf}?}t,a(r) = Q:Ac)}lgf,v,h,a(r) - Q:g/l,l'g,h,a(r)

-1

+ Xn,a(r) V (q— )XY 3Ly (t — hrt — hq)®,.1(q) dg

-1

€
N / (g =)™ 3Ly (t = hr,t — ha) W, 1(g) dg| .
T
By Proposition [33.1|(ii),

t/h t/h
/ (q— 1) =2 Ly (t — hr, t — hq)®y 4 (g) dg = / (q— )™ "2 Ly (t — hr,t — hq) ¥, 1 (q) dg.

Subtracting the common tail from ¢ = =1 to ¢ = t/h yields

571 1
/ (q—r)fxv2
X Lxy(t —hr,t — hq)®, r(q) dg

g1 1
- [ -
,
x Ly (t — hr,t — hq) ¥, 5(q) dg
= O05.a(r),
which proves (361]).
For item (ii), Proposition [14.5] gives

f _ _H ic
aszY,t,h,aqbv,h =€ XYQ]%E/,t,h,acbwh’
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and, since § = Hy — Hxy,

A g Hy—ﬁmmic N, _ HXyQ]mic N,

0yt hathy ), =€ Yitha¥Yoh =€ Yt ha¥o,h-
Therefore
A il —9 # _ _Hxy mic P o %mic ]
0 (Axvitnady YihaWy ) =€ (XY 1. h.aPoh VinaVon)-

By the full-tail identity established in the proof of item (i), the bracket on the right is exactly
O°d - Applying [ and using [.0. = Ir from Lemma proves (1364]).

v,h,at

For item (iii), Proposition [12.12 gives
(Xna®on) = x0h 0 (XnaWun) = X0,
Applying Proposition to these two identities yields
PR = Aneviena (X0 p) = Aana (V] ).

Now expand the right-hand side by adding and subtracting XQle,th’agZ)?} p and XQlY,t,h,aiﬁi e

QlXY,t,h,a(X¢1ﬁ,,h) - Q(Y,t,h,a(x¢§;,h) = (mXY,t,h,a(X¢i7h) - XQLXY,t,h,a¢§)7h)
— Ay na(x¥ ) = X Ayenath )

+x(@xvienadh, — Bvenatiy)-
By the definitions (139)—(140)), the first two brackets equal

1 1
QB)O((}:/7t,h7a7X¢1ﬁ]7h, m;,i,h,a7xw37hv
respectively. Using (1364) for the last term gives (365)). n

Definition 33.6 (Unit-interval source for the moving cutoff problem). Under the hypotheses
and notation of Proposition [33.5] define the unit-interval source term by

(366) e = WS than P — W nantin + X0lia € B
Theorem 33.7 (Unscaled exact-correction criterion for boundary graph localization). Assume
Assumptions and letn >0, firt € (0,T), and suppose
0< Hxy < Hy < 3.
Fiz a € (0,1), choose x € C*([0,1]) with
0<x<1, xX=1on[0,1-4,]

for some 6, € (0,1), and let Xp o be the associated moving micro cutoff from Proposition |12.12,
Assume that there exist

Ctail,a < 00, hO,a € (O7t]
such that for every 0 < h < hg and every v € &;, with ®, 4, ¥, 5, and R as in Defini-

v,h,a
tion [33.4), there exists
¢on € L*(Ry)

satisfying

(367) supp(€un) C [0,50]s VihaCon = Rila
and

(368) €0 nllz2®.) < Cranah”[lv]le,-

Then S; has h®-stable boundary cutoffs at time t in the sense of Definition[32.3. The cutoff can
be chosen with constants

Cscut,a < 00, hl,a € (O7t]
such that for every 0 < h < hyq, the cutoff

t—s

W) = x( ) e ()
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satisfies
0<xha<1, Xha =1 on [t —(1—05,)h", ], SUpp Xh,o C [t —h%, 1],
and for every v € &,
(369) Xhaov € & and  [[xnavle, < Cscutallv]e, -
Proof. Set

p:=Hy — Hxy.
Fix 0 < h < hgo and v € &;, and abbreviate
&)v,h = %h,aq)v,ha {I}v,h = %h,aqjv,h + Q:v,h-

By (367) and Definition [33.4]

mic

I, __ ¢ymic x
Y,t,h,a‘l’v,h - mXy,t,h,cfl’v,h-

Moreover,
Supp(&>U7h) C [O,EZL], SUPp(i’v,h) - [0765,2],
because X and €, j are supported in [0, 5,7}1]
By Lemma [7.4]
1®0nllz2@s) < 1Ponllr2y) = ol < llv]e,.
Likewise,

~ Vy
X Ponllz@,) < 1Wonllz@,) = P ISwla, < WhﬁHvII@t-

Combining this with (368]) yields

(370) Foslzz < (2 + Cuana ) B0l
Hence there exists Ci,c o < 00 such that
P 2 772 28| 2 2 2
(371) 1®vnllz2y) + k™ W nllizm,) < Coacallvlls,
Y
Set

Gun = le, Pop €E,  Yypi=cphle, Von € E.
Applying Proposition to the exact micro identity above, and using I, ,0c, ., = Ig from
Lemma gives
Ayt h,aloh = Axy it h,aPoh-
So
(Buobup) € TIEEE
By Proposition [12.§]
Wop = LG bon € B N HEE
and
Siwy.p, = h_aﬁﬁﬁ)%,h-

Because (I)v,h and \T/v,h are supported in [0, 5}:}1], Proposition M(n) gives
Eﬁf}fqbv,h = Lin®up, ﬁﬁ)%,h = €ﬁﬁﬁt,h‘f’v,h-
Since ep,q = 1= it follows that
Siwy p, = ]fﬁﬁt,h‘f’v,h-

Also, Proposition [33.1] gives
Wy h = Lt hPoh = Xh,at-
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Therefore xp,qv € ®;. Using Lemma [7.4]

2
Ui
Ixhavlis, = llwonllz, + -5 15w nl,
Y

2
~ /r’ _ ~
= | ®onlZogm,) + gh Wyl 2, )
< Creallvllg,

by (371f). This proves (369)).
Finally, by definition,
t—s
Xh,a(s) = X<ha> Lj—po g (s),

so the stated support and plateau properties hold. Thus Definition [32.3] is satisfied with
hl,a = hO,cx and Cscut,a = C(mc,oz- U

Corollary 33.8 (Unit-interval sufficient criterion for boundary graph localization). Assume the
hypotheses of Proposition[33.5. Fix

x € C*°([0,1]), 0<x<1, X=1on|0,1— 4]

for some 6, € (0,1), and let Xp o be the associated moving micro cutoff. Assume that there exist

Cloc,a < 00, ho« € (0,1]
such that for every 0 < h < ho o and every v € &, with Ef}‘fﬁ’a from Definition there exists
ek
such that
(372) Ayphaloh = Zoha I E
and
(373) I1C% B < Clocah™ |v]ls, B:=Hy — Hxy.

Then the conclusion of Theorem[33.7 holds. In particular, S; has h*-stable boundary cutoffs at
time t, and the screening conclusions (466))—(467)) hold.

Proof. Fix 0 < h < hg o and v € &;, and set

gi=¢cpo=h'"
Define the micro correction
(374) € =050 € L(Ry).
By Lemma [14.2]

supp(€,5) C [0,67']
and
I€onllrz®,) = 2 ICH e < €7 Clocah®|vlle, = Cloc,a’|v]|6,-
By Proposition [14.5
?itc,h,a(’:v,h = EiHYDEQlY,t,ha[E (6505C5,1}1t)
= EiHYJrﬁDsQlY,t,h,aCzcz,l;Lt

— 5—HXYDEECU1;

v,h,a
where we used [.0. = Ig and § = Hy — Hxy. By (365),
giHXYDEE;:}?IJ;,a = mzc)l,l}g,a‘
Hence

mic ¢ _ mcut

Y,t,h,a“v,h = Y hat
So the hypotheses (367)—(368) of Theorem are satisfied. The conclusion now follows from
that theorem together with Corollary [33.53 U
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Corollary 33.9 (Exact fixed-window defect criterion on the unit interval). Assume the hypotheses
of Proposition [33.5 and the extra regqularity from Definition [19.1 Fix

x € C*°([0,1]), 0<x<1, x=1o0nl[0,1—4]
for some 0, € (0,1), and let X, be the associated moving micro cutoff. Assume that there exist
Clet,a < 00, hoo € (0,1]
such that for every 0 < h < hg o and every v € &, with ‘z)i,h and d’ﬁ,h from , one has
xéh, € H7((0,1)),  B:=Hy — Hxy,
and
(375) |88 0n 0l x| < Cactah™l0]le, -

Then the hypotheses of Corollary[35.8 are satisfied. In particular, S; has h®-stable boundary
cutoffs at time t, and the screening conclusions (466[)— (467]) hold.

Proof. Fix 0 < h < hg and v € &;. Since
Xéh, € H((0.1),  x¥i, € E,
Theorem [19.6] with R = 1 applies to the pair
(Xﬁbi,h’ X%ﬁ,h)‘

Define
Jﬁ,h = i};bya,l(xgbi,h) €E.
Then
(X‘f’i,h’%,h) €hats
and
(376) ‘ TZﬁ,h - XwthE < Cin H%?,’Z,a,l(wg,h, X@bi,h) HE )

by @Z7). Set
wh = ¢g,h - X¢5,h € L.
Using (375]) in (376]) yields

€55 12 < Co1Caet,ah® 10|,
Because (Xqﬁiyh,@],h) € '}, o1, one has
Qly,t,h,a@,,h = QlXY,t,hpe(Xﬁbi,h) in E.
Therefore
Qly,m,afﬁ?;f = QlXY,t,h,oz(XQﬁﬁ) - Qly,t,h,a(XQﬁﬁ,h)'
Now add and subtract XQlXYJ,h,a@ﬁ,ﬁ and XQlnyh,a@ZJg’h, and use . This gives

Ayt halS = Axviena (XD ) — XAxvihadh )
- (%Y,t,h,a(Xwgﬁ) - X%Y,t,h,a¢g7h)
+ X(QlXY,t,h,aQ%ﬁj,h - Qly,t,h,a%bi,h)
= ml)?cy,t,h,a,xﬁbi,h - wlie,%,h,a,xwg,h +x Wi
=%, inE,
where the last identity is Definition Thus and hold with
Croc,a = Ct,1C et -
Corollary now gives the conclusion. O
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Corollary 33.10 (Source-only fixed-window criterion on the unit interval). Assume the hy-
potheses of Proposition [33.5 and the extra regularity from Definition [19.1 Fix
x € C*([0,1]), 0<x<1, Xx=1on[0,1-4,]
for some . € (0,1), and let Xp.o be the associated moving micro cutoff. Let
p:=Hy — Hxy.

Assume that there exist

Csrc,a < 09, hO,a € (O,t]
such that for every 0 < h < hg o and every v € &, with qu;,h and @/}i p Jrom (362)), the distribution
LY (t7 t)Ct in i in
(377) GE?ﬁ,a = —W Xh,a 1 dSt (X¢ ) th7a71(x¢1ﬂ)7h)
belongs to E = L*([0,1]) and satisfies
(378) |&itt o], < Cocah™olle,

Then the hypotheses of Corollary[33.9 are satisfied. In particular, S has h®-stable boundary
cutoffs at time t, and the screening conclusions (466[)— (467)) hold.

Proof. After shrinking hg . if needed, we may assume that Theorem and Proposition [I5.3]
both apply with R =1 for every 0 < h < hqq.
Fix 0 < h < hgo and v € &, and set

oY, = qufﬁ,h cE.

By B77),
DSt DY, = S A B, 0 D(0.1)
The right- hand side belongs to E, because Ggy“,?a € E by assumption and ZV;Lnal € L(E) by
Theorem Since ;’V}lnal is boundedly invertible for small h, it follows that
DGNeY, € E.

Lemma i) therefore gives
x&h,, € HP((0,1)).
Now define
VX, =yl € E.
By (225]), the exact fixed-window defect of the pair (@g’h, \Ifffh) is
S0 (@), W) = BPE, U, +65%, inE.
Therefore

(379) 88500 (bl )| < [ B R an )| + 655
By Proposition [15.3(ii), there exists C; < oo such that

H“B?iﬁh’a,ng(E) <C for0<h<hoga

Also,

wai,h i,hHE —5haH‘I’vhHL2 ([0 )
Using ¥, 5, = hﬁDtthtv, Lemma H, and gp, o = '~ we get

vy
15 e < ek IS, = WP |Seollm, < haﬂllv\lest-

Hence . by
B9 01 (Wi, < G ol



DYNAMIC OBSERVABILITY OF LATENT CONTAGION 119

Combining this with (379)) and (378) proves (375)). Corollary now gives the conclusion. [J

Definition 33.11 (Conjugated old-tail source on the unit interval). Under the hypotheses of
Proposition [33.5] set

1
For v € &; and 0 < h < t, define the conjugated old-tail source by
nj L a old
(380) Df)c,)hfa = WQ, l(vaha) € D/(<07 1))7
where WS}%,Q is given by (363)).

Proposition 33.12 (Exact conjugated decomposition of the unit-interval defect). Assume the
hypotheses of Proposition [33.5 and the extra regularity from Definition [19.1. Let v € &, let
0 < h <t satisfy h* <t, and suppose

Xﬁbi,h e H((0,1)), p:=Hy — Hxy.
Then, in D'((0,1)),
(381) 85501 (x0h 1o XV 1) = D5 h 0¥ — QRS e P — O

In particular, if

v,h,a
then DCOHJ € E and (381)) holds in E = L*([0,1]).
Proof. Because X¢§) n €H $((0,1)) and X@/}i 5, € I, the exact fixed-window defect

Fohaa (X x5 0)
is well-defined by (225)). By (365|),
Axyna(X8h 1) — Ayina (V1) = WS, @ — W54 0 Wb+ x Wi,
in E. Applying (I'(\))~1D* 1 in the distributional sense gives

1
DX Ay na (X 1) — Axviena (X0 1)) = Q¥ anth

LX)
1 f conj
- Q)%%’,t,h,a,xqbv,h Dv h,a’

where we used Proposition and Definition [33.11] On the other hand, Proposition with
R =1 identifies the left-hand side exactly with

g?,);b,a,l (X¢§)7h7 Xwg,h)

in D’((0,1)). This proves
If the dlsplayed sum belongs to E, then the right- hand side of (| is an F-distribution

minus DU h.o» While the left-hand side belongs to E by ([225)). Hence Dio;bua € F, and the identity

holds in E. 0

Corollary 33.13 (Reduction to source-old-tail cancellation on the unit interval) Assume the
hypotheses of Proposition and the extra regularity from Definition[19.1]. Fix

x€C(0,1]), 0<x<1, x=1on(0,1-0
for some 0, € (0,1), and let Xp o be the associated moving micro cutoff. Assume that there exist
C'tail,oz < 00, h(),a € (O)t]

such that for every 0 < h < hg o and every v € &;, with qbi o ¢g B and Dzoﬁja as above, one has

X¢§;’h € Hﬁ((oa 1))7 6 = HY - HXY7
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and
(382) 1985 B + O

v,h,a

|, < Chaah®lJo]le-

Then the conclusion of Corollary[33.9 holds. In particular, S; has h*-stable boundary cutoffs at
time t, and the screening conclusions (466|)— (467) hold.

Proof. After shrinking hg , if needed, Proposition applies for every 0 < h < hg o. Fix such
an h and v € ;. By Proposition [33.12

# f l 1 f conj
Ste,);z,oz,l (X(Z)v,h’ va,h) ic/);,h a,xwv h ( )0(%7t,h,a,x¢v,h + Dv,h,a)

in F.
By ([143)), there exists Cy < 0o, depending only on ¢ and the fixed cutoff y, such that
1
HQ{;’%’h’a’XHL(E) < G
Also,

_ _ vy
954l = el Punliagoery < b NSwli = hPlSewla, < 20kl
using U, j, = hﬁDt7hStv, Lemma and €, = h'=. Therefore
1 vy
[ @il < G 1 ol
n
Combining this with (382)) gives

88500 (b xl )| < Clah® lle,

for some Cj , < co. Corollary now gives the conclusion. O

Definition 33.14 (Preconjugated source-old-tail discrepancy on the unit interval). Under the
hypotheses of Proposition [33.5] define

(383) o= Axvina(X0h ) — X Ayenattl, € E.

Proposition 33.15 (Exact source-old-tail recombination on the unit interval). Assume the
hypotheses of Proposition [33.9 and the extra regularity from Definition [19.1, Let v € &, let
0 < h <t satisfy h* < t, and suppose

qui,h e H°((0,1)), p:=Hy — Hxy.

Then:
(i) one has the exact preconjugated identity

(384) ffr,(;L,a = QUI)%%/,t,h,a,xqsg,h + Xwg}g’a m E;

(i) in D'((0,1)),

j 1

(385) ()\)@A 1 irza = Ql}?’%’,t,h,cx,xgbi’h + Dz?;;fa, A= Hy + 5;

(iii) consequently,

I 1 T .

(36)  §haa (i XV) = Winantis ~ g @aDWha W D(O.1)

If the right-hand side of (385)) belongs to E, then (385) and (386) both hold in E = L?([0,1]).
Proof. By definition of ml)%%f,t,h,a,xa

Ayt ho (X¢1ﬂj,h) = wl)%%/,t,h,a,x(bf;,h + XQ[XY,t,h,oz(bE;,h in F.

Using (364),

f g old .
Axythalyp — Aythalyp =Wohae 0 E.

Subtracting XQlY,t,h,aﬁ,,h proves (|384)).
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Applying (T(A))~'1D2 ; to (384), Proposition and Deﬁnition gives ([385).

Finally, substituting into from Propositionyields (1386). If belongs to F,
then the left-hand side of is an E-distribution, so holds in . Since Q%‘}i}h a,xwi,h € FE,
the right-hand side of also belongs to E, and therefore holds in E as well. U

Proposition 33.16 (Automatic H B—regularity from the preconjugated source dibcrepancy).
Assume the hypotheses of Proposition and the extra regularity from Definition[19.1 Fix

x € ¢*°([0,1]), 0<x<1, X=1on[0,1—4d,]

for some 6, € (0,1), and let Xpo be the associated moving micro cutoff. Then there exist
hoa € (0,t] and Cpqo < 00 such that for every 0 < h < hg o and every v € &, if

1
A src - <
(387) Fy Ot D € B, A= Hy g,
then
qui,h € H?((0,1)), B:=Hy — Hxy,
and
(389) | o (o, (H N 5|+ |v||@t) -
E

Proof. After shrinking hg o if needed, Theorem Proposition and Proposition all
apply with R =1 for every 0 < h < hg 4.
Fix such an A and v € &;. Set
@Xh—)@thE \I/Xh—xwvheE
By Definition [33.14] and the identity

loc
Wy n, a,x”(/fvh = Ay na¥y XQlYtha%h,
one has
_ X X 1 .
f}r(]ELa _Q’[XYtha(bvh _Qlythalllvh_{'m}?’(tz’ha’xwgh in E.

Applying ('(X))~'D* |, using Proposition ( i) for ¥, and Proposition [12.9|for the commu-
tator term, yields

359) oy Borena®) = iy Vi + B ¥~ Wi
in D'((0,1)).
The first term on the right-hand side belongs to F by . The other two terms also belong
to E, because ‘
%?lgh,a,lv Ql}gfi,h,a,x € ‘C(E)
for small h. Hence the right-hand side of belongs to E.

Now apply the distributional source decomposition (217 from Theorem with R =1 to

@Y, . This gives
1 Ly(t t)Ct in i win
WQ 1 (Axyeha®yy) = Ta-5) a1 DFT DY), + Al 1P,
in D’((0,1)). Since Zv}lnal € L(F) and EV;Lnal is boundedly invertible for small A, (389) implies
that
DGNeY, € E.
Lemma i) therefore yields
x&h,, € HP((0,1)).
Moreover, the same identity gives

oiay, | <c (H D) D3|+ I+ Il + 1) huE)
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Now X, 115 < 165 lle = [vlla, < [[v]le,, while

165 4l < e ah IS0, = WP Seollm, < Fho‘ﬂllvllet < WIIUH@“

and the same bound holds for || ¥X alle. This proves O

Corollary 33.17 (Reduction to a single preconjugated source discrepancy). Assume the hy-
potheses of Proposition [33.5 and the extra regularity from Definition [19.1 Fix

x € C*°([0,1]), 0<x<1, X=1on|0,1— 4]
for some 0, € (0,1), and let Xp o be the associated moving micro cutoff. Assume that there exist
Chre,a < 00, ho,o € (0,1]

such that for every 0 < h < hg o and every v € &,
1

1
HF()\)Q)\,I f)r,?L,oc 5 < Cpre,ahaﬂ||1)”®t, A= -HY + 5

Then the conclusion of Corollary[33.9 holds. In particular, S; has h*-stable boundary cutoffs at
time t, and the screening conclusions (466|)— (467) hold.

Proof. After shrinking hg . if needed, Proposition applies for every 0 < h < hg,q, and
Proposition [33.16 applies as well. Fix such an h and v € &,. By Proposition [33.16| and (390)),

Xd)i,h € H%((0,1)), p:=Hy — Hxy.

(390)

By Proposition [33.15],

1
§ohan (00l xV0) = Wipantin = fry @ aPike
in E.
By ([143)), there exists Cy < 0o, depending only on ¢ and the fixed cutoff x, such that
1
HQ;’i’h’a’XHL(E) < G

Also, as in the proof of Corollary [33.13]

vy
1 lle < enoh? |Spolla, = BNl < 5 -h e

Therefore
1 vy
@85 hantial ;< 70 ol

Combining this with (390 gives
853501 O x| < Clah® oo

for some Cj , < co. Corollary now gives the conclusion. O

Definition 33.18 (Separated old-tail pieces on the unit interval). Under the hypotheses of
Proposition [33.9] set

1 1
€= €h7a:h1_a, A= Hy+§, o= ny+§.
For v € B, and 0 < h < ¢, define
t/h
B9 e =t [ 0P = b= ha) V(o) da.
.

t/h
(892) VRV =L ll[o,a-w / 1<q—r>“1ny<t—hnt—hq><1>v,h<q>dq]'
-
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Proposition 33.19 (Full-h source realization of the preconjugated discrepancy). Assume the
hypotheses of Proposition [33.9, Let v € &; and let 0 < h <t satisfy h* < t. With Xp,o from
Definition[33.4], define the full-h source discrepancy by

(393) ifza = ijXuglf,t,h(ih@q)v,h) — Xha meulxl/,t,hq)v,h € LQ(RJr)-
Then:
(i) .o 18 supported in [0,5;7})‘];
(ii) one has
1d 1d 1d . .
(394) wg,h,a = ﬁ%,v,h,a - ﬂg(Y,v,h,a m E7
(iii) one has the exact scaled source identity
H ] 1d :
(395) Ehn lena 3o = WS hax@on ~ X0 ona 0 E;
(iv) consequently,
(396) e = EhHaytgh,a o F XY e in E.

Proof. Set € := gj, 4. For r > 7!, one has Xpa(r) = 0, and for ¢ > r also X5,(q) = 0. Hence
both terms in (393]) vanish, proving (i).

Item (ii) follows from (360)), (363)), and Definitions (391[)—(392).
For 0 < r < ¢~!, expanding (393) gives

-1

voh,alT) :/: (¢ — )" 'Lxy (t — hrit — hq)(Xn,a(q) — Xn,a(r) Pon(q) dg

t/h
) [ @ Ly ¢ bt ha) () da
A

Applying e'x¥ [, using Proposition [12.12| and the definition ([392)), yields (395).
Finally, combining (395) with (394]) gives

H src old _ i
e, v,h,a +X ﬂY,v,h,a mXYt h 0«X¢v,h -

- in)%ci’,t,h,oa,xd)i,h +X wg}%,a?
which is exactly 93 by (384). This proves (396)). O

v,h,a

old old
19XY’U h,a + X 29Y,"u,h,t;v

Corollary 33.20 (Reduction to full-h source discrepancy plus target old tail). Assume the
hypotheses of Proposition and the extra regularity from Definition[19.1]. Fix

xECOO([O,l]), 0<x<1, X=1on[0,1—4]
for some 0, € (0,1), and let Xp.o be the associated moving micro cutoff. Assume that there exist
Csre,a < 00, Cigt,a < 00, ho o € (0,1]
such that for every 0 < h < hg o and every v € &y,

(307) \@A Hevy 3 \ < Careah® 0lle,,
1—1()\) ( Cl{ €h, v, 704) 5 Src,x t
1
) [ < Cuah oo Ni= Hy 4 g
FE

Then the conclusion of Corollarym holds In particular, Sy has h™-stable boundary cutoffs at
time t, and the screening conclusions - hold.

Proof. By Proposition

?)r(fjl a T gh « [ah,a f}l:?l,oz + Xﬂg{%,h,a in E.
Applying (T'(\))~1DA 1 and using (397) together with (398) yields
L
= A)s_,lmff,z,a

Corollary now gives the conclusion. O

< (Csrc,a + Ctgt,a)haBHUH@t'
E
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Definition 33.21 (Flat outer-edge profile for the endpoint cutoff). Let
x € C*([0,1]), 0<x<1, Xx=1on[0,1—04,]
for some d, € (0,1). We say that x is flat at the outer edge if
™ (1) =0 for every m € NU {0}.

Definition 33.22 (Full-h target old-tail commutator). Assume the hypotheses of Proposi-
tion [33.5] and let x be as in Definition [33.21] For v € &, and 0 < h < t, define

t/
(399) (€Y ha)(r) == / h(q — 1) (K@) — Xna(r)) Ly (t — hr,t — hq) ¥, 4(q) dg,

—1
h,a

where .

Proposition 33.23 (Exact full-h commutator representation of the target old tail). Assume
the hypotheses of Definition[33.23. Then:

(i) Qﬁ‘{}g,hﬂ is supported in [0,e; 1]
(ii) one has the exact identity
1d H 1d ,
(400) Xﬂg/,'u,h,a = _gh;‘(Y [Eh,aQ:(})/,v,h,a in E.

Proof. Let € := €, 4. Because Xp, o is supported in [0,e7!], one has Xp o(r) = 0 for r > 71, and
the integrand in (399) also vanishes for » > ¢~1. This proves (i).
Now fix 0 <7 < e~!. Since Ypn.a(q) =0 for ¢ > ™1, the definition (399) reduces to

t/h
€Y% ha(r) = ~Xnal(r) / (g =) Ly (t = eyt — hq) Wy 1 (q) da.
o
Applying e7x¥ [, and using
(leXna)(w) = x(u)  for u € 0,1]
gives exactly (400)), by (391). O

Lemma 33.24 (Crossing-region quotient bounds for the flat micro cutoff). Assume the hypotheses
of Definition and suppose in addition that x is flat at the outer edge in the sense of
Definition [33.21]. Set
t
Eh,a::{ogrsqggqsh}.

Define on X,

o )Zh,a(Q) — Xh,a(r)
53/1%@(7', )= )

q—r
Then there exists C, < oo, depending only on x, such that
old
< <
(401) 2l ciimyy S Cxtha forall0<h<t.

Proof. Let € := gj, 4. Since ¢ > ™!, one has Xp..(q) =0, so

Xh,a(r Er
5?/17(}11@(707 ) = X alr) _ xl(er) on Sha.

q—rT q—T
Because x is flat at 1, Taylor’s theorem at the outer edge gives
M@ < C-a  W@I<C(-2) forael]
Also, for (r,q) € ¥p.q,
-1 1—er
q—r=>€ " —r= .
€
Therefore
(1 —er)?

(1—er)/e < v

5%{%,&(73 Q)’ < Cy
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Next,
8 501d X(ET)
Yha(r q) (q_r)Qv
so the same bounds imply
1—er)?
old < ( < 2 <
“9 0,0 (7, Q)‘ Cx XA —er) R S Cye” < Cye
Finally,
old —ex'(er)(g — ) — x(er)
9 6Yha(r Q) q—r)2 ’
hence
old elx/(er)l(g —r) + |x(er)|
<
(7 Q)] TEDE
<0 e(1—er)-(1—er)/e+ (1 —er)?
- (1 —er)/e)?
< 0ye? < Cpe.
This proves (401)). U

Proposition 33.25 (a-scale realization of the target old tail). Assume the hypotheses of Defini-
tion[33.29, and suppose moreover that x is flat at the outer edge in the sense of Definition [35.21].
Set

0 :=Hy — Hxy, €= ¢Epa = hlfa, Rh,a = th™ .

Define the extended a-scale tail trace by

= _ 1 q
(402) qjv}%,a(‘]) =e (B+2)\Ilv,h(€> 1[17Rh,a](q)7 q > 0.
Then:
(i) one has
TJ,0ld -
(403) N O N P i L
(ii) if
Rh,a
(404) (W, ©)(u) = x(u) /1 (¢ —u) 'Ly (t — h®u,t — h*q)O(q)dg,  0<u<1,
then
(405) XY o = PP WS in B

(iii) for every sufficiently small h > 0, there exists
1d,«
Q(;/,t,h,a,x € [’(L2([17 R’La])? E)
such that for every © € L*([1, Rp.a)),

1 A 1d, 1d, .
(406) WQ—J (Qn(})/,t,}?,a X ) Qg/t }C;a X m E’
and there exists Cy, < 0o, independent of h, such that
old,a
’ < .
(407) HDYMWHam(u,Rh,an,E) = Cix
Consequently,
vy _l-a
(108) [ a0 < €25 o
E
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Proof. For item (i), the change of variables ¢ = s/¢ gives

2 Rh o
_ —2B-1 ' q
L2Ry)  C /1 Yo <s>

t/h
e [ (o ds < Sl
A

N 2
H old ‘ dq

v,h,a

Since € = h'~®, this gives ([403).
To prove item (ii), let u € [0, 1]. Using (391)), (349)), and the change of variables ¢ = s/e, we
obtain

1

old Hyy—1 [Y" u\A! u
X o) = xe [ (g 2) Ly (-t~ ha) W) da
3

—1

Rp o _ A—1 d
= y(w)eHxv—2 / (q u) Ly (t — h®u,t — h®q) ¥, (q) &
1 £ e) e

Rh,a
— oA hy) [ (- L st - hq) 0, (1) da
Since A = Hy + % and 8 = Hy — Hxy,

EHXY_A_%\I’UJZ <z> _ 5—1/2\/1\,01d (C])

vha
This proves .
For item (iii), extend y by zero to a function
X € C7([0,00)),
which is possible because x is flat at the outer edge. For ¢ € [1, R}, o], define
aythax (U, q) = X(u) Ly (t — h%u,t — h%q), 0<u<q.
Fix © € L?([1, Ry0]). Exactly as in the proof of Proposition Fubini’s theorem gives
R e = [ K, (e d
for almost every u € [0, 1], where

old,« 1 1 -\ by
Ky oy (W @) = _F(/\)I‘(l—)\)/o s (1 = s) Oaythax(u+ (g —u)s,q)ds.

This defines the operator Qg’/kif; ax:
To bound its norm, split

Oraythax =X (1) Ly (t — h*,t — h%q) — h®X(-)01 Ly (t — h*-,t — h™q).

For the first term, the support of Y’ is contained in [0, 1], so the integral in s is effectively
restricted to

1—u

q—u

Using the change of variables x = u + (¢ — u)s, one obtains

0<s < plu,q) =

p(u,q)
K3 (1, 0)] < Crlg = w)™! /0 s ds < Cra(1—u)' Mg —u)" Y,

Since 2 — A > 1, this kernel is Hilbert—Schmidt on [0, 1] x [1,00), hence the corresponding
operator is bounded from L?([1, Ry 4]) to E, uniformly in h.
For the second term,

p(u,q)
’Kﬂ(’%z,h,a,x(ua Q)‘ < Ct,xha/o s ds < Coyh®(1—u)' Mg — u)~ (7Y,
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Its Hilbert—Schmidt norm is bounded by
1 Rh [
(2) ’2 <C h2a/ 1 2(17,\)/ 0 — 20N go d
[ 55ananlzqo iy < Cx™ J, A=) , a7 e
< Ct Xh2aR]3)\ 1 < Ct,x;

because 2\ — 1 = 2Hy € (0,1) and Rp o = th™®. Thus the second operator is also bounded
uniformly in h. This proves (407)).
Finally, combining (405)), (406)), (407]), and (403)) gives

1 A old -1/2 old,a old vy a5,7
F()\)Q (X ﬁyv ha) E s€ HQth:hvavXH H v ha‘ L2(Ry) < C 129 n —h ||UH®H
which is (408)). O

Corollary 33.26 (Explicit bound for the flat-edge target commutator). Under the hypotheses
of Proposition [33.25,

(409) H’D 1 (ah o ey, an?/l%,h,a)

where A\ = Hy + 5.
Proof. By Proposition [33.23]

old Hxy old .
X 19Yv Jhoa — _Eh [€h QQY,U,h,a in E.

Taking (I‘()\))_1©>_‘71, then applying (4 , gives ({409). O

Remark 33.27 (Limitation of the isolated target estimate). Proposition [33.25 gives an explicit
a-scale realization of the target old tail, but it also exposes the obstruction. After the first full-h

dilation and the second a-scale zoom, the target remainder carries an unavoidable prefactor

—1/2 (o
enl/? = p(-o2,

hef—(1=2)/2 This is why the argument cannot close the endpoint by bounding the target old
tail in isolation: the governing endpoint has to preserve the source-target coupling encoded by

sre ., or, equivalently, by the corrected full-h realization Cga}ira.

‘ < Con X5 e,
E n

So the separate target-side route produces, at best, the weaker scale

Definition 33.28 (Full-h truncated-target realization of the preconjugated discrepancy). Assume
the hypotheses of Proposition [33.5] For v € &, set

1 1
A= Hy+§, wi=Hxy + -, €= €h7a:h1_a,

2
and for 0 < h <'t, define

pair

full ~
v,h,a 1[0,5_1] mXY,t,h (Xh,aq)v,h)

(410)

-1

~Tna®) [ (0= P Lyl = Rt = hg) V(@) dq] € L*(Ry).

Proposition 33.29 (Exact full-h realization of the preconjugated discrepancy). Assume the
hypotheses of Definition [33.28. Then:

(i) Qﬁgf}}:a s supported in [0,6}:’}1];

(ii) one has

(411) T = en i L, P in E.

v,h,a €h,a ~v,h,a

Proof. Let € := €, . Since Xp, o is supported in [0,e~ 1], the second term in vanishes for
r > e~ 1. The first term also vanishes there because Xh,a v, is supported in [0, £~1] and the full
Volterra integral starts at ¢ = r. This proves (i).

By Proposition

QlXY,t,h,a (X(bg)’h) = 5HXY [Emelﬂ}l/t h (Xh aq)v,h)a
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because Xp,o®P., 5 is supported in [0,71].

For the target term, using 1#5 h= 5_5[5\111,7;1, A= Hy + %, 8 = Hy — Hxy, and the change of

1

variables ¢ = ¢~ "v, one gets for u € [0, 1],

1
X0y g0t (0) = x(w) [ (0= 0P Ly (6 = Bt = B0k (0) do

871
) / (g M Ly (t = hemhust — ha)Wun(q) dg
ETU
-1

€
= Ralr) [ (0= ) I (= bt = )0 | ).

Subtracting the two identities proves (411]). O
Proposition 33.30 (Exact split of the corrected full-h realization). Assume the hypotheses of
Definition [33.28. Then

(412) e = 3ha — Wipa  in LA(Ry),

v,h,a v,h,a
where 3?:2@ is the full-h source discrepancy from (393) and th/l,%,h,a is the target old-tail com-
mutator from (399)).

Proof. Let € := ¢ 4. For r > ¢!, all three terms in (412)) vanish, so it is enough to work on
0<r<el By definition,

() = TRy 1 (Ko ®u,n) (7)

—1

(3
el [ g =P Lyl — Bt — h)Wn(o) da.

Adding and subtracting

t/h
Tna(r) [ (@ =1 Ly (¢ = bt~ h)®up(q) da
and using the exact full-h identity (350) gives

e (1) = B, (Rnia®un) (1)

t/h
— Sna(r) / (g — V" Ly (t — hryt — ha)®,4(q) dg

t/h
+ )Zh,a(r) / L (q - T)A_lLY(t - h?", l— hQ)qjv,h(Q) dQ-
-
The first two lines are exactly 377, (1), while the last line is —€§,17%7h7 o(1) by (399). This proves

(12). O

Corollary 33.31 (Endpoint reduction to the corrected full-h realization). Assume the hypotheses
of Proposition and the extra reqularity from Definition[19.1]. If there exist

Cpair@ < 00, ho,a S (O,t]
such that for every 0 < h < hg o and every v € &,
1 A H ir 1
(413) HF(/\)D_J (gth[ah,actgf‘h’a) ‘E < Chair.ah® 0|, , \:= Hy + 2

then the conclusion of Corollary holds. In particular, S has h®-stable boundary cutoffs at
time t, and the screening conclusions (466))— (467) hold.
Proof. By Proposition [33.29

src _ _Hxy pair .
v,h,ao T Eh,a [Eh,aQ:’U,h,Ol in E.

Applying (T'(\)) DA 1 and using (413 gives (390)). Corollary|33.17now gives the conclusion. [
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Definition 33.32 (Coupled a-scale endpoint traces). Assume the hypotheses of Definition |33.28
Set
,3 = Hy - ny, g = gh,a = hl_a, Rh,a = th_a.
Define
By =L*[0,Rua]),  El,:=L*[0,Rua)),  Epo:=L*([1,Rnal).

For v € &, define the extended a-scale source trace and the a-scale target traces by

(414) Dy palq) = 5—1/2<1>vh< >1[0 Rpa) (95
(415) o) = O Du (1) 1m0
_ 1 q
(416) Flhalo) = O 00 (2) Lm0
Finally, define the admissible coupled a-scale trace class by
(417) AT = { (Bupa, Wil ) 10 € B1) C By x Epo.

Proposition 33.33 (Exact full a-scale pair on the growing window). Assume the hypotheses of
Definition [33.33. Then for every

v € By, 0<h<t, he <t,

the pair
(q)v7h7a’\yfull )

v,h,a

belongs to the exact fixed-window graph

ex
tahaath,a'
FEquivalently,
ex S _ gfull
(418) St,h,a,Rh,a‘I)Uyh,Ol - \Ijv,h,a'
Moreover,
2 2 7 G |2 2
(419) (P I
Ry, o vy Eg,,

Proof. Let ¢ :=€p,o and R := Ry o = te/h. By (350)),
VY aVon = VY, @ in LP(Ry).

For 0 < r < R, Proposition Wlth the change of variables ¢ = s/e gives
. R 1 1
(20,0 F0) (1) = / (=D)AL (-t - g D, (1) dg
r

€
r
e (il ) (1)
because h® = ¢h and § = Hy — Hxy. The same computation gives

. ~ r
(T8 i) 1) = 07 (D 0) (1)

Hence
m?iﬁh,aﬂ‘i’%},a = mgl(i}g,t,h,a,R:ISv,h,a in ER,
SO - ~
((I)v,h,m‘llf)l,lllzl,a) € ;};L,a,R

by Definition m Proposition then gives (418)).
Finally, by the change of variables ¢ = s/¢,

= Hq)v,h

(s = IVl

B
H v,h,a Ep
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while
g full -
[0kl = = 1ol ogoagmy = H7ISwlm, < Sl
Combining these with the definition of ||v||es, proves (419). O

Definition 33.34 (Coupled a-scale endpoint operator). Under the hypotheses of Definition [33.32
set

1 1
A=H — =H —.
y + 5’ H Xy + 5
For R
Ox e B,  ©yeb
define .
W (Ox,0y) € B = L*([0,1])
by
(W7 (O, Oy)) (1) = WRS 1 (O jo,1) ()
~1/2 Bia A—1 o o
+eha x(U)/1 (g = w* 'Ly (t = h%u,t = h°q)Oy ()
(420) — (g = W' Ly (t = hou,t — h*q)Ox(q)] dg,
for 0 <wu < 1. Also define the conjugated distributional realization by
ir,o 1 ir,o
(421) Qs (0x,0y) = m@i A2V (Bx,0y) € D'((0,1)).

Proposition 33.35 (Exact coupled a-scale realization of the preconjugated discrepancy).
Assume the hypotheses of Definition|33.39. Then for every

v € By, 0< h<t, he <t,

one has
(422) 21;(131,04 m?ilrcfx( v,h,a \Ijgfga) in E.
Consequently, in D'((0,1)),

1 i S Zold
(423) m 21D a = Qo (Pupa Vo).
Proof. Let ¢ := €4 and R := Ry . By Proposition [33.19

| 1d 1d .

21:2,04 :m])%CY,t,h,a,xd)i,h - OXY’U h,a +X ﬁg’,v,h,a in E.
Since R ﬁ
(p ELAZ) [071} = (bv,h’

it remains to identify the two old-tail pieces. For the target contribution, (391f), (416)), and the
change of variables ¢ = s/¢e give

R ~
(124) U0 = a-l/2x<u> / (0= )7 Ly (= hut = hoq) B34, () do

for 0 <u <1, because \ = Hy ndﬁ Hy — Hxy.
For the source contribution, -, and the change of variables ¢ = s/e give

old H t/h w\+! u
X(u)ﬁXYvhoz( ):X(u) e 2/ (q_ E) LXY<t_h€at_hQ) (Dv,h(q> dq

e—1

R _ p—1
ZX(U)EHXY_%/ (q u) Lxy(t —h%u,t — h%q)® vh( >dq

1 € €

R ~
— 6_1/2X(U)/1 (q — u)“_ley(t — ho‘u, t— ha(I)(I)uh,a(Q) dq,

because = Hxy + 3. Combining this with (424) proves (#22). Applying (I'(A))~1DA 1 gives
(423]). O
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Proposition 33.36 (Exact defect realization of the coupled a-scale endpoint). Assume the
hypotheses of Proposition [33.33, and suppose moreover that x is flat at the outer edge in the

sense of Definition[33.21]. Let

) = {x(q% 0<g<1,

0, 1l<qg< Rh@.
Then x € C([0, Ry, o)), and for every v € &; one has
y(/f)v,h,a € Hﬁ((o’ Rh,a))a Y(I\]qf;lf}zl,a € ERhyaa
and
(425) L0080 e (X P X Wilha) = Q0 (P i) in .
Proof. Set
R:=Ruo, ®:=Pppa, V=004 .
By Proposition [33.33]
(®,¥) € I a,r-
Since ¥ € C*°([0, R]) and ® € H?((0, R)) by Theorem one has
x® e H°((0, R)).
Because (®,¥) is an exact fixed-window pair, the proof of Theorem applied on the
window [0, R] gives
S’ts,};z,a,R(Y Q), Y \I/) QCYO;nh a,x Cxo?mh’axq) in ER-
Restrict now to r € [0, 1]. Since x(r) = x(r), while X(¢q) = 0 for ¢ > 1, the two commutator

integrals split into the local unit interval commutator on [r, 1] and the coupled tail Contribution
on [1, R]. Using ¥|;; ) = the resulting expression is the distributional definition of

pair,a /F T0ld
Qt h a,x( v,h,as \I/fu,h,a)

on E = L%([0,1]). This proves (425). O

Corollary 33.37 (Endpoint reduction to a growing-window exact defect). Assume the hypotheses
of Proposition and the extra regularity from Definition and suppose moreover that x
s flat at the outer edge in the sense of Definition [33.21. If there exist

vhoﬂ

Cira <00, hoa €(0,]
such that for every 0 < h < hg o and every v € &,
X 11 b
(426) Hl[O,l}gi,h,a,Rh,a (X (I)U haos X \Ilvuh o H < Cpalr ozhaﬁ ||U||Q5t7

then the hypothesis of Corollary[33.31) is satisfied. Consequently, the conclusion of Corollary[33.5]]

follows.

Proof. By Proposition [33.36

pair,a (x Jyold _ ex — & — q,full .
Qt h,a X( v,h,a v,h,a) - 1[0,1}%’t,h,a,Rh,a (X (I)U,h,ou X \I’v,h,cx) in £.

Proposition [33-35] identifies the left-hand side with

1 .
m@ig wha 0 D((0,1)),
and Proposition [33.29] gives
Do = b O, W B,

Hence the assumed bound (426 is exactly the hypothesis of Corollary [33.31] which then yields
the conclusion. O
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Definition 33.38 (Normalized growing-window endpoint traces). Assume the hypotheses of
Definition [33.32] For v € &;, set

(427) ZM = hmofel e By,
and
(428) ZR = hoPu e By,

Proposition 33.39 (Normalized growing-window exact pair). Assume the hypotheses of Defini-
tion [33.38. Then for every

v € By, 0<h<t, h® <t,
one has
(429) zgﬁl,mRh,a&)U,h,O& - haﬁqui?a?
and

= N ,ap Ztull < n

(430) [#nally, + e |28l < (14 5L) Mol
In particular,

Sfull vy
(431) |1Z0a]| = ISl < “Ellole,-

ERh @ 77

Proof. Equation (429) is (418) together with (427]). The first bound follows from (419) by taking

square roots and using
Vaz+b2<a+b for a,b > 0.
Finally, (431]) is exactly the computation already used in the proof of Proposition [33.33

‘ Ztull

v,h,a

f 1
=n ol = 1Sl
R

HERh’ hor

O

Definition 33.40 (Normalized growing-window exact defect). Assume the hypotheses of
Proposition |33.36} For

R>1, ®eH’((0,R), Z¢€ Ep,
define
(132) o (.2) = 10 55, 0 (X9, h0 Z) € B,
where Y denotes the zero extension of y from [0, 1] to [0, R].

Proposition 33.41 (Endpoint bound is a uniform normalized-defect estimate). Assume the
hypotheses of Proposition and the extra regularity from Definition and suppose moreover
that x is flat at the outer edge in the sense of Definition . Then is equivalent to the
statement that there exist

Coaire < 00, ho.o € (0,1]

pair,o

such that for every 0 < h < hg o and every v € &,

pair,a

(433) ‘

i Ry (P Ziha) | < Cpatnlvlle,
Proof. By Definition [33.40[ and (427,

norm ~full —af ex — & — {,full
t,h,0, Ry, 0, X ((I)’U h,as Zv h a) =h 1[0,1}$t,h,a,Rh7a (X (I)UJLCw X Wv,h,a) :

Therefore (426)) and (433)) are the same statement with a different normalization of the left-hand
side. g
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Definition 33.42 (Normalized frozen growing-window defect). Assume
0< Hxy < Hy < 3, B:=Hy — Hxy,

fixt e (0,7), fix a € (0,1),let 0 < h <t let R>1,and let x € C*([0,1]). Extend x by zero
to [0, R], still denoted . For

® e H((0,R)),  Z€ Eg,
define the normalized frozen localized defect by

(434) arn (@ 2) = 1y Ly (1,8) (X Z — ™ Sl (x @) € B.

Proposition 33.43 (Normalized frozen localized defect is a commutator). Assume the hypotheses
of Definition[33.73. Then if
TR® =h*Z,

then
(435) oy (@ 2) =1Ly (t,t) P [x,T)z]®  in E.
FEquivalently, if one defines the normalized frozen defect by

Sthor(®,0) == Ly (t, ) (¥ — h=*PTp®), &€ HP((0,R)), ¥ € Ep,
then
(436) 1018 har (X2, X Z) = € o 1 (2, 2).
Proof. Since S?}ch = h*¥Z, one has

X7 =W R(x ®) = h™ X Tp® — b= T p(x @) = h™*7[x, Tik] .

Multiplying by Ly (t,t) and restricting to [0, 1] gives (435)). The identity (436] is simply the
definition of S?,lh,a,R' O

Definition 33.44 (Finite-window right fractional integral). For R > 0, A € (0,1), and f €
Er = L*([0, R)]), define

(437) @ w0 =1 | Y- @de,  0<r<R

Lemma 33.45 (Finite-window right fractional integral inverts the frozen transfer). Assume
0<ny<Hy<%7 ,BSZHY_HXYv

fixt € (0,T), and let R > 0. Then:

(i) for every f € Eg,
(438) DY f) =f  in Eg;

(ii) for every f € ER, one has

o pf € HY((0, R));

(iii) for every f € ER,

(439) TR pf)=cf  inEg,

where ¢; is defined in ;
(iv) consequently, if ® € H°((0,R)) and Z € Eg satisfy

(440) TR® = hZ,
then
(441) ®=c;'h?3" ,Z  in HP((0,R)).
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Proof. For A\, € (0,1) with A+ p <1, the same Fubini and Beta-function computation as in
Lemma [TT1.10] gives the finite-window semigroup identity
(442) PR =0T onEp.
Applying (442) with A =1 — 8 and p = 3 yields
18 1 1 i
IR af =m0 = [ f@dg
T

Since p
@dlst — _731—5
dr”—RY
by definition, differentiating the previous identity gives (438]). It also follows that @%ﬁsﬁ(ﬁﬁ rl) €
EgR, so Lemma i) gives 77 rf € HP((0, R)), proving (ii).
Now combine (438|) with Lemma [19.2{i )
(3 pf) = s
( R ) F(l 5)
This proves (439). Finally, if 321]%4) = h*PZ, then (@39) shows that
T (@ — e 'h9” 1 Z) = 0.

By Definition and the injectivity of Jp, r proved in , ‘I?R is injective, so (441
follows. O

@dlst (3/3 Rf) — th

Theorem 33.46 (Uniform growing-window bound for the normalized frozen defect). Assume
the hypotheses of Definition [33.43, and suppose moreover that x is flat at the outer edge in the
sense of Definition [33.21) Then there exists Cy < 0o such that for every

0<h<t, R>1,  ®ecH’(0,R), ZcEg

with
TR® = hZ,
one has
(443) €t 0@ 2)| < Conl Z
For almost every r € [0,1],
R
(444) (Q:thaRx(cI)7Z))(T) = LY(t7t) Kgx R(T q)Z(q) dg,

where

1
(445) K p(r,q) == m/o 0-P(1-0)°% (r+8(g—r))df, 0<r<1,r<q<R,

and
(446) K5 r(n0)| <Caye  0<r<q<l,
1—r\'F
(447) K5\ r(r9)| < Cay ( _T) ., 0<r<1,1<g¢<R

Proof. Because x is flat at the outer edge and vanishes identically on (1, R], its zero extension X
belongs to C*°([0, R]). By Lemma |33.45(iv),

® =c;'h?30 7.
Hence, using Lemma [19.2{(ii),

) any (P Z) =1Ly (t,1) (YZ )

(448) = 1y Ly (1) (X Z ~ L
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Fix r € [0, 1]. Since X is supported in [0, 1], Fubini’s theorem yields
O AT 200 = g [ [ R — 97 20 dads
- / Ason(r,0)Z(a) da,

where

1
_ b1 - 6_1*7‘ -7 .
F e Jy 00O =)

Because ¥ € C*°([0, R]), the map Ag g is Cton{0<r<1, r<q<R} and

Aﬁ,x,R(Ta Q) =

Ap x.r(r,r) = X(r)-

Differentiating under the integral sign gives

O A1) = s o 0= 0+ 0l = 1)) d0 = K ().

Therefore

Substituting this identity into (448) proves (444)).
Now fix 0 <r < ¢ < 1. Since X’ is bounded on [0, 1], (445)) gives (446)). Next fix 0 <r <1<

¢ < R. Because Y’ = 0 on [1, R], the integrand in (445 vanishes unless
1—r
q—r

r+0(g—r)<1 = 0 <

Hence

K5 r(ra)| < Xz o1 /1 01— 0)7do < C (1 - T)I_B
DR BRAUETY

which proves (447)).

Split the operator in into the local part ¢ € [r, 1] and the tail part ¢ € [1, R]. By (446),
the local kernel is bounded on the ﬁnite triangle {0 < r < ¢ < 1}, hence Hilbert—-Schmidt from
L?([0,1]) to E. For the tail part, ([#47) gives

1— -B)
// ‘Kﬁerq‘ dqdr<Cﬁx// ( T) dqdr.

Because 8 < 5, the last integral is finite:

 \—2(1-8) _(1_7")26_1
/l(q r) dQ—71_2B :

SO

/1(1—r)dr<oo.

// ( ) 1mdqdrzl—zﬁ 0

Thus the tail kernel is also Hilbert—Schmidt, with norm bounded independently of R > 1. The
two Hilbert—Schmidt bounds combine to give

€5 arn(@ 2)|| < CixllZs

which is (443)). O
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Corollary 33.47 (Normalized growing-window exact pairs satisfy the frozen bound). Assume
the hypotheses of Proposition[33.39, and suppose moreover that x is flat at the outer edge in the
sense of Definition . Then there exists Cy, < 0o such that for every 0 < h <t with h* <t
and every v € Gy,

(449) Hct h,c,Rp q, x(q)U h,as Zif)uflzla) HE < Ct7XHU||Qﬁt'
Proof. Apply Theorem [33.46] with
R=Rya, 2=%upa, Z=Z

The exact relation
e _ pafB full
‘Zt Rh Q‘I)v,h,a =h Zv,h,a

is Proposition [33.39] The bound ) then gives

Zfull vy
< —
\ Zv,h,aHER < - Clelle
which proves (449)). O
Lemma 33.48 (Uniform head-window bound for the finite-window fractional inverse). Assume
1
0<pB<3.

Then there exists Cg < oo such that for every R > 1 and every f € ERg,

(450) 10037 21|, < Collfllzw-

Proof. For 0 <r <1, split

J _ L 1f(q)d L[" =1 f(q)dg =: (£ T

02 wP0) = g5y | 0= @ dat o [ o= (@) da = (510 + (Tarhr).

For the local part, extend f|j 1) by zero to R and set
kg(s) == F(B)_lsﬂ_ll(o,l)(s)-
Since kg € L'(R), Young’s inequality gives
1€6 /112 < ksl o) 1 fll 2o,y < Callf |l g
For the tail part, the kernel

Kéaﬁz(r q) =T(B) " (q— 7“)6_11{09317 1<q<R}

is Hilbert—Schmidt uniformly in R > 1, because

// ‘Kga}%rq dqdr<C[3// —7'2’8 2dqdr
1

(1—r)%"tdr < oo,

T 1o 25
since [ < % Hence

1Te,rfllE < Coll fllEg
with C3 independent of R. Combining the local and tail estimates proves (450)). O

Lemma 33.49 (Head-window compatibility for cutoff-supported inputs). Assume the hypotheses
of Theorem let R> 1, and let x € C*([0,1]) with zero extension X to [0, R|. For

S HB((OaR))a RS ER7

set
¢ = P[p 1, z:=Zljo,-
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Then on E = L*(]0,1]),

(451) 10,1 BV ha r(XZ) = BYE) 01 (X2),
(452) 1o T R(X®) = T (x9),

(453) Lo MTH, R‘I R(XP) = M, ,11(X¢);
(454) Lo 1870 r(XP) = R0 1 (XO)-
Consequently,

0,185 0,8 (X @, h°X Z) = BV, 01 (x2)
— Ly(t,t) Zfﬁfaﬂ?ll(haﬁxqﬁ)
(455) — &Y (x9).

Proof. Since YZ is supported in [0, 1], the explicit Volterra formula from the proof of Proposi-
tion [I5.3]| shows that for 0 <r <1,

( ?itc,h,a,R(YZ»(?")
depends only on the values of XZ on [r, 1], with the same kernel Ly (t — hr,t — hq) as in the
window R = 1. This proves (451).

Likewise, because XY is supported in [0, 1], one has for 0 <r <1
R 1
35,r(XP)(r) = / (¢ —7)"X(q)®(q) dg = / (a—7)""x(9)$(q) dg = 5.1 (x9)(r).

Taking the distributional derivative on (0, 1) and using Lemma [19.2(ii) gives (452).
For (453)), note first that (452)) identifies the two inputs on [0, 1]. Moreover, the definition
9t k“R(T r)
gt
and the formula defining gz’v,ilnR in Proposition imply

mthaR( )

WIin

G R(r,q) = gl (r,q)  for0<r<g<1,

hence my o r(7) = My pa1(r) for 0 <r < 1. This is (453‘: .
For (454), use the explicit formula from Proposition [19.3} On [0, 1], both terms defining

win

Hha.r(X®P) integrate only over ¢ € [r, 1], because Y® vanishes on (1, R]. Since

QZ,V;LI,IR = gl‘f}j,illl}lﬁ bt ha,R = bt h,a,1 on Ay,
the two remainder formulas agree there, which proves (454)).

Finally, (455) is the definition (225) combined with (#51)-(@54). O

Theorem 33.50 (Exact-to-frozen perturbation on normalized growing-window exact pairs).
Assume the hypotheses of Proposition and the extra reqularity from Definition and
suppose moreover that x is flat at the outer edge in the sense of Definition|33.21 Then there
exist hoo € (0,t] and Cy ., < 00 such that for every

0<h<hya  with h*<t,

and every v € Gy,
(456) ‘ Gg%r,ran,Rh@,x ((T)U,hyoﬁ szJl,lflLl,a) Q:t Jhoa, Ry o x((I)v hya qull ) HE < Ctﬂa,XhHUHQ%:'

Proof. Shrink ho,o, depending only on ¢, «, X, and the R = 1 regularity thresholds entering
Theorem [19.4] if necessary so that for every 0 < h < hg q,

-1
h <1, h® <t, 1 <epa
and Theorem applies on the fixed window R = 1. Fix such an h, let
R:=Rp,, =04, Z:=2",
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and write
¢ = @|jp11, z:=Zljp1)-
By Lemma [33.49] (225)), (432), and (434)) reduce on [0, 1] to
(457) @ (®,2) = B, L (x2) — Dy (L OIR, h- 0T (xg) — PRV, (x0),
(458) €0y (® 2) = Ly () (xz — P T} (x0) ).
Subtracting (458) from (457) gives
E?Lr,gl,R,x((I)7 Z) - Q:?:h,a,R,x(q)? Z) = ( gl},it(jh,oz,l - LY(t? t)IE) (XZ)
- Ly(t, t)( X,,llzl?a,l - IE)h_aIB‘I?}l(Xd))

(459) — hm IR 1 (X9)-
For the first term, (183]) with R =1 gives
(460) (B a0 = Ly (D18) (2| < Cohllz]e

For the second term, implies
W PE (xd) = Xz = Ly (1) 7' € 0.1 (2. 2),
so by with R =1 and Corollary
| Ly (1 ) @R 1 — o) =P T (x9)|| . < Coch (2] + [ €fh e (@ 2))|,)
(461) < Craxhllvle,-
For the third term, Proposition and Lemma [33.45(iv) give
®=c;'h*?3’ nz  in HP((0, R)).

Hence
h=Px¢ = e x 10,137 R Z.

Using with R =1 and Lemma
stz < G o],
< G| 10,77 27,
(462) < CraxhllZ|gr < Craxhlvlle,-
Finally, gives

vy
E > Er > —— By -
Izlle < [12]lEs < , o]

Combining this with (459)), (460), (461), and (462) proves (456]). O

Corollary 33.51 (Normalized growing-window endpoint bound). Assume the hypotheses of
Proposition [33.5 and the extra regularity from Definition [19.1, and suppose moreover that x
is flat at the outer edge in the sense of Definition [33.21 Then there exist ho € (0,t] and

Cta,x < 00 such that for every
0<h<hgpa with he <t,
and every v € &y,

(463) |
In particular, (433|) holds.

Proof. Theorem [33.50] splits the normalized exact defect into the frozen commutator plus an
error bounded by Cj o h|v|e,. Corollary bounds the frozen commutator uniformly by
Ctax|v|le,. After shrinking hg o if necessary, the two estimates give (463)). The final assertion
is the same bound written in the notation of . O

E ~ful
9 Ry (Punas Zoa) ||, < Crandvlle,




DYNAMIC OBSERVABILITY OF LATENT CONTAGION 139

Theorem 33.52 (Closed source-screening under endpoint-flat cutoffs). Assume Assumptions
and assume in addition the extra reqularity from Definition letn >0, firt € (0,7)
and o € (0,1), and suppose
0< HXY < Hy < %

Choose

xeCc>(0,1), 0<x<1, x=1on0,1-4
for some . € (0,1), and assume moreover that x is flat at the outer edge in the sense of
Definition [33.21. Then S; has h®-stable boundary cutoffs at time t, and

(464) [Fenlle; = o(hHxv) as h ] 0,
and consequently
(465) éX—}Y(t, h) — O(hQHXY) as h \l/ 0.

The theorem is closed in a specific sense. The cutoff stability required by Theorem [32.8]is
verified by the endpoint-flat construction above. The statement is not cutoff-free; the endpoint-
flat cutoff and the C? near-diagonal regularity remain part of the screening mechanism.

Proof. Corollary [33.51] gives the normalized growing-window defect bound (433). Proposi-
tion [33.41| converts that bound into the unnormalized estimate (426)). Corollary [33.37| therefore

supplies the endpoint estimate required by Corollary [33.31] Hence S; has h®-stable boundary
cutoffs at time ¢. Applying Theorem with these cutoffs gives (464)); the gain estimate (465|)
then follows from the graph-dual identity @ (]

Corollary 33.53 (Endpoint-flat screening from unscaled exact correction). Assume the hypothe-
ses of Theorem [33.7]. Then

(466) | Fenller = o(h™>)  ash |0,
and consequently
(467) Gx_y(t,h) = o(R?HxY) as h | 0.

Proof. Theorem proves that S; has h®-stable boundary cutoffs at time ¢. Those cutoffs are
the only additional hypothesis in Theorem Substitution into that theorem gives (466, and
the gain estimate follows from the graph-dual identity . O

34. CONCLUSION

Dynamic observability lies between threshold geometry and feasible inference. The threshold
analysis of [I] separates pricing visibility from path-space detectability in the smoothing regime.
Dynamic observability is the residual predictive quotient after latent drivers are replaced by
observable histories.

The three levels have different boundaries. At finite resolution, the canonical Gaussian
experiment generated by the relative covariance operator recovers

Hxy = Hy + 1

as the critical boundary for evidence accumulation with resolution. At the oracle latent-driver
level, the threshold is instead
Hxy = Hy,

the sharp criterion for leading-order short-horizon prediction gain. At the observable level, even
that oracle gain can be screened. In the rougher regime 0 < Hyy < Hy < %, the screening
theorem is first proved under an h®-stable boundary-cutoff hypothesis. The exact-correction
closure theorem verifies that hypothesis for the model classes treated here under the present
second-order amplitude regularity assumptions. In the endpoint-flat closure theorem, the target
asset’s own past screens the dominant oracle contribution.

The conclusion is a three-level visibility structure for latent contagion. Pricing visibility,
path-space detectability, and dynamic observability need not coincide. Volterra covariance
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operators govern the first comparison, Gaussian experiments govern the finite-resolution evidence
scale, and the hidden transfer operator governs observable screening.

The screened observable component is the estimand for projected source-screened inference.
The oracle object from the dynamic theorem is reduced by conditioning on the target channel
and restricting information to observables; the remaining residual object is the inferential target.
The construction identifies that target and its screening boundary.

The remaining problems are local to the assumptions and quantitative to the rate. The
observable screening theorem uses C? amplitude regularity together with the cutoff-stability
mechanism verified in the closure argument. The boundary of those assumptions is not settled.
A quantitative refinement would start from Corollary Once the near-layer profile w,
admits a rate, the global observable screening bound inherits it. The open problem is to derive
such a rate directly from the exact-correction closure for the model classes treated here. In
particular, if the near-layer defect satisfies

wa(h) = O(h”) for some p > 0,
then Corollary [32.10] yields the stronger screening estimate
| Fenlle; = O(RXYe),

with
e =min{p, 1 —a(l — Hxy) — Hxy, Hy — Hxy},

provided this minimum is positive. That quantitative rate problem belongs to finite-sample
analysis and remains outside the present closure theorem. Extending the same observability
problem to nonlinear, non-Gaussian, or jump-driven rough models would require tools beyond
the Gaussian comparison and exact Volterra localization arguments used here.
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